Pemenne TunoBoro BapuanTa u3 " JlomaniHee 3ajaHue 2 I MarucTpoB
(srexTop Hlaxos E.M.)"

3agaya 6 PemuTh KpaeBylo 3aa4y METOJIOM KOHEUHBIX Pa3HOCTEH

Y'+4y +4y =27 0<x<1, y(0)=2€-2),y(1)=2 (1)
Pemrenne  Beimomuuth ¢ marom h=(b-a)/n mig pasnuyHBIX 7N
(n=2;4;16; 100) C ucrnonpb3oBaHHMEM METOAA TPOTOHKH. Pe3ynbTarhl
n300pa3uTh rpauUecKu, CPAaBHUTH X MEXKTY COOON M C TOUHBIM PEIICHUEM.
[IpuBectu oneHku BpeMeHU paboThl porpammsl pu N = 10015 pemenus ¢
METOIOM MPOTOHKH U 0e3 Hero (cM. 3agady 6 u3 J[32 mepBoro cemectpa).
Pemenne. Tak xak 3TO MojenbHas yuyeOHas 3ajada, TO HAUTH 37€Ch TOYHOE
AQHAJMTUYECKOE PElIeHUe He cocTaBiseT Tpyna (cM. 3amady 2 u3 /31 neproro
ceMecTpa)

y(X) = e (x*+2(e’—1)x+1)
(Kom miast BCTaBKM B MareMaTH4ecKwii maker. Y'+4*y'+4*y=2*exp(-2*X),
y'(0)=2*(exp(2)-2), y(1)=2.).Omnako He Bcsikas KpacBas 3amada Buga (1)
UMEET aHATUTUYECKOE PEIICHHUE.
Hcnonk3yeM Temepb METOA KOHEYHBIX pa3HOCTEH ISl HAaXOXKICHHUS
npubmmxennoro pemenust (1). ([TompobHee 0 MeToae W €ro MPUMEHCHHH
MOYKHO MPOYMTaTh, Harpumep, B [1]). 3aeck ke Bocmoab3dyemcs [2]. Beegem
Ha oTpeske [a, b] paBHOMEpHYIO ceTKy ®h
W, ={x =x+ih x,=a h=(b-a/ni=1..n+1

3amuceiBas ypaBHeHue (1) BO BHYTPEHHHUX y3JIaX CETKH M, monyuum (N — 1)-
HO ypaBHeHHe s onpeneneHus 3(N — 1) Heu3BeCTHBIX Yi, Y, U Y, :

y'+4y +4y =227 i=2,...n (2)
rie Y, =y(x), Y=Y(X), Y =VY(x). Aimt Toro uroObl NOIy4UTH

3aMKHYTYIO CHUCTEMY YPaBHEHHH OTHOCHUTEIBHO Yj, HEOOXOJMMO MEpPBbIC U
BTOpbIC MPOU3BOJIHBIE (YHKIHMH Y(X) B Y3JIOBBIX TOYKaxX BBIPA3UTh uepe3
3HadyeHus Y(x) B 3Tux Toukax. [Ipemmomnaras, uro (GyHKius Y(x) uMeeT Bce
HGO6XOI[I/IMBIG o Xoay pacCyxXxJICHUd HCIPCPLIBHBIC IMMPOU3BOJHBIC U
ucrnonb3ys popmyny Temopa moxydum:

= yi+l_yi—1+o h2
yi “on (h%)

rae Y =¥ _ [EHTpaIbHas Pa3HOCTHAS IPOM3BOIHAS

2h

yi": yi+l_2h¥i + yi—l +O(h2)

Ot6packBas cmaraemsie Buaa O(h?) u3 (2) NpUXoauM K CHCTEMe JIMHEHHBIX
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Puc. 1. I'padpuxu Pynkuuit y(X) (crutomHas nunusA) W Y, (TOUKM) TpU
pa3IUYHBIX N.

yi+1_2yi +yi—1 +4yi+1_yi—1+4y — %—ZXi | =2...n
2 2h i ’ ’ ’

Yn+1= 2
Jns cocraBinenust Henocrarouiero ypasHenus B CJIAY ucnons3yem ycioBue

y'(0)=2(€" - 2). AnmpoKcHUMHpYeM €ro pa3HOCTHBIM COOTHONIEHHEM (IJIs
IPOM3BOIHON MCIIOJIb3yEM Pa3HOCTh BIIEPEN)

Yo=Y _ 2
=< 2=2(e"-2
- ( )

[Tepenumem 3Ty cuctemy B 6osee ynooHom Bujae AY = B
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[Tomy4yeHHYIO TpEeXIUaroHAJbHYIO CHUCTEMY JIMHEHHBIX ypaBHEHHH YyI00HO
pelaTh METOIOM MPOroHKH. ['paduku GyHKIUH Y(X) U Y IpU pa3iuyHbIX N,
nokazanbl Ha Puc. 1. B ¢aitmax z6graphl.mmnporpamMma momorarormas
NOCTPOUTh Trpaduku, (QYyHKIMS METoAa IMPOTOHKM peanu3oBaHa B (aiine
tridiag.m.
3agaya 7. PemmuTh KpaeByro 3ajady I YpaBHEHHS TEIUIONPOBOIAHOCTU
METOJIOM KOHEYHBIX Pa3HOCTEH.

u =u,

C Ha4YaJIbHBIM YCJIOBUEM
ul,_, =sinx+2,0<x<n

U T'paHUYHBIMHU YCIIOBUAMUA
=5,u_=2,t=0
X=TU

e
[1)4 <o

[TocTpouTh Tpaduik MOTYIEHHOTO YUCICHHOTO PEIICHUS B MOMEHTHI BPEMEHHU
T=1.
Pemenue. IlomoOHO TOMy, Kak 3TO OBLIO caenaHo B 3amade 6, BBeaeM
PaBHOMEPHYIO CETKY
X =x+ih,x,=0,h=1/n,i=1..n+
STt = (-0 T=T/mj=1,.m 1
[TocTpoum siBHO-HesiBHYIO cxeMy Kpanka — Huxoscona
U™ -y _1 ulyt -2 +ul + ul, -2y +ul,
T 2 h? h?
[Tepenumem ee B 60see y100HOM BHJIE




h h? "h?Tq h?
W3 HavyanmbHOrO yCJIOBHS MOJy4aeM, 4YTO
l — .
U =sin(x )+ 2
W3 BTOpOro rpaHUYHOrO yCIOBUS CIELYET, UTO
u, =2

n+l

[lepBoe rpaHWYHOE YCIOBHE AaMMPOKCUMHUPYEM CO BTOPBIM IOPSAKOM

TOYHOCTHU
2 1 _ul]+l + 2 1 _ulj =h=L 1-10
h h T

Kotopoe Toxe 3anuiiem B Buze, yroonom s pemenus CJIAY
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- 2 i I

h h

Tak kak HaM HM3BECTHO pachpeiesieHue TeMmIepaTypbl Ha MEPBOM CJIO€ IO
BpeMeHU (B HaAyaJbHBIE MOMEHT), TO JUIsl ONpEJACICHHs TeMIeparypsl Ha
BTOPOM CJIO€ MBI UIMEEM CHCTEMY JIMHEHHBIX ypaBHEHHH, MOJOOHYIO TOM, YTO
Obuta B 3a7aye 6. A 3HAYUT, MBI MOXXEM HANTH pelICHHE Ha BTOPOM CJIO€ IO
BpeMeHH. Paccyxknas mogoOHBIM 00pa3oM, HaiiieM pelieHHe Ha BCEeX CIIOSX
110 BpeMeHH /10 MOMeHT . 3anumem cuctemy AY =B
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[TonmyyeHHYI0 TpeXIMaroHANIbHYIO CHUCTEMY JHMHEWHBIX YpaBHEHHH yT00HO



pemate MeToAOM TporoHkd. B z7graphl.m mpencraBieHo pelieHHe c
UCIIOIB30BAHUEM MeETOJIa IPOTrOHKH (BcroMoraTenbHblid (aiir tridiag.m).

Ipadux Gpynxiuu U™ nokasan na Puc. 2.
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Puc. 2. Ipapux dpynxuuu U™,
3agauya 8. Pemmth KkpaeBylo 3ajady Al ypaBHEHUS TEIJIONPOBOJHOCTH B
MPSIMOYTOJIBHON 00JIaCTH METOJJIOM KOHEUHBIX Pa3HOCTEH C MCIOJIh30BAHUEM
MPOAOJIBHO MONEPEYHON MPOrOHKU. Y paBHEHUE
U =u, +u,
C HauaJIbHBIM yCIIOBHEM

ul_,=0,0<x<1,0<y<1

t=0
U T'paHUYHBIMHU YCIIOBUAMUA

u|x=0 =1' u|x:ll :O, tE O; Ofyf 1

u_,=0,ul_ =0,t>0,0<x<1
y=0 y=l,

[TocTpouTh JTMHUHM YPOBHS IMOJYYEHHOW dMCICHHOro (yHKmum U(X,Y,t) B
MOMEHTHI BpeMeHu t = 1.
Pemenne. Beenem cetku

w, ={x,=(n-Hh n=1,..,N+1}, w, ={y, =(m-1)h m=1,..M +1},



O :{tj =(j D, | :11---!j0 +1
W ceTky B D
Wy = 0, X0y, X0,
cmaramu h =1/N, h,=1/M u 1=T/ j,. O603naunm yepe3 U’ 3HaueHue
B y311€ (Xn, Ym, tj) ceTounol QpynKumMm U, onpeneneHHol Ha @, . Mcnonbsyem
Pa3HOCTHYIO CXEMY
Unn'? = Upy _ Yniim = 2Uai + Uy Ud ™ 2 Uy

nm n-1m nm+ 1 + i
0.5t h? h? m

Upne = Up - Ynen = 2o+ U lay Unies = 2 Uty
0.5t h? hZ m

n=2,.,.Nm=2.Mj= 1.}
C rpaHMYHBIMU YCIIOBHSIMH
Unt = Hs(Xtien) s U THa0X0ten) s N=1,0 N+
uf,;ﬂllz = dll’ ul{l:]i{,iﬂ = Cl§+l
rne
1“1(ym—1'tj+1)_2p-1(ym ,tj+1)+H1(ym+ 11tj+1)
4 h
+X My (Vi 8) = 200 (Vo ot ) F R Ve t)
4 15
Ay =%(uz(ym,tj+l)+u2(ym,tj))-EHZ(ym'l’t“l)_ZUZ(ﬁ; e M Oty ),
+l UZ(ym—11tj)_ZU2(ym ’tj )+U2(ym+11tj )
4 h ’
W HauanbHBIM yCI0BUEM
Upm =Vo(Xy Yi)» N=L. ,N+1 m=1,..M+1

+

1
;=2 (Ha (Vo) + MY 1;)) =

, m=2,...M

[lepenumem nomyueHnyto 3agady B Buae CJIAY. VpaBHeHHs Ha MOJIyLIETIOM
cioe

aTl1u1'+1/2 +bnhn"r;”2+ch"+ v2_ d :

n-1,m n-n-1m n

rac
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H3(X,t4)
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B mamewm nmpumepe crexyer nonoxuts W, (Y,t) =1, W,(y,t) =0, py(xt)=0,

H,(Xt)=0, vy(x,y)=0, M,(xt)=0. Ha Puc. 3 mnokasan pe3ynbTar

YUCIIEHHOTO pacyeTra Mo NOCTPOoeHHOM cxeMe. Dailpl mnoMoraromme
nocTpouTh perienue: z8graphl.m, tridiag.m, mul.m, mu2.m, mu3.m, my4.m

fun.m.
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Puc. 3. Jlunuu yposus U(X,Y,1) (4uciaeHHOE peLICHHE).



3anaua 9. /lan pyHKHOHAN
I[y(]=[(y?+y*+2xy)dx, »(0) = 0,)(1) = 0

1) CocraBbTe ypaBHEeHHE Diljiepa U HAWIUTE €r0 TOYHOE PEIICHHE.
2) Haiimure mubnumyMm ¢yskiuonana J[y(X)] meromom Putma mpu n=1

(npunATH, uto B, (X) = X* = X).

3) Haiinure muaumym ¢dynkiuonana Jy(X)] meromom Iazepkuna mpu N =1
(npuHATH, 9TO §,(X) = X(l— X))

4) IMoctpoiite rpaduku GyHKIHI HalAEeHHBIX B MyHKTax 1)—3).

Pemenue. 1) YpaBHeHnue Diiiepa UMeeT BUJ

d o _
Fy —& Fy, =0
B nanHo¥ 3agade
F=y®+y +2xy

ITosTomy
F,=2y+2x, F, =2y, %FY, =2y"
Otkyaa HaXOAMM, 4TO B JAHHOM Clly4dae ypaBHEHHE Diijiepa HMeeT BU/I
2y+2x=2y" = 0w y' -y =X
C 3amanneiMu TpannunbiME  ycnoBusimu y(0) = 0, y(1) = 0. Ero pemenue
HETPY/ZHO HAWTH aHAJMTUYECKU WA C TOMOIIBI0O MAaTEMAaTHYECKHX MMAaKETOB
(xom mist BectaBku Y' -y = X, Y(0) =0, y(1) = 0)
()=
Y e’ -1
2) Ilomaraem ¢,(X)=0. B kauecTBe KOOpPIMHATHBIX (YHKIMH BBIOMpacM

(e —e™)—-x

b () =x""=x, KON. Dru QyHKIME YIOBNETBOPAIOT TPAHHYHBIM
yenosusm ¢, (0)=¢, ()= 0. Tak kak n=1,10 ¥, (X) =C,(X’ =X) u

Iy ()] = j(c:f(Zx—l)2 +C2(x*—x)%+ X, (x°- x)dx

HerpygHo mocuuTaTh 3TOT UWHTETpal aHAJIUTHYECKH, HO yAoOHee
MCIIONIh30BaTh MaTeMaTudeckuit maketr. B MATLAB st aToro Bicosib3yercs
koMmanpa int (moapoOHee B ¢aiie z9graphlRitz.m)BerurcauB 3TOT HHTErpal
MIEPBBIM WJIH BTOPOM CIIOCOOOM, IMTOTYIHM

5

ﬂmm:w@:%Q~%l



\
\ i
\ /
\ /
0015 \\ ,
\ /
\\ /
/
0.03 | N\ /
\ /
\ /
\ /
\ /
20.045 | . /
\ /
\ /
\ /
\\ //
20.06 - - -
0.25 0.5 0.75 X

Puc. 4. ciomrnas xpuBas — Y, (X) , MyHKTUP — TOYHOE PEILICHUE 3a1auu.
Slcno, uro munumym D(C,) nocruraercs npu C, =5/ 22. Takum o6pasom,
Y, (X) =5(¢ —x) /22
3) B mynkTe 1) 66110 cOCTaBieHO ypaBHEHHE Ditepa
y'-y=x,»0)=0,y(1)=0
IMosTomy B mamHoii 3amade Ly=y'-y, f(X)=x. duma n=1, umeem
Yy, (X) =C,9,(X) = CX(1— x). Haiinem HeBs3KY

& = L(y,(¥) - f(x) = (CxA-x)) - Cx(A-x)-x
VYipoiuast, noiay4yum
& =-2C,-Cx+Cx* -x
VYcnoBue oproroansHocTd HeBsi3ku Of k yHkumum ¢,(X) = X(1—X) numeer

BU]T
1

j[—ZCl -Cx+Cx* - x] X(1-x)dx =0
0
NuTterpupys, Haxogum



11 1——120 W Cl=—3

30 12 22
To ecTh, kak u B MeToze Putna, Y, (X) =5(x° - Xx)/22.

4) I'paduxu ¢yHkuuii nokazansl Ha Puc. 4 (kpuBble w3 MyHKTOB 2) U 3) B
JMaHHO# 3amaue coBmanat). Paiinel MATLAB, momoraromiie moCTPOUTh ITH
rpaduku z1lgraphlRitz.nm z1graphlGalerkin.m.
3aoaua 10. Pemuth KpaeBylo 3amauy
-y'+y=-x,0<x<1,y(0)=0,0(1)=0
BapUAIIMOHHO-CETOYHBIM METOZIOM Putiia (BapuaHT MeToJa KOHEYHBIX
DJIEMCHTOB).
Pewenue. Ha 3anatun 10 61111 1adbl GOPMYITBI, HCIIOIB3yeMbIE€ B PEIICHUN
91O 3amaun. [logpoOHee BaprallnOHHO-CETOYHbBIN MeTo 1 PuTiia onucas B [5].
Wrak, B nanaom npumepe P = 1, = 1, f(X) = —X. Tak kak BXomsIIHMe B 3a71a4y
(GyHKUIMN HenpepbIBHEL, BeIOepeM AX, .., =h=1/n, rae n — unucno yacrei, Ha

KoTopbie pa3obbeM otpe3ok [0, 1]. IIporoHounbie KO3GQOUIMEHTHI U3
pa3HOCTHOM 3aa4u

& Yit Yk t GV =R, k=2,...n, ¥, =0, y,,, =0
OyzneM cuuTath 1o popmynam
Silglily . 2.2,
*ThT8 % Th e X Th
Jiis mpocToThl MONOXKHUM, 4TO F = h f (Xk * h/2) * (Xk —h/ 2). Takoe

2
MPCAIIOJIOXKCHUC yXyAIIaCT TOYHOCTH pPaCUYCTOB, HO n30aBIsgeT OT nmoacucra
HHTErpajIoB BU A

Xes1

T Xwdx + j Xw,dX
X1

rae
W (x) = 2% o (x) = e =X
h h
PesynbpraTsl pacueToB, mokasanHele Ha Puc. 2, moiydeHsl ¢ momouibio Qaiiaa
z10graphl.mu daiinoB ¢yakmmii p.m, g.m, fz10.m.dyukums yritz.m
MIO3BOJISIET MO HAMIEHHBIM Y BEIYMCIUTE MPUOIMKEHHBIC 3HAUCHUS Y B JII000M
IPOMEKYTOYHOM Touke oTpeska [0, 1].
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TOYHOE PEIICHUE, CIIONIHAS — PEIICHHUE MOJYYEHHOE C MOMOIIbI0 KOHEYHO-
3JIEMEHTHOro MeToAa Putia.
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