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INPEIUCJTIOBUE

“C6opHUK 3agay Mo Teopuu (GYHKUMH KOMIUIEKCHOTO MepeMeHHoro”
(TORII) npennazHayaeTcs B GCHOBHOM [UIAl CTYAEHTOB MeXaHUKO-MaTeMa-
THYECKUX U (PU3UKO-MaTeMaTUYeCKHX (haKylbTeTOB YHUBEPCUTETOB, CO-
OTBETCTBYIOUUX OTIeNeHUN NeIUHCTUTYTOB U TeXHUYECKUX BY30B C TiO-
BbIUIEHHOH nporpaMmoii no Marematrke. B “CoopHure” umeroTca TakHe
HUMRIbI 32 a4, BbIXOAAUIUX 3a paMKU NporpaMmbl. HekoTopsie 3 HUX Mo-
I'YT CIAYHThL OCHOBOM /1A KYPCOBBIX CTYAEHYECKUX paboT U MaTepualoM
[71f1 3aHATUM Ha cemuHapax mo TORIL.

ABTOpEI nojaratloT Takme, YTo “COopHUK” OKameTcd MONe3HbIM i
JUL, clelManu3UpyIOLINXCA 110 MexaHHKe HeNpepbIBHBIX cpel (FHApoAU-
HaM#Ka, TEOpPUA YTPYTOCTH) W DIEKTPOTEXHHKE, Tak Kak B HEM COXep-
RUTCA GoablLIOe YUCIO 3aaay Aub0o Mo HemocpeACTBEHHOMY NPUMEHEHHUIO
TORIlI Kk yxasaHHbIM AHUCUUIAMHAM, J1U60 10 BOMNPOCAM, MpeACTaBIAIO-
UM MX MaTeMaTHYecKylo OCHOBY (KOH(OpMHLIe 0TOGpameHHs, rapmMo-
HUYecKkHe GYHKUUH, HOTeHNIHaNb], HHTerpaist Tuna Kowwn u 1. 4.).

Ham xaeTtca, 4to “CH0pHUK” IOCTATOUHO MONHO OTPAKAET OCHOBHLIC
paznenst TORII, Gonee niu mMenee Gauskye K yueGHbIM NaHaM.

s yno6erea nonssopanus “COopHuroM” B OrfiaBieHud, NOMUMO Ha-
3BaHUA raaB W naparpadoB, HHOrJa Nepevyuc/eHbl Coepaliecd B HUX
OCHOBHbIE HUKIBI 33124 (3T0 KacaeTcsd rJIaBHbIM 00pa30M OCHOBHOTO y4ed-
HOro mMaTepuana).

Ilpennonaraercs, 4to noabaytomniica “C6opHUKOM” 3HAKOM C COOT-
BeTCTBYIOIMUMU pasfenamu kypca TORII (nanpumep, B o6beMe KHUTH
A. U. Maprymesuua “KpaTkuii Kypc TeOpUU aHaTUTHUECKUX QyHKUMIT”).
Ecau npupieraerca [OMOAHWTENbHbIHI Marepuan, TO AaloTcA HEOOXOAM-
Mble CIIpaBOYHLIE CBelleHUA, a TaKsKe CChIIKM Ha JuTepaTypy. Hnda Hau-
OoJiee 4acTO HUTUPYEMBIX KHUI BBeJeHbl 0003HaUEHHUA:

[1] — Maprywesuyw A.H. RpaTkuit Kypc Teopruy aHaIUTHUECKHUX Gy HK-
unit — 3-e usn. — M.:“Haywa”, 1966.

(2] — Maprywesun A.H. Teopus ananutudeckux pyurunii, T. I, II. —
2-e uza. — M.:“Hayka”, 1967, 1968, .

[3] — Jlaspenmves M. A., Hla6am B. B. Metoas! Teopun ®yHRIMH
KOMILIEKCHOTO NlepeMeHHoro — 2-e¢ usa. — M.:“@uamarrus”, 1965.

[4] — Ipusaace H. H. Beenelue B Teopuio QyHKIUHI KOMIMIEKCHOTO
nepemenHoro — 10-e usa. — M.:“@uamarrus”, 1960.



6 IIpeducaosue

Bce ykasanus K pelleHuIo 3ajay NpUBeAeHbl B OCHOBHOM TEKCTe.

HauGonee TpynHble 3ajaun, HoMepa KOTOPbIX OTMeUeHb! 3BE3J0YKAMH,
cHabeHb! pelIeHUAMH, NOMELEeHHbIMH B OTBETax.

IIpu cocraBnennu “CHopHuKa” GbLIM UCIIOAL30BaHbI UMEBLIMECH B pac~
IIOpSI’KeHNH aBTOPOB Kak PycCkue, Tak U MHOCTpaHHble Yy4YeOHHUKH, [10CO~
Ous, MoHorpapuu.

Bropoe uspaune “COopHUKA” BBIXOAHUT B CyLIeCTBEHHO nepepaboTaH-
HOM Buje. B cBA3M ¢ nozenaHUAMH, BbICKa3aHHbIMU IPH 0OCYHIEHHH
“C6opunra” coTpyaHMKaMu Kadeaprsl Teopud GyHKUMI UM GyHKLIMOHANb~
Horo aHaau3a MoCKOBCKOIo YHUBEPCUTeTa, yBeIluueHo YHCI0 3aay no pf-
Ay pa3fenoB (0cobble TOUKM MHOIO3HAYHBIX PYHKUMH, KOHGOPMHbIE OTO-
OparieHud, CBA3aHHbIe C 3JleMeHTapHbIMU GYHKUMAMHU, Helble PYHKLUUU U
T. 4.). B To ike BpeMs MCKIIOYEHbI HEKOTOpbIE LHKIbL 3a/lay, He CBA3aH-
Hble ¢ ob6szaTenbHbM KypeoM TORII (cuurynsipHble MHTErpaibl, KIacchl
GYHKIOUA C HEeM30JHPOBaHHBIMU 0COGEHHOCTAMH, HECTAaUUOHApPHbIE BHX-
peBble Te4eHUA M HeKoTopble Apyrue). HMcriaiouyeHa 4yacTh CIPaBOYHOIO
MaTepuana — Tabauubl NpeoGpa3oBaHuil SMAUNTHUECKUX QYHKIUUNA U UH-
TerpanoB (X MOKHO HaHTH B BbILIEAIUX B NOCIeJHHE ToJbl Ha PYCCKOM
fI3bIKE CNPABOYHBIX HU3[aHUAX).

IIpoussefeHa Takze neperpynnupoBKa BCero MaTrepuana; B 4acTHOC-
TH, BblAe/EHbI B OTAEAbHYIO I'IaBy BONPOCHI, CBA3aHHbIE ¢ 060BLIEHUAMHU
NOHATUA aHaNWTHUecKOM ¢yHKuuu. Mcnpapaeds! norpemHocTy, o6Hapy-
sKeHHbIe KaK B OTBeTax, Tak M B YCNOBHAX 3afla4. B cBA3M ¢ 3TUM aBTOpPbI
6aarogapHel BCeM JHLAM, MpHUCIaBUIMM CBOU 3aMevaHUA. Mbl 0COBEHHO
npusHateabHsl A. A. Toabn6epry 3a pag LEHHBIX COBETOB M yKasaHHH.

Asmopbt



F'IABA I

KOMIJIEKCHBIE YHUCIA 1 ®YHRIHUH KOMIIJIEKCHOTO
IIEPEMEHHOTO

B aToi1 rnase u Booblie Be3qe B 3TO KHUre, I'le He OTOBOPEHO IPOTHB-
HOe, IPUHATLI 0603HaYeHuA: z =% + iy =71e"¥, w=u+iv=pe? (x,y,
u, U, T, p, p 1 6 — pefictButennHete uncna, r 2 0, p > 0); Rez =z,
Imz =y, Argz=1¢, |z| =r, Z=2a —iy. Ecau He cienaHo [OTONHHU-
TeNbHBIX YKa3aHUi, TO rlaBHOE 3HAaYeHUe aprymeHTa argz BbIAENAeTCA
HepaBeHCTBaMH —7 < argz < 7; KOMIJIEKCHYIO MJIOCKOCTh, TOUKH KOTO-
poii u306paaioT KOMIUIEKCHbIE YHCaa 2z, 6y1eM Ha3bIBaTh 2-NA0CKOCILbIO;
06GbIYHO TEPMUHB! “KOMILIEKCHOE YHCIo z” U “Touka z” ynoTpebnAroTcd
KAK CHHOHMMBI.

§ 1. KomniiekcHble yHcia
KoMnaekcHble yucna, reoMeTpuuyeckans MHTepHpeTaluna

1.1. BeimonuuTh yKazaHHble geficTBUA:
1 1—i 2 s

1) = 2)1+i’ 3)1—31" 4) (1 +iv3)%.

1.2. HailTu moaynu W apryMeHThl KOMIUIeKCHbIX uucen (a ¥ b —

AefCTBUTEIbHbIE YMCHa):

1) 3i; 2)-2; 3)1+14; 4)-1-—4; 5)2+5i; 6)2— 51;

7) =2+5i; 8) —2-5i; 9)bi(b#£0); 10) a+bi (a#0).

1.3. PewuTh ypaBHenne z = z" ! (n # 2 — HaTypalbHoe 4YHMCIO).

1.4. HailiTu Bce 3Ha4YeHUA CIeqYIOMMX KOpHeil U MOCTPOUTh UX:

VYL 2V 3) VAL 4 Y-8 5) Y

6) vVI—1; T)V3+4;, 8) v—2+2; 9) V-4+30

1.5. JlokasaTh, uTo 06a 3HaueHna /z2 — 1 JeaT Ha NPAMOH, IPOXO0-
AAllell yepe3 Hayalo KOOpAMHAT Y napajlelbHol 6UCCEeKTpPUCE BHYTPEH-

Hero yriia TpeyrojJbHUKa ¢ BepulMHaMM B TO4Kax —1, 1 u z, npoBefienHoi

M3 BEPUINHLI 2.
m

1.6. Ilyctt m ¥ n — uedsle uucia. [lokasaTh, 4TO ({‘/E) uMeer
n/(n,m) pasnuuHeix 3HayeHUH, rae (n,m) — o6wui HaMGOMbIIMI Oenu-

m
Tellb yucea m U n. Y6eIuTbcsA, YTO MHOMECTBA 3HaYeHUH ({'/2) u yzm
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coBNajialoT TOTAA U TOABKO TOrHa, korja (n,m) =1, T. e. n U M B3aUMHO
NIPOCTHI.

1.7. Ucxooa M3 reoMeTpHYECKHX pacCMOTPEHHUH, [oKasaTb Hepa-
BEHCTBa:

1) |21 + 22| < lzn] + |22 2) |21 — 22] 2 [|21] = |22]]-

IlokasaTb 3TH e HepaBeHCTBa anrebpanyeckUM NyTeM. BbIACHUTH B
KaKA0M ciydae, Korja MMeeT MeCcTO 3HaK paBeHCTBa.

1.8. Hcxooa U3 reoMeTpUYEeCKHX paccMOTpeHMit, AoKasaTh Hepa-
BeHCTBRa:

1) I!T:T - 1| <largz);  2) |z — 1] < ||z] — 1] + |2)| arg 2.
1.9. JoxasaTh TOMAECTBO
lz1 + 22)% + |21 — 2% = 2(J21 ) + |22)?)

U BBLIACHUTBL €ro reoMeTpU4YecKUil CMbIC.
1.10. JonrasaTb TomIeCTBO

1 —z120)* = |21 — 2% = (1_l21| )1 = ]22]?)

1.11. Joxrasathb HepaBeHCTBO

KA.
|21 + 221 ([21 + (29 + —
|+l [+
1.12. lyeTth 23 M 2o — npousBoAbHbIe KOMIUIEKCHBIE 4YMCHa, a 4
M ay — peiicrBuTenbHble uncaa (a? + a3 # 0). JokasaTh HepaBeHCTBa

2 |a121 + aozzl
ai + a3
YwrazaHue. BBecTu BcrioMoratenbHbit yroa a Tawkoi, uTo tga =

= a;/as, IpeICcTaBUThL OLlEHHBaeMoe BhbipasieHHe B Buge A + Bsin2a +
+ C cos2a ¥ HafiTh ero HauboJblllee U HauMeHblilee 3HaYEHUA.

1.13. JoxkaszaTh ToMIeCTBAa:

n n
2
(n—2)2|ak|2+\zak| = Y et
k=1 k=1

|21 + |22)® = |2] + 23] < < el + |2 + |28 + 23]

1<k<s<n
n n 2
D) lal = [Yal = 3 ju-al
k=1 k=1 1<k<sgn
1.14. Iorasath:
1) ecnnt z1 + 29 + 23 = 0 u |2| = |22| = |23] = 1, TO TOURM 21, 29, 23

ABNAIOTCA BepUIMHAMM IPaBHALHOIO TPEyrolbHUKA, BIHCAHHOIO B ely-
HUYHYIO OKPY#HOCTb;

2) ecnt 21 + z2 + 23 + 24 = 0 U |21] = |22] = |23] = |24, To Touru 2,
22, 23, 24 AMO0 ABNAIOTCA BepUIMHAMM NMPAMOYTOIbHHMKA, TGO MOMAapHO
COBMAfAIOT.



§ 1. Komnaexcrole wucaa 9

1.15. HaiiTu BepuMHbI MpPaBHJIBLHOIO N-YTOJbHUKA, €CIH €ro HEHTpP
HaxoJUTcA B Touke 2 = 0, a oqHa U3 BepUIMH 2; U3BecTHA.
1.16. TouKHU 2, U 23 — cMeKHbIe BEPIIUHBI PABUILHOTO -y IONbLHH-
ka. HailTu BepiiuHy 23, CMEMKHYIO C 23 (23 # 21).
1.17. [ausl TpU BepIUMHBI flapannenorpaMma zy, 2o, z3. HallTu yet-
BEPTYIO BEPIIUHY 24, IPOTUBOMOJIOMHYIO BepUIUHE 23.
1.18. Ilpu KaxoM ycRoBMM TpPU NONapHO He COBNajalolliie TOUKH 21,
z2, z3 Nle#aT Ha ONHOU npAMoit?
1.19. Ipy KakoM ycnOBHMM 4YeThIpe MONApHO HE COBNAAAIOLIlie TOUKU
2y, 22, 23, Z4 AeKaAT Ha ONHON OKPYHHOCTH UAK NPAMOIT
1.20. Touru 2z, 22, ..., 2, Ne#aT N0 OAHY CTOPOHY OT HEKOTODOI NpA-
MOM, Npoxoasiueii yepes Hayalo KoopAuHaT. JoKrasaThb, YTO aHaAOTMUYHBIM
CBOWCTBOM 06aafatoT Touku 1/21, 1/22, ..., 1/z, (yKa3aTh, OTHOCHTENLHO
Karoit mpAMoit) u yTo
1 1 1
214+ 20+ +2, 0, —4+ =+ ...+ —F#0.
z1 22 Zn

1.21. Jlokazath, 4T0 ecnu 23 + 22 + ... + z, = 0, To MOas npamad,
NpoXoJAulad 4yepe3d Hayalo KOOPAUHAT, PA3fedAe€T TOUKU 21, 22, ..., 2n,
€C/IM TOJbKO 3TH TOUKH He JekaT Ha 2TOoH NMpAMOI.

1.22. JlorkasaTb, 4YTo n06afg npAMas, NPOXOARLIAA Yepe3 LEeHTp TH-

MECTU CHUCTeMbl MaTepuanbHbIX TOYeK 21, 22, ..., &n C MaccaMH mgy,
my, ..., My, pa3felser 3TH TOYKH, €C/AM TOJNbBKO OHM HE JiexkaT Ha 3TOH
NpAMOH.

B zamauax 1.23-1.34 TpebyeTcA BLIACHUTbL IeOMeTpUuYeckUilt CMbICa
YKa3aHHbIX COOTHOIIEHUH.

1.23. |z -2l < R; |z—2) > R; lz— 20| =R

1.24. |z — 2|+ |2 +2[=5. 1.25.|z—2| —|z+2| > 3.
1.26. |z —2z|=|z—2| 1.27.1)Rez>C; 2)Imz<C.
1.28. 0 < Re(iz) < 1.

1.29. a<argz< B; a<arg(z~2)<f (-7<a< <)
1.30. [z =Rez+1. 1.31.Rez+Imz< 1.

1.32. Im L =0; Re _— L =0. 1.33.

)
1.34. 1) lzl < argz, eciu 0 < argz < 2m;

2) |z| < argz, ecin 0 < argz < 2.

2|.

B 3zamauax 1.35-1.38 TpebyeTrcAa onpeneluThb ceMeHcTBa JAUHHN B
2-TNIOCKOCTH, 3aJaHHBIX COOTBETCTBYIOIKWMU ypaBHeHHAMHU.

1.35. 1) Re%:O; 2) Im%=C’(——oo<C<oo).
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1.36. 1) Rez?2 =C; 2) Im22 =C (00 < C < o0).

1.37. (222 =X (A >0).
zZ— 22
1.38. arg 22 = o (-1 < a € 7).
zZ— 22

1.39. 1) CemeifcTBo JIUHMIT B z-IJIOCKOCTH 3a[JaH0 ypaBHEHHEM
22 -1]=Xx (A>0).

Inad wakuxX 3Ha4YeHU! A NTUHUU ceMelicTBa OyAyT COCTOATL U3 OAHOI
NpOCTON KPUBOU U A KAaKUX -— pacnajgaTbes?

2) BbIACHKTE Te e BOMPOCH! MIAl CeMeHcTBa
|22 +az+b =X (A>0).

1.40. Haiity HauGonbliee ¥ HauMeHblllee pacCTOAHUA OT Havala Ko-
OpIOMHAT [0 TOYer 3agaHHo# auuuu (a > 0):

1) !z+%(=a; 2) ’z-{-g':a.

1.41. Oyuruua argz onpeleleHa OJHO3HAYHO BO BCAKOI Touke
z # 0, ecnu nonownTL 2| — 2w < argz < |z|. RakoBo reomerpuyeckoe
MECTO TOYEK, B KOTOPBIX HapyHIaeTCcA HelpPEephiBHOCTL ONpeae]eHHON Ta-
KUM o6pazoM QyHKUHU arg z7

1.42. KaxoBo reomeTpuyeckoe MeCTo TOUek, B KOTOPbIX HapyulaeTcA
HenpepbIBHOCTL GYHKUMU arg z, ONHO3Ha4YHO ollpeleleHHOH Npu Mob6oMm
z # 0 HepaBeHcTBaMu ln|z] — 27 < argz < In|z|?

1.43. llepponauvanbHoe 3HavyeHue Arg f(z) npu z = 2 NPUHATO pab-
HbiM (. Touka 2z menaeT OAMH MONHLIA 0GOPOT NPOTHUB 4acoBO CTpeKH
110 OKPY#KHOCTH C LIEHTPOM B Havaje KOOpAvHAT U BO3BpaljaeTCA B TOY-
Ky z = 2. Cuurad, 4yro Arg f(z) usMeHAeTcA HENPEPLIBHO IPU JBUMEHIH
TOUKM z, yka3aTh 3HaueHue Arg f(2) nocne ykasanHoro o6opoTta, eciau:

) f(e)=vz-1 2) fle)=Vz-1 3)flz)=Vz*-1
4 f(2) = VT3, 5) flz) = /=21,

z+1

Crepeorpagpuueckas nNpoekuusd

1.44. BriBecTu dhopMyabl cTepeorpad@uueckodl NMPoeKLUU, Brlpamaio-
wue Koopaunatsl (£,7,¢) Toukn P cdepsl ¢ auaMeTpoM 1, Kacarouleiicsa
2-TUIOCKOCTY B Havajle KOODAMHAT, yepe3 KOOopAHHAThl {Z,y) CooTBeTcT-
BYIOILIel TOUKH z. BulpasuTs Takme T v y depes &, 1, ¢ (ocu € u 1 npen-
[0/1araloTCA COBNAJAIOIUMU COOTBETCTBEHHO C OCAMM T U ¥).

Ipumeuanune. B 3apnaue 1.44 ocymecTBiIA€TCA COOTBETCTBHE MerK-
Ly TOUKaM¥ KOMIJIEKCHOMN MI0CKOCTH U cdepbl paauryca 1/2, kacaowmeitca
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3TO# MIOCKOCTH. BeTpeuaeTena u MHOM crnocol COOTBETCTBHUA, NMPU KOTO-
poM ctepa UMeeT pajguyc, paBHbIH 1, a z-NIOCKOCTh MPOXOJUT Yepes ee
uentp. CMm., Hanpumep, (1; ra. I, m. 4].

1.45. Kakosul Ha cdepe o6pasbl Touek 1, —1, i, (1 —4)/v/27

1.46. KaroB Ha miockocTu o6pa3 napamient ¢ wupotoil B(—n/2 <

Ca

< B < 7w/2)7 YeMy coOTBETCTBYIOT “OHbIA” M “ceBepHbI” nomock?

1.47. HaiiTu Ha chepe o6pasbl:

1) nyueit argz = q; 2) okpyskHocTelt |z| =r.

1.48. KaxoBo Ha cdepe B3aUMHOe pacnoJjokeHue napbl ToOUeKk, B3auM-
HO CUMMETPHUYHBIX:

1) oTHocHTeNbHO TOURM 2z = 0;

2) OTHOCUTENbHO AeHCTBUTENBHON OCH;
3) OTHOCHTeNbHO eAUHUYHOI ORPYHHOCTH?

1.49. [Ipu KaxoM yclIOBHUH TOUKH z3 M 22 ABIAIOTCA cTepeorpadu-
YeCKMMU MNPOEKUMAMH ABYX AHAMeTpPalbHO NPOTUBONOIOMHBIX TOYEK
cepn1?

1.50. Hpu rarom npeoBpasoBaHuu chepbl 06pa3 TOUKU z NEPEXOAUT
B 06pa3 Touru 1/z7

1.51. Haiitu Ha chepe o6pa3bl obnacTeil, onpeaeleHHLIX HepaBeHCT-
BaMU:

1)Imz>0; 2)Imz<0; 3)Rez>0;

4) Rez<0; 5)lzl<1l; 6)lz] >1.

1.52. Yrto coorBeTcTBYeT Ha cdepe ceMeHCTBY HapailjelbHbLIX Npsf-
MbIX Ha IJIoCcKoCTH?

1.53. llokasaTb, YTO NpHU cTepeorpaduyeckoil NMpoeKUNH ORpYHHOC-
TH, pacno/ioeHHble Ha cdepe, MPOEKTHPYIOTCA B OKPYMHOCTH HWJIH B
NpAMBble Ha IIOCKOCTH. KaKue OKDYHOCTH Ha cdepe COOTBETCTBYIOT
NPAMbIM?

1.54. IlycTe K — OKpY#HOCTb Ha [UIOCKOCTH, COTBETCTBYIOLIAA OK-
pysuoctu K' Ha chepe, N — ceBepHblii nonoc cdepbt, S — BeplinHa
KoHyca, Kacawouerocsi chepsl Baoab K' (npemnonaraercs, uto K' He
ABnAeTcA GonbluuM KpyroMm). JlorasaTb, 4To LeHTp okpymuocTH K ne-
#UT Ha dyde NS. Pacemorpers cayuait, korna K' — 6Goibluoil Kpyr.

1.55. [oxasaTb, 4To npu cTepeorpapuyecKkoil NpOeKUUH YIIbl Mek-
Ay KPUBbIMH Ha cdepe paBHbI yriaM MexAy ux obpazaMM Ha IJIOCKOCTH.

1.56. Haittu nauny k(z,a) xopisl, coequHAOWed TOUKK cdepbl, CO-
OTBeTCTBYIOLIME TOYKaM 2z ¥ a. PaccMoTpeTh Takike clydail, Korja a —
6eCKOHEYHO yJaleHHas TouKa.

1.57. [laubl nBe TOUKM 21 U 29 (O[HA U3 HUX MOMKET ObITL GECKOHEUHO
yaanenHo#). Haiitu reomerpryeckoe MeCTO ToOYeK 2-IIOCKOCTH, KOTOPO-
MY Ha cepe COOTBETCTBYET OKpY{HOCTh, paBHOYy/alleHHasli OoT 00pa3oB
JaHHBIX TOYER.
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§ 2. dnreMmeHTapHble TpaHCHEeHAEeHTHbie GyHKLHUHU

ITo onpepenenuto
expz = € = e®(cosy + isiny),

cosz = e o sinz = ef-e® tgz = —n2 ctgr = 2
2 ’ 20 v 18 cosz’ sinz’
2 -2 z -2z
e“+e e’ —e shz chz
chz=-—"— shz=-—"— thz=—=—=, cthz= 22,
2 ’ 2 ’ chz’ shz

1.58. Iloansysack onpeneneHueM e, 1oKkasaTh, UTO:
1) e*l . e%2 — ez1+z2; 2) e t2mi — ez;
3) ecnu €*tY = e* npu BcAKOM z, TO

w=2nki (k=0,+1,+£2,..).

CooTHolenue expip = e = cosy +ising (dbopmyna ditnepa) no-
3BOJIfieT BMECTO TPUIOHOMETPUYECKON (OPMBI 3aNUCH KOMILIEKCHOTO YHC-
na z = r{cosp + isin ) NONbL30BATLCA TOKasaTelbHON hopMoH z = re’?.
B panbHeimeM non ¢ oObIYHO MOHUMAaETCA aBHOe 3HayeHUe apryMeH-
Ta, T.e. — < L 7.

1.59. IIpencraBuTh B nokasateibHoit ¢opMe uucaa 1, —1,2, —i, 1 4 ¢,
1—i4, =144, -1 —1.

1.60. Haittu eX7%/2 eb7i (k= 0, +1,+2,..).

1.61. HaHTu Moay/v W ri1aBHble 3Ha4eHUA apry MEHTOB KOMILIEKCHBIX
wcen e+ ¢ U AL e=I-4 _aeiv (> 0, [p] < 7); e (lpl <
<7); e —e® (0K B <ag2n).

1.62. Haiitu cymMMbI:

1) 1+ cosz + cos2z + ... + cosnz;

2) sinz + sin 2z + ... + sin nz;

3) cosz + cos3z + ... + cos (2n — 1)x;

4) sinz + sin 3z + ... + sin (2n — 1)z; .

5) sinz —sin2z + ... + (~1)*"!sinnz.

1.63. HaiiTu cyMMBbI:

1) cosa + cos (@ + B) + ... + cos (o + nf3);

2) sina + sin (@ + 8) + ... +sin (@ + nj).

1.64. HUcxons u3 onpefeleHUA COOTBETCTBYIOMMX GYHKUMH, OOKa-
3aTh:

02 2 : T .

1) sin®z +cos®?z=1; 2)sinz = cos <§ - z),
3) sin (21 + 22) = sin z1 cos 22 + €OS 21 sin 23;
4) cos (21 + z2) = c08 z1 COS 25 — sin 21 sin 25;

2tgz |

5) tg2z = T tg%s 6) ch (21 + z3) = chzich 2z + sh zsh z;.
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1.65. JlokaszaTb, 4TO eciu cos (z + w) = OS2 NpU BCAKOM Z, TO W =
=2mk (k =0,%1,+2,...).

1.66. JloxasaThb, 4TO:

1) siniz =ishz; 2)cosiz=chz; 3)tgiz=1ithz;

4) ctgiz = —icthz.

1.67. BoipasuTh dYepes TpPHrOHOMeTpUUeCKHe U TUNepGoluyecKye

(GYHRUMH [OelCTBUTENLHOMO apryMeHTa AefiCTBUTeNbHble U MHUMbIE
YacTH, a TaKske MOAY/IM claelylomux GhyHRuu:

1) sinz; 2)cosz; 3)tgz; 4)shz; 5)chz; 6)thz.

1.68. Haiitu meiicTBUTENbLHble U MHUMBIE YaCTH CIeOYIOUMX 3Haue-
Huit GyHruuit:

1) cos(2+14); 2)sin2i;  3) tg(2 —i);

Hetg (F-iln2); 5)eth+i);  6) th (W3+ 7).

1.69. [lna rampofl us dyHruuit e, cosz, sinz, tgz, chz, cthz
HaNTU MHOKECTBO TOYEK z, IJle OHa NPUHUMAET:

1) meltcTBUTENbHbIE 3HAUYEHUA;

2) YMCTO MHHMble 3HAYEHUA.

1.70. HaliTu BCce 3HaYeHUA z, AJA KOTOPBIX:
1) |tgz] =1; 2)|thz]=1.

Ilo onpemenenmto Lnz = Inr+ip+2mik (k= 0,+1,42,...),
Inz=Inr+ip(—7 < ¢ <x) (Inz HasbiBaeTCA 24aBHbIM 3HAUEHUEM Be-
auunHbl Ln z).

1.71. Beruncauts:
1) Ln4, Ln(-1), In(-1); 2)Lni, Ing;
144
V2
1.72. Haiitu omubry B paccysrIeHHAX, NPUBOAAIIMX K Napagokcy
U. Bepnyaau: (—z)2 = 22, noaromy 2Ln(—z) = 2Ln z, cienoBareinsHo,
In(—z)=Lnz.
1.73. llepsonavaabnoe snadende Im f(z) npu z =2 npuHATO pas-
HbiM HyI1o. Touka z genaeT ofAMH MOJAHBIA 060POT NPOTUB YacoBoil cTpel-
KU N0 OKPYKHOCTHU C LIEHTPOM B TOuKe z = 0 M Bo3BpallaeTcsl B TOURY

z = 2. Cuuras, 410 f(2) U3MEHAETCA HeNpepbIBHO NMPU ABHMEHWH TOY-
KM z, yKas3aTh 3HaueHHe Im f(z) nocie ykasaHHoro o6opota, eciu:

3) Ln 4) Ln (2 — 3i), Ln(~2 + 3i).

1) f(z) =2Lnz  2) f(z) =In;
3) f(z) =Lnz—ILn(z+1); 4) f(z)=Lnz+Ln(z+1).
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Ilo onpeneneHuIo A MOOGLIX KOMIUIEKCHBIX uucel a # 0 U «
a® = exp{aLna}, (1)
WIH, eClIM Mof e Mo-TpesHeMy ') MoHUMaTh expz, To a® = e@lne,

1.74. Hality Bce 3HaUeHUA ClelYIOUNX CTereHel:
D1V%G 2 (=2)Y% 3)2 4175 5) i

1 —dyi+s, A7) _ 1+
6)(ﬂ) D7) (3 - 4i)iH 8 (=3 +40)1F.

1.75. HokasaTe, 4TO B clyyae pauHOHANbHOIO NMOKa3aTelf CTeleHH
(@ = m/n) oBwee onpegeneHue cTenenu z coBnagaeT ¢ OGbIYHBIM ONpPe-

OeJIeHUueM:
2 = (/)

{cm. rarme 3apauy 1.6).
1.76. CosnagmaroT 11 MHOecTBa 3Hadennit a®*, (a®)?, (a?)®?

Ilo onpepenenunio, paBeHCTBO w = Arccosz 3KBUBAJE€HTHO PaBEHCT-
BY z = COSW. AHAJOIMYHO ONpefenAloTcA GyHKuMM Arcsinz, Arctgz,
Arcctg z v o6paTHble runepfonndyeckue pynsunu Arch z, Arsh z, Arth z,
Arcth 2.

1.77. JorazaTh clefytolllle paBeHcTBa (ANA KOpHeit GepyTcA Bce UX
3HAYEHUA):

1) Arccosz = —iLn(z + V22 — 1};
2) Arcsinz = —iLni(z + vz2 — 1);
i1+ 2 1 141z
- =_—1In ;

1—=z 21 1—ziz .

3) Arctgz = —;—Ln

4) Arcctgz = %Lxlz;z:; 5) Archz = Ln (2 + V22 — 1);

6) Arshz =Ln(z + V22 +1); 7) Arthz = %Lni__'_z;
_ 1. 241
8) Arcthz_ian_l‘

1.78. JlokasaTh, 4To mad moboro 3HaueHHs ATrCCOSz MOMKHO HONO-
Opath Takoe 3HavyeHue Arcsin z, 4To6bl cymMma 3THUX 3Ha4YeHUN 6blta paB-
Ha 7/2. JlokasaTb aHalOTMuYHOe YyTBep#iaeHue AnA Arctgz n Arcctg z.

Mpumeuanue. Papencream Arcsinz + Arccosz = m/2 u Arctg z +
+ Arcctg z = w/2 Bcerja mpumaeTcs cMblcl, YKasaHHBIH B HacTosmled
3ajayve.

1) Cornacho (1) e* =exp {z Lne} = exp {z (1 + 2wik)}. OnHako, ecau He orosopeno
NpOTHBHOE, MbI GyleM cuMTaTh k = 0 T. e. no-npesHeMy e° = exp 2.
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1.79. IlokasaTb, 4To Bce 3HaueHUA Arccosz cofeparca B GopMyie
Arccosz = iln(z + /22 - 1),

rae noj vz2 — 1 noHumaeTca Kakoe-HMOYb ONHO ero 3HAUYeHHe.

1.80. 1) Jna xakux z Bce aHaueHUA PyHKUMH Arccosz, Arcsinz u
Arctg z nelicTBUTENbLHBI?

2) Haa wkawkux z QyHruua Arsh z npuHMMaeT 4UCTO MHUMLIE 3Haue-
HuA?

1.81. HaiiTu Bce 3HaueHUA CAeAYIOWUX GYHKLIHN:

1) Arcsin %; 2) Arccos %; 3) Arccos2; 4) Arcsini;
5) Arctg (1 +2i); 6) Arch2i; 7) Arth (1 —1).

1.82. HaiiTu Bce KOpHU CleAyIOUIMX YpaBHEHU:
1)sinz+cosz=2; 2)sinz—cosz=3;
3)sinz—cosz=1; 4)chz—shz=1;
5)shz—chz=2i; 6)2chz+shz=q1.

1.83. HaiiTu Bce KOpHHU ClEeAYIOUUX YypaBHEHUI:

1) cosz=chz; 2)sinz=1ishz; 3)cosz=1ish2z.

§ 3. IlocnepoBaTeBLHOCTH H YUCJIOBBIE PAOBI

o0
m
1.84. JlokazaTb, YyTO ecau pAll E cnp cxomuTeA U jarge,| € a < X
TO PAL CXOAUTCA aBCOMOTHO. n=1

o0
1.85. IlycTh cxoaaTcs pAdb E Cn M E ci‘ HokazaTb, 4TO eciau
ot 5 n=1 n=1
Rec, > 0, To paa E len|” BymeT Tarke cxonamMUMCE.
n=1
o0
1.86. Pan E cn obnafaeT TeM CBOHCTBOM, UTO YeThipe €ro 4acTH,

n=1
COCTOAIIIMEe Kam[afA U3 YJIEeHOB, CoJepHalluXcA B OOHOM U TOM e 3aMK-
HYTOM KBaJpaHTe MJI0CKOCTH, cxoaATcA. JokasaTk, YTO NaHHbI} pAL CXO-
auTca abCoIOTHO.

1.87. Jlokasatn hopmyay (npeoGpasoBanvie AGesns)

n n—1
D akbe = Y Sk(bk — bet1) = Sm—1bm + Snbn,

k=m k=m

rie 1<m<n, Sy=a;+az+..+ar (k>1), Sp=0.
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o0
1.88. JlokasaTb, YTO AJIA CXOOAUMOCTH pALa E anbn, rae b, >0,
oo n=l1
IOCTATOYHO, YTOBLI YaCTHUYHbIE CYMMbI psAja E @y, ObLIY OrPaHHYEHB] U

n==1
noc/e0BaTeNbHOCTL Ynced {b,} MOHOTOHHO cTpemuiach K Hymo (nmpu-
anar Jupnxne).

Y kaszaHue. BocrionbsoBathea npeoGpasoBanueM Abeds.

(o]
1.89. JloxkazaTh, 4TO AJA CXOAMMOCTH pAna E anb,, rae b, —
n=1
o
JeiicTBUTeAbHbIE YUCIA, JOCTATOYHO, YTOObI PAL 5 Qpn CXOOUJICA, a Mo-
n=1

crefoBaTeNbHOCTh {bp} Oblia MOTOHHON M OrpaHU4eHHOH (NpU3HaK
AGens).

[ee]
1.90. JlokasaTb, YTO Af CXOAUMOCTH pAla E a, b, 1O0CTAaTOYHO BbI-

NOJHEHUA CIeAYIOUIUX YCJIOBUIi: o n=1

1) lim /nb, =0; 2)pan Z\/Elbn —bpy1| cxomures;

n—o0
g n=1 n
3) mocnefoBaTeNLHOCTE =, Thae S, = Z ar OrpaHH4eHa.
Vvn
k=1
0
1.91. Ilycts nlgr;o t/len| = q. Howrasats, 4To pAR ch CXOJUTCH
n=1

(abcoaoTHo), ecin ¢ < 1, ¥ pacxoguTed, ecan g > 1. .

1.92. Y6enuTtbea Ha mpuMepax pANOB

1 1 1
1+—2F+'3—a‘+4—ﬁ+.-- (1<a<ﬂ),
a+p8+3+p8+... 0D<a<pB<l),
o0
4YTO pAQd ch MOMeT CXOOUThCA M Torpa, korga  lim ci*—’l > 1.
1 n—00 Cn
n=
1.93. JlokasaTb, yTo eciu  lim Cntl] — 1, To ana a6CoMOTHON CXOo-
. n—oo | Cn
e Cn41
IUMOCTH pAfa ch OOCTAaTOYHO, YTOOKI nlgrggn( o 1) < -1
(npusnak PaaGe)™
[ a 1
1.94. Jorasath' npusHak ['aycca: ecau =1+ - + 0(5),
n

rie a He 3aBUCHT OT n U a < —1, To pAA CXOOUTCA abCOMIOTHO.
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o
B 3amauax 1.95-1.104 uccinenoBaTb CXOAUMOCTL PALOB Z Cn-
n=1
n n! in
1.95. Cp = W 1.96. Cp = W 1.97. Cphp =€
ein eimp ein
1.98.¢, = —. 1.99.¢, = 1.100. ¢, = =
n n-
1.101. ¢, = Lemi/n,
mn
1.102. ¢, = 2ot latn - DB+ (B+n=1) (runepreomet-

ny(y+1)..(y+n-1)
puueckuit pan), Re(a+ 4 —v) < 0.
cosin nsinin

1.103- Cp = on . 1.104, Cp = 30

1.105. HaiiTu npepnenbHble TOUKH MHOMKECTB:

. _1yn_ T — .
1) z=1+(-1) ol (n=1,2,..)

2) z= 1 + 2 (m, n — NpOU3BOJbLHBIE LeNble YUCha);
m n
_ P, 9 , ' .
3)z= - +1 - (m, n, p, ¢ — NPOU3BOILHBIE lleJble YUCIA);
4) |z| < 1.

1.106. Jloka3aTb, 4TO H3 OeCKOHEYHON OorpaHUYeHHOl [ocjlenoBa-
TEAbHOCTH TOYEK {z,} MOMHO BbIOpPAaTb CXOAAWYIOCA MNOAMOCAENO-
BaTeNbLHOCTh.

1.107. [loxkasaTb ciefyiollye NpeaioHeHun:

1) cxoauMocCThb MOCAeA0BATENbHOCTH {2z, = T, + iy, } YKBUBAJEHTHA
OHOBPEMEHHON CXOANMOCTH nociegosaTenbHocTedt {Tn} 1 {yn};

2) s toro yTobhl CyllecTBOBAI Npelen nll)rr;o zn # 0, HEOOXOAUMO U
AOCTATOYHO, YTOOb! CYIIECTBOBAMN HPEHebl lim |zn| # 0 u (apu noaxo-
AAllleM onpejelesnH arg zn ) 11rn arg z,. Ec.rm nlnr;o Zn He ABNAETCA OTPH-

1aTelbHbIM YHUCIOM, TO MO?KHO Hanpnmep, CYHUTATh, UTO —7 < arg 2, < .

B KarkUX cayyaax cXoAMMOCTD NOCIeN0BaTEeNbHOCTH {2, } SKBUBANEHT-
Ha CXOJMMOCTH TOJNbLKO MOCAeNOBATeAbHOCTU {|2n|}7?

1.108. Ha ocHoBe yTBepaaeHuit 3agaun 1.107 gokasats:
—

1)3& Wirmho e ,(cos,y seis WHEHTP
2%&@;@@@;54)] Inr+ i@mc{s{aﬂ 1,2,..).

1 RRYBGREE o 2 HOCTUTY T
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§ 4. DyHKHMH KOMILIEKCHOTO NePeMeHHOro

KoMnnexkcHble QYHKUMU OeHCTBUTENLHOrO NepeMeHHOTO

B 3agauvax 1.109-1.115 TpebyeTca onpelelnTh AUHHM, 3aJaHHbIe yKa-
3aHHBIMU YPaBHEHUAMU.
1.109. 2 =1—4t, 0<t<2 1110.z2=t+it?, —-oo<t< .

1.111. z =2 +it!, —o0 <1t < c0.

gstg%“, a>0.

1.113. z:t+§, 00 < t <0

1.114. ) z=t+i/T =82, —1<t< 1

2) z=—t+iV1—~t?, —1<t<0 (6eperca apupMeTHYeCKOE 3HAUCHHE
KOpPHA).

1.115. )z =a(t +i—ie™®), ~c0 <t <00, a>0;

2) z=da+at—ibe”*, 0<t<2m, a>0, b>0.

1.112. z = a(cost + ¢ sint),

CDYHKLII/IM ROMIJNEKCHOIo nNepeMeHHOTI0

1.116. JIns otobpamenusa w = 22 TpedyeTcs:

1) naiitu obpasbl amuuil x =C, y=C,z =y, |z] = R, argz = a u
BBIICHUTDL, KAKUE U3 HIX NPeobpasyroTca B3aUMHO ONHO3HAYHO;

2) waiity npooGpa3ssl (Ha z-naockoct) auuuii u = C, v = C (w = -
= u+iv).

1.117. [lns otobpasmenus w = 1/z naiitu:

1) obpasel aunuit z =C, y=C, |z|=R, argz=q, |z—-1|=1;
2) npoobpasel aunuit u=C, v =C.

I

1.118. Ins otoGpamenuit w = z+ 1 W w = z— — HailTu o6pasbl
z

OKpYy#HOCTE# |2) = R.

1 .
1.119. [ns npeoGpa3opaHua w = z + ~ HaliTH Ha Z-TJIOCKOCTH NPO-
z
o6pas npaMoyroabHoit cetky (u = C, v = C) nnockocTH w.

1.120. Bo uto npeobpasyercs OKpy#HOCTD |2| = 1 npu oToGpameHun
=z/(1—-2)??

1.121. [an orobpamsennsa w = e* HailTu:

1) o6paser qunnit z=C, y=C, =1y;
2) npooGpassl aunnun p =86 (0 < 8 < ).
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1.122. Haittu npeo6pasoBanye npAMOyToibHOi cetu (z = C, y = C)
IJIOCKOCTH 2z C IOMOLIbIO QYHKUMU:
2

Hw=22+2 2 w=cthz; 3)w=e".

1.123. Bo uTo npeo6pasyloTcA C NOMOUbI0 GYHKUAM w = e° + 2
oTpesky npAMbIX z = C' 1 apAMsle y = C, nesxamue B notoce 0 <y < 77

1.124. YTo cooTBETCTBYET B 2-IUIOCKOCTHU NOJADHOiT ceTke |w] = R,
argw = a Tnpu npeoGpasosaHuAx: 1) w=el/?; 2)w = e*?

HenpepblBHOCTS

1.125. dyuruua f(z), onpeneneHHas B OKPeCTHOCTH TOYKH Zp, Ha-
3bIBaeTcA HenpepuvieHoll no l'eline B TOUKe 2o, €CId 4JA J1060l nocnenosa-
TeAbHOCTHU {z,}, cxonsuelica K zg, BbiNonHAeTeA ycaoBue lim f(z,) =

n—roQ

= f(zp); oTa #e QYHKIUUA Ha3bIBaeTCA HenpepvieHol no Kowu, ecnu ans
mo6aro € > 0 cymectsyer taroe d(g) > 0, 4TO U3 HepaBeHCTBa |z — Zp| < J
crepyet, 4To | f(z) — f(20)| < e. lokasaTs 3KBUBaNEHTHOCTL 0GOMX ONpe-
menennit (cm., Hanpumep, [1, ri. I, n. 3.6]).
Rez z Re(z?) zRez
R L 1 £

Rakue u3 Hux mMoryT ObITh JoOlpeaelelbl B Touke z = 0 Tak, 4TOGbI OHU
CTald HeNpephIBHBIMU B 3T0# Touke?

1.127. BynyT au yHRUMM:

1) 1/(1-2) 2)1/(1+2);
HernpepbIBHbI BHYTpU efnHnuHoro kpyra (|z| < 1)? ByayT au ouu paBHo-
MEpHO HenpepbIBHbI?

1.128. 1) Jlokasatb, uto dyukuua e~ /1#l paBHomepHo HenpepbiBHa
B Kpyre |z| < R ¢ BbIKOAOTOM TOUKOIM 2 = 0.

2) Bymer nu paBHOMEpHO HemnpephiBHAa B 3TOH e obnacTu (QyHK-

onpepejeHsl ana z # 0.

1.126. OyHRUNHK

una e~ 1/2°7

3) Byzner au ¢yHruua e
0<|z| <R, |argz| < 7/67

1.129. ®ynkuna w = e~ /% onpenenena Bciogy, kpome Touku 2 = 0.
HorazaTh, yTo:

1) B noaykpyre 0 < [z| <1, |argz| < n/2 sTa dyHKUUA OrpaHUYeHa,
HO He HellpephIBHE;

2) BHYTPH 3TOr0 e MOAYKpyra GYHKUUA HelpephiBHA, HO HE PaBHO-
MEpHO;

3) Bcektope 0 < |z| <1, |argz] < a € 7/2 ¢yHKuMA paBHOMEpHO
HenpeprIBHA.

1.130. ®yuxuua f(z) paBHOMepHO HempephiBHa B Kpyre |z| < 1.
JlokasaTh, uTo 4aa Mmoboit ToYKu { Ha okpyHocTH |z| = 1 U mo6oit no-

2
—1/2°  paBHOMepHO HempepbIBHA B CEKTOpe

2+
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cIeloBaTeIbHOCTH 2, — (, |2n| < 1 cymectByer mnpegen lim f(zy).
n—+oo

JlokasaTh Tak#e, YTO 3TOT Npee] He 3aBUCUT OT Bbifopa HoCleloBa-
TenbHOCTH {2,} M YTo (YHKIMA, HOONpeleNeHHAA HA [paHUle Kpyra
NPy NMOMOLIM NpefelbHOro nepexona, 6yaeT HelmpepblBHA BO BCEM 3aMK-
HyTOM Kpyre |z| < 1.

§ 5. AHanuTHUYeCKHe H rapMoHHYeCKHe DYHKIHH

Ycnosus Komu-Pumana

1.131. Iposeputh BohinoaHenune ycaosuit Kowu-Pumana gna dyHs-
umit z", e*, cosz, Lnz wu fokasarh, YTO

w )=

(™) =nz""t, (e*)' =e€*, (cosz)' =-sinz, (Lnz) =

1.132. Haiitu nocTosusse a, b, ¢, Npy KOTOPLIX pyHRIUA f(2) GyaeT
aHajluTH4ecKofi:

1) f(z) =z + ay +i(bz + cy);

2) f(z) = cosz(chy +ashy) + 17 sinz(chy + bshy).

1.133. Haiitu obaacTu, B KOTOpbIX QYHKIUA
f(z) = |2% — y*| + 2izy]

6yaeT aHaNUTHYECKOH.

1.134. f(z) = u + iv = pe'? — ananutnueckas ¢pyuruus. JokazaTs,
4TO eciad ofHa U3 QYHRUMN u, v, p, § ToMIECTBEHHO paBHa NOCTOSAHHOIL,
To 1 ¢dyHKuMA f(z) nocrosHHa.

1.135. Iycts z = re™ u f(z) = u(r,p) + w(r, ¢). 3anucats ypapHe-
Hus Komu-Pumana B monsfiphsix KoopauHaTax.

1.136. loxasaTh, yTo eciau f(z) =u + (v — aHANUTHUECKaA QyHKUUA

U S U n — NepreHAUKyAApHble BEKTOPbI, IpPUYeM NOBOPOT OT BEKTOpa S
K BEKTODY 1 Ha [PAMOI1 YroJ COBeplIaeTCA NPOTUB YacoBOH CTPelKH, TO

Ou _ Ov " Ou v
ds ~ On dn =~ Os
(0/0s u 8/On — npoussopHbie 0T GYHRUKN [BYX AeHCTBUTENLHBIX fe-
PEeMEeHHBIX 110 COOTBETCTRYIOUIEMY HaNpaBieHUo).
1.137. JlorasaTb, uTo ¢yuruua f(z) = Z Hurige He audbdepeHuy-
pyema.
1.138. llokasars, yTo GyHKUMA w = z Rez au(pdepeHurpyema Todb-
Ko B Touke 2z = 0; maiitu w'(0).
1.139. JokasaTb, yTo maa ¢yusumu f(z) = /|zy| B Touke z =
BhInoAHAOTCA yeaoBua Koww-Pumana, Ho MPON3BOAHAA HE CYlIeCTBYeT.
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1.140. JoxasaTb clienylouivie yTBepKAeHUA:
1) ecan y dpyuxunu w = f(z) B TOUKe 2z CyIUIECTBYeT Npenel
. Aw
lim [Re ——]
Az—0 Azl
TO YacTHble MPOU3BOIHBIE Uz U Uy CYLIECTBYIOT W paBHbl MemLY COBOIi;
. Aw
2) ecliv cyiiecTBYeT npefen Ahm0 [Im _A—] , TO CYUIECTBYIOT YacTHbIE
zZr z
TNIPOU3BOAHBIE Uy U Uy, TPHUEM Uy = —Ug;

3) ecay zapaHee NPeNIONOAUThL, YTO GYHKLUMH u U v AubdepeHLn-
pyeMbl, TO CyilecTBOBaHUe 110GOT0 U3 TNpejeloB, ykazaHHbIX B mm. 1)
u 2), obecneunBaeT CyleCTBOBaHUe APYTOTO U, CIefoBaTelbHO, Andde-
peHuupyeMocTh GyHrunu f(z).

1.141. Dyuruua w = f(z) o6iafgaeT B TOUKe z ClAeYIOWNMI CBOHCT-
BaMH:

1) u, v ouddeperuupyemsr;  2) cyimecTByeT npefel lim ,-Aﬂ
Az—0 | Az

Jorasars, yto aubo f(z), aubo f(z) nuddepenurpyema B ToYke z.

1.142. Oyuruua w = f(z) o6aafaeT B TOYKE z CAEAYIOLIMMY CBOHCT-
BaMMU:
Aw

1) ¢pyurunn u, v Auddepenuupyemsl; 2) cyiectsyer lim arg =—.
Az—0 Az

loraszath, uto f(z) nuddepeHuupyema B TOUKe z.

1.143. Iyers w = f(z2) = u+iv u u(z,y) u v(z,y) oubpdbepenuu-
pyeMbl B Touke z. JloKa3aTh, YTO MHOMECTBO BCEBO3MOMHbBIX Mpeaenb-
HbIX 3HaveHuil oTHowenuA Aw/Az npu Az — 0 ectb 1ubo TouKa,
JU60 OKPYHAHOCTD.

®OpMaﬂbeIE NIpoOU3BOgHLIC IO Romn

Ecau B cooTHOWEHNH
z2+z z—2 _
w=w(z) = fzy) = F(355, Z5) = olz,2)

paccMaTpuBaTh z U Z KaKk He3aBHCHMbIE MepeMeHHbie, TO POU3BOIHLIE
10 3TUM NepeMeHHbIM GyAyT paBHbI

ﬁ:l(ﬁ_if_) ﬁzl(ﬁJri_&_)
8z 2\0z oy)’ 08z 2\0zx oy/’
ow
bz

. ow
B nanbueitiieM npuHATH! 0603HAYEHUA — = Wy,

=wz U T. O
P z i\

1.144. JlorkasaThb cllenyiommye COOTHOWEHUA:
1) dw = w,dz + wzdZ;, 2)w, = %[(uz +vy) + i(—uy + v2)};

3) wy = % [(ug — vy) + i(uy + vg)].
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1.145. Jlokasats, 4rto ypasHenusa HRomn-Pumana 3KBUBajeHTHbI
ypaBHeHuio wz = 0.

1.146. orasath, uto ypasuenue Jlannaca Au = 0 MoMHO 3anucaThb

2

B BUOE ———— Ou =0
020z )
1.147. [owasats, uto dw = dw, @, = Ws, W; = W, (Goabluas 4ep-
TOYKa 03HayaeT, YTO IIepexoll K CONpPAXEHHOMY 3HauyeHHWIO cOBepliaeTcsd
nocie gugdepeHunpoBaHua).

1.148. JlokasaTs, 4T0 A48 QYHKUUK z(w), OGPATHONR [0 OTHOIUEHUIO

1 w(z),
© i dw + ——22 _ dip
fwzl? — jwz|? fwzf? ~fws?

dz =

1.149. Jlokaszath, 4To ArobuaH npeofpasoBanus w{z) paBeH
O(u,v) _ ‘w”'2

J, = = — w52,
w/z 8(1:,3;) ’wzl
1.150. Hora3aTh crelnymllue paBeHCTBa:
1) %}% =w, + wze 2 rpe o = argdz;
dw
2) m‘gxid—z]:[wz[—i-lwgl; 3) mmld I:szj—lwg[l.
1.151. JlokasatTs, uTo ecaut « = argdz, o = argdw, TO:
) da’ _ Tu/z _ |4z 1
da ~ (ugcosa+uysina)? + (vzcosa + vysina)?  |dw Jopw’'
max t
do' % dz lwz| + |ws|
2) max — =p, min — = =, TOC p = = .
) max o =7 o Ao P i |22] ™ Tl =]

lapMouuuyeckue pyHRUUH

Dynruus u(z, y), obrajarman B HEKOTOPOM 061aCTH HeNpPepLIBHLIMY
YaCTHBIMH MPOU3BOAHBIMH 10 BTOPOro NMOpPAAKA BRIIOYHUTENLHO U YI0B-
JeTBOpAIoILan ypaBHeHuio Jlanaaca

Fu | S
Au=2S+22 =0
dz? = Jy? ’
Ha3bIBaeTCA eapmonuyieckoll @ynryuel. JIe rapmoHUdeckue GYHKUUU
u(z,y) v v(z,y), cBAzanHble ypaBHenuaMu Kown-Pumana
Ju v Ou _ v
oz Oy’ Oy oz’

Ha3bIBAlOTCA CONPAHEHHbIMU.
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1.152. JlokasaTb cledyiouiue npealomeHun: n
1) JIuneliHaa kOMOGMHAUMA rapMOHWYECKUX (GYHKUUH Zciui(z,y)

ecTb (PYHKUMA FrapMOHHYecKas. i=1

2) Ecay apryMeHThbl rapMOHWYeCKol GyHKUMKM u(Z,y) NOABEPTHYTh
_5  y=_"n_
£2+n2’ y= 52‘*‘7]2,
HaA ¢yHRKUMA OygeT rapMOHUYECKOH.

3) Ecnu apryMeHTHl rapMOHMYecKoH (GyHKHIMH u(Z,y) NOABEprHYThb
npeobpasosauuio = = ¢(£,n), ¥y = ¥(&,n), TAe @ U ¢ — conpseHHble
rapMoHUYeckue QyHKUHUU, TO Npeobpas3o-
BaHHaa (QYHKLUUA 6yaeT rapMOHMYECKOM.
(Otciopa, B 4aCTHOCTH, cledyeT Npefblay-
lee yTBepsKIeHue. )

4) Myers u(z,y) n v(z,y) — conps-
JKeHHble rapMoHuuYeckMe GYHKUUA U
O(u,v)
o(z,y)
oTanyed 0T Hyasa. Torga oGpaTHble
dyuruuu z(u,v) u y(u,v) Tarme OymyT Puc. 1
rapMOHMYECKHUMH U CONPAMKEHHBIMHU.

npeobpa3oBaHUIO UHBEPCUU T = TO npeobpa3oBaH-

AKoOuaH B HeKoTopo# o61acTu

1.153. 1) HokasaTb, YTO BCAKAA rapMoHUYeckad B OJHOCBA3HOI 006-
nactu G oyHRUMA w(x,y) UMeeT ceMEeHCTBO CONPAMKEHHBIX rapMOHHYEC-
KUX GYHKUME, oTIMUaAOMKUXCA ApYT OT Apyra Ha MNOCTOAHHOe cllaraeMoe

(z,y)
au
viz,y) = / d +—dy+C
(z9,y0)
2) NlorkazaTh, uTo ecnu obnactb (G MHOTOCBA3HA M OrpaHHyeHa BHell-
HUM KoHTypoM ['g u BHyTpenHumu KoHTypamu 'y, s, ..., [’y (ramabiit

M3 KOTOPbIX MO:KET BhIPOAAATLCA B TOYRY; puc. 1), To dyHruusa v(z,y)
MOKeT OKa3aTbCA MHOTO3Ha4yHO U obwan ¢opmyna Al ee 3HaueHUi Oy-

AeT UMeTb BHUI (z,y)

v(z,y) = / ——d +@dy+zmk7rk+c
(z0,30)

Hnrerpan Geperca no nmyTH, nesauieMy B obnactd G, my — uenble

yuciaa u _ du du
T = / - a—ydﬂf'i‘é-:zdy,

rhe -y — MPOCThbIe 3aMKHYThble KOHTYPbI, Ka#AbIlf M3 KOTOPBIX CONEPHUT
BHYTpH ce6fi OIHY CBA3HYIO YacTh rpanuusl (['y) (uucna 7y HasbIBalOTCA
nepuodamu UHMe2pasd Ui LUKAUYECKUML NOCTIOAHHBLMU).

Hns ogHosHauHocTH GyHKUKHU v(z, y) HEOOXOOUMO U OCTATOYHO, YTO-
6bI Bce uncaa 7y GbUIA PABHBI HYIIO.
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IIpumeuanne. Routyp 'y MomeT u oTcyTCTBOBaTb, €CIHU TOMb-
Ko GyHruuA u(zr,y) rapMoHuYHa B GECKOHEYHO yaaneHHoi Touwxe. Ilo
onpefeNeHUIO 3TO 03HavaeT, yro GpyHruua U (£, n), noaydyeHHasa U3 GyHK-
uuu u(z,y) npeobpasoBanueM uHBepcuu (cMm. 3ajauy 1.152, 2), Gymet
rapMoHHYecKoif B Hadale KOOpAMHAT. MomHO HOKasaTh, UYTO B 3TOM

n
ciiyyae Z m = 0.
k=1
1.154. Ilpennonaras u3BeCTHBIM, YTO aHalMTHUYecKasa GyHKLUA Gec-
Ko"edHo AuddepeHuupyeMa, oKa3aTh CleyIOUiUe TeopeMbl:
1) peficTBUTeNbHAA ¥ MHUMaH YaCTH aHaTUTUYECKol byHRuuM f(z) =
= U + 1V ABJIAIOTCA CONPAMREHHBIMY FADMOHMYECKUMHU Gy HRUMAMHE;
2) npousBoasble (MOGOro NopAaKa) rapMoHHYECKol GYHKUUN TaKme
ABAAIOTCA HYHRLUUAMU FapMOHMYECKUMH.
1.155. 1) Bynet au rapmonundeckoit dysxuus u?, eciu u — rapmo-
HUvecKkad GYHKRUHAT
2) lycth u — rapmonuyeckas GyHruua. Jns rasux Gynkuuit f GyHs-
unA f(u) 6yaer Toxe rapMOHHYECKOIH?

1.156. BynyT au oyuwunu |[f(z)|, argf(z), In|f(z)| rapmouuyec-
KMMH, ecly f(z) — ananntuveckana ¢pyHkuua?
Pu  u
3z T ag
AfApHON cHcTeMe KooOpAuHAT (r,) U HallTU pellieHue ypaBHenus Jlam-
naca Au = 0, 3aBUCALLIEe TOJLKO OT T.

1.158. Bomnucars giasa n = 1, 2, 3, 4 rapMoHUYECKHE MHOIOYJIEHbI
pr(z,y) ¥ gu(z,y), onpegenseMble PaBeHCTBOM 2™ = p, + ig,. 3anucaThb
B 00LIeM BUIE Pn, U @y B NOJAPHOIN cUCTEMEe KOOPAMHAT.

1.157. I[IpeoGpasoBaTh oneparop Jannaca Au = K TI0-

[lonbzysacs ¢opmynamu 3agaun 1.153, B 3anadax 1.159-1.163 naii-
TH QYHRUMHU, CONMpAMEHHbIe ¢ AaHHLIMH TapMOHMYECKHMHU (QYyHKUMAMHU
B YKa3aHHbIX 06NaCTSX.

1.159. u(z,y) =22 —y? +z, 0< 2| < o0.

xr
1.160. u(m,y) = m,
1
1.161. u(z,y) = 5 In (x? + y?):
a) B 06;acTH, NONYy4YeHHOH U3 IJIOCKOCTH yaaleHHeM II0JyocH: y =0,
- <z L0
6) B IJIOCKOCTH C BBIKOJAOTHIM HauajgoM KoopauHat: 0 < |z| < oo.

1.162. u(z,y) = % {In(z? + 4?) —In{(z — 1)? + ]}

a) B MJIOCKOCTH C BLIKONOTBIMU ToukaMu z =0 u z = 1;

6) B MJIOCKOCTH ¢ YAaJeHHBIM OTPe3KOM AeHCTBUTENbHON ocH: y =0,
0<x <],

B) B ILIOCKOCTH ¢ yiadeHHbIM dydom: y =0, 1<z < oo.

0 < |z} € o0.
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1.163. u(z,y) = 5 > oxln[(z — 2a) + (y - wa)?]:
k=1

a) B INIOCKOCTH C BLIKUHYTBIMU TOUKAMU 21, 22, ..., Zn (2K = Tk + 1Yk,
zi # Zj);

6) B MIOCKOCTH ¢ yJaleHHo# npoctoit (T. e. Ge3 camonepeceyeHuit)
JOMaHOH NHHKeN, coeAUHAIOell JaHHble TOUKH.

1.164. CymecrByeT Jau aHaauTHyeckad oyHruma f(z) = u + v, gas
KOTOPOM:

Du=

2 2

-y . Qv=In(z?+y?) —2>+y% 3)u=e¥/*?

B zapauax 1.165-1.168 naiitu asanutudeckue pyHsunu f(z) = u + v
[0 3aJaHHON AeHCTBUTENLHON UAM MHUMOH YacTH.

1.165. u=z> - y2 +5 S——
U=z Yy +or+y 4y
1.166. u = e®(z cosy — y siny) + 2sinzshy + 23 — 3zy? + v.
1.167. v = Ly pp——
67. v=34+2"—-y @ 1)

1.168. v =In (2> + y?) + = — 2y.

B zagauax 1.169-1.176 BBIACHUTb, CYWECTBYIOT 1M rapMOHHUYECKUe
GYHKUMM YRa3aHHOro Buia (OTJMYHBIE OT IOCTOSHHON), M B cllydae Cy-
1IECTBOBAHUA HaWUTY UX.

1.169. u = p(x).
1.170. v = p(az + by) (a n b — peficTBUTeALHbIE UKCaa).

1.171. u = Lp(%) 1.172. u = (zy). 1.173. u = ¢(2? + y?).

2 2
1.174. u = (p(x :y ) 1.175. u = p(z + /2% + y?).
1.176. u = ¢(2? +y).

B zapgauvax 1.177-1.180 morkasathb cyliliecTBOBaHHE M HalTH aHaIUTH-
yeckue ¢OYHRUMK f(z) M0 3afaHHOMY MOAYJIO UM apryMeHTY.

1.177. p = (2 + y?)e®.  1.178. p = er <0529,
1.179. 6= zy. 1.180. 0= @ + rsin<p_

1.181. Jloxasatb: 4ToGbl ceMelicTBo munuit p(z,y) = C, rae ¢ —
IBa# bl HenpepblBHO AuddepeHurpyemas ¢pyHKuudA, 6b110 ceMeiicTBOM
JUHUH YPOBHA HEKOTOpPOH rapMoHHYecKoi (yHKLUH, Heo6X0AMMO U [0-
cTaToyHo, YTo6h! oTHOmenKe Ayp/(grad ¢)? 3aBuceno TOALKO OT (.

Yxazanue. lIpenaBapuTelbHO yCTaHOBHUTh, UTO MCKOMasg rapMOHU-
yeckan GyHruua umeer UL u = flp(z,y)].
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B 3apgauax 1.182-1.186 nHaiiTu aHanuTH4ecKkue HYHKLUHUH, Y KOTOPbIX
BIOJL 10601 JUHUM COOTBETCTBYIOLIEr0 ceMeicTBa COXpaHAeT MOCTOAH-
Hoe 3HayeHue NuGO NedCTBUHTENbHAA YacTh, AUGO MHHUMaA 4YacTh, AU6O
MOJYJb, TUO0 apryMeHT.

1.182.z=C. 1.183.y=C. 1.184.y=Cxz.
1.185. 22 + 2 = C. 1.186. 72 + 3% = Cx.

T'eomeTpuuecKkuit cMbICI MOOYAA U apryMeHTa
NpPpOU3BOAHOU

1.187. OToGpaseHye coBepllaeTCA ¢ NOMOWbLI0 GYHKUUH w = 22 u
w = 2%, Haiitu yroa nosopora () HanpaBrenus, BbIXOAAUIETO U3 TOY-
KM 2g, U KoaddunueHT pacTamenua (k) B CledyOWKUX TOYKAX:

Dz=1 2)z=-1/4 3)zp=1+i 4)z20=-—-3+4i.

1.188. Karas yacTh IJIOCKOCTM CHMMaeTcA, a Kakasi pacTATUBaeTCH,
ecny oTobpameHue ocylulecTBiasgeTca GyHRIMEN:

DBw=2% 2Jw=2"4+22z 3Jw=1/zy

Hw=¢* bH)w=In(z-1)?

1.189. O6nacte G oToGpamaercs ¢ NOMOWbI0 GYHRUUK f(z) KoH-
dbopMHO ¥ B3aMMHO OJHO3HAYHO Ha obnacth G'. YkaszaTh GopMyanl anf

BbIUMCIEHUA miowagu S obnactu G’ u paudel L Ayru, Ha KOTOpYIO
oToOpazkaeTca HeKoTopasa Jyra l, npuHapdemaman obnactu G.

1.190. Haiity navny L cnupany, Ha KOTOPYHO C TIOMOWBIO hyHK-
uuu e” otobpamaerca oTpesok y =1z, 0< z < 27.

1.191. Hatitu niowaas o6JacTH, Ha KOTOPYIO C MOMOWILIO (hYHK-
uuu e® orobpamaerca npaAMoyroasHuk 1<z <2, 0<y 4.

1.192. Haiitu o6nacts D, Ha KoTopyio dyHKUUA e oToGpaskaer npA-
Moyroasauk 1 € z € 2, 0 < y £ 8. Briuvenuts miomans obaactu D ¢
nomMolubio GopMyJsl, NOAYy4YeHHON NMpH pelleHHU 3ajadyd 1.189, u o6bac-
HUTb, NIOYeMy 3Ta (opMyna /laeT HENPaBUAbLHBIA Pe3yibTar.

¢

——————



FNTABA II

KOH®OPMHBIE OTOBPAMEHHUS, CBA3AHHLIE
C J3JIEMEHTAPHBIMH O®YHRKIINAMHN

§ 1. JIunetitble GyHKUUU

Henbie nuHelHble GDYHRKLUHU

2.1. Haiity neayio nuHefiHYI0 QyHRLMIO, 0TOGParKaIOWYIO TPEYTroib-
HUK C BepmiMHamu B Touykax 0, 1, ¢ Ha NofoOHbIA eMy TPeYrOJbHUK C
BepwuHamu 0, 2, 1 + 1.

2.2. Haiitn nenoe nuHeiiHoe npeoOpa3oBaHue C HeMOABHMKHOH TOY-
Koii 1 4+ 2¢, nepeBojifllee TOUKY ¢ B TOURY —i.

2.3. [InAa ywkazaHHBIX npeoGpa3oBaHUil HAalTH KOHEUHYIO HEelOABHUM-
HYIO TOUKY 2o (€ciu OHa CyllecTByeT), Yroi MOoBOpOTa BOKPYT Hee U U
KoapdunmeHT pacramenuda k. [IpuBectu 3TH npeobpasoBanua K KaHOHU-
YyecKOMY BHIY W — 2o = A(z — 2o):

Nw=2z+1-3i; 2Qw=iz+4; 3HYw=2z+1-2i

Hhw—-w =alz—21) (@#0); 5 w=az+b(a#0).

2.4. Hatitu oburyio ¢popMy Lesoro JuHeiHOro npeobpasoBaHus, nepe-
BOAALIEro:

1) BEepXHIOK MOIYIIOCKOCTL Ha cebf;

2) BEPXHIOIO NONYIIOCKOCTh HAa HUKHIOI MOMYNNIOCKOCTh;

3) BepXHIOIO NOAYILIOCKOCTb Ha MPaBYIO NONYTIOCKOCTh;

4) npaByIO NOIYIIOCKOCTh Ha cel6A.

IlokasaTb, YTO BO Beex cayyasax npeoGpa3oBaHue OAHO3HAYHO onpeje-
NfleTCA 3afaHueM OJHON Napbl COOTBETCTBEHHbIX BHYTPEHHUX TOUYER UNU
IBYX Map I'PaHUYHBIX.

2.5. Haittu obmyio ¢opmy uesoro AuHelHOro npeobpa3oBaHud, Nepe-
BOJAILEro:

1) monocy 0 <z <1 Ha cebs;

2) nonocy —2 <y <1 Ha cefs;

3) nonocy, OrpaHUYEHHYIO MPAMBIMU §y = W y = = — 1, Ha cebs.

BeiAcHNTDb, Kakye Mapbl TOYEK MOTYT MNPHU 3THUX O0TOOpa#eHusaX cooT-
BETCTBOBAaTb ADYT ADYTY M B KakoM cillyyae 3TO COOTBeTCTBHe Oyher
OJHO3HAYHO ONpedeATh 0TOOparKeHue.

2.6. Haiitu uenywo auneiinyio ¢yHsuuio w(z), orofpaamomyio no-
focy, 3aK/IIOYEHHYIO MeMIy AaHHbIMU NPAMBIMH, Ha nojocy 0 <wu <1
NpY yKa3aHHOM HOPMUDOBKE:
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1)z=a, z=a+h; wla)=0;
1

h . h .
Dr=a, z=a+h; w(a+5)-§+z, Imw(a+—2-+z) < 1

Ny=kz, y=kr+b w@) =0

Hy=krx+b, y=kx+by; wb)=0.

2.7. Hafitu uenyio JuHeHHYI0 GYyHKUMIO, 0TOGpamKalouyo Kpyr |z] <
< 1 Ha RpyT |w — we| < R Tar, 4TOGLI UEHTPL! KPYTOB COOTBETCTBOBANY

Apyr OpyTy ¥ TOpU3OHTANbHBIA JuamMeTp [epexoiusn B auameTp, ofpa-
3yIOWUH ¢ HanpaBieHueM AefiCTBUTEALHON| OCH yTroa a.

lpo6HO-TuHelHble GYHKUUHU

2.8. [lna pyuruuu w = 1/z HallTU 06pasbl clledyIOMUX TUHUI:
1) cemeitcTBa okpymHocTeit 2 4+ y? = ax;

2) cemeitcTBa oxpymHocTelt z2 + y2 = by;

3) nyyKa napanieibHbIX NPAMBIX y = x + b;

4) nyuka npAMbIX Yy = kx;

5) ny4ra NpAMbBIX, IPOXOAANINX Yepes 3aJaHHy0 To4Kky 2g # 0;
6) napabonpl y = x°.

1
2.9. BeiacHuTh, BO uTO ©OYHRUMA w = —— + h TNepeBOAUT:
Z— 20

1) npamoyroiehyio cetky z =C, y = C;

2) nonapHyo cetry |z — 20l = R, arg(z — 20) = a.
Z— 2

2.10. [Tana ¢pyHKUMA w =

zZ— 22

1) HokasaTsb, uTo mpoobpasom cemeiictBa |w| =A (0 < A < o00) AB-
NfIeTCA ceMeiCTBO OKpy#sHocTelt (okpymHOCTH Anonnonus). Jina nasHo-
ro A HaifTH pajiMyc U I0N0MEHNe UeHTPa COOTBETCTBYIOIIEH OKPY#HOCTH
B 2-TIOCKOCTH.

2) Haiitu npooGpase! ayueil argw = 6.

3) IlocTpouTb CETKY B 2-IIIOCKOCTH, COOTBETCTBYIOWIYIO MOJAPHO
CeTKe B w-IIIOCKOCTH.

4) HaiiTi 06aacTh 2-IIOCKOCTH, COOTBETCTBYIOUYIO NONYKpPYTY |w| <
<1, Imw > 0.

B zapauax 2.11-2.15 BbIACHMTB, BO 4YTO Npeo0pasyloTcHd yKasaHHbIE
00J1aCTH NpH 3aJaHHbIX 0TO6GparKalolMX GyHKLUAX.

z—1
2.11. Reagpaut = >0, y > 0; W=
2z —1
2.12. Honyrpyr |z| <1, Imz>0; w= i
T oz
2.13. Yron 0<p < Y=o
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z—1
z2—2

-1
2.14. Tlonoca 0<z<1: 1) w= -2—;—; 2) w=
2.15. Rombuo 1< |2/ <2; w= z——i—l
2.16. Otob6pa3utb Ha BepTHKa/lbHYlIO nonocy 0 < Rew < 1:
d d
1) nonynnockoctb Rez > 0 ¢ BLIKMHYTBIM Kpyrom [z — 3 < 3
2) IBYYTrOAbHURK, 3aKNIOYEHHBI MeRIY OKPYMHOCTAMHU

di| _d ' _da| _ do )
]Z 31T FT 91T (di < da);
3) BHEUWHOCTL KPYroB ’z-{—% = %, ’z—% = %1 TaK, 4YTOObI

’w(dg) =0.

2.17. Hatitu apo6GHo-1uHeliHbIe GYHKINH, NepeBoAdAlIe TOURH —1, 1,
1+ ¢ coorBercrBento B Tousku: 1) 0, 2i,1—14; 2)1, oo, 1.

2.18. Haiitu apoGHo-nuHeliHble QYHKUKU, TepeBOAAIINE TOUKH —1,
00, 1 COOTBETCTBEHHO B TOUKMU:

1)i,1,14+4 2)oc0,i,1; 3)0, 00, 1.
2.19. Hafitu gpoGHo-1uHelHble GYHKLUKU 110 CleAYIOUIUM YCIOBHAM:

1) Touxu 1 M ¢ HemoIBUKHLIL, a TouKa 0 MepexofuT B TOURY —1;

1 5 3.
2) TOUKH ;1 2 HeNmoABHKHBI, a8 TOUKA 1 + 7 ¢ TIepexXouT B 00;

3) Touka i ABNAETCA ABONHON HENOABHIKHON TOUYKOIL, a TouyKa 1 mepe-
XOIUT B 0Q.

2.20. Haittu npobHo-1uHeliHYyI0 GYHKUUIO, NepeBOAANYIO TOYKU —1,
0, 1 cooTBETCTBEHHO B TOYKHM 1, ¢, —1, U BBIACHUTBL, BO YTO IIPU 3TOM
oToGpasmeHnn [epexoquT BepXHAA NONYNIOCKOCTh.

2.21. Hatitu o6unit Bua gpo6Ho-IuHeliHOro npeobpa3oBaHudA, nepe-
BOJALIErO:

1) BepXHIOO NOAYIUIOCKOCThL Ha cel;

2) BEPXHIOIO MONYTIIOCKOCTL HA HUMHIOKO MOJYTIIOCKOCTD;

3) BepXHIOI NOAYIIOCKOCTL Ha NMPABYIO MONYIIOCKOCTD.

2.22. Hatitu oToGpaseHre BepxXHeil NONYyNAOCKOCTH Ha ce6A NpU yKa-
3aHHOIl HOpPMUPOBKE:

Hw0)=1, w(l) =2, w(2) =00; 2)w(0) =1, w(i)=2i.
IIpumMmevanue. 06 oroGpameHud BepxXHeH MOJYINJIOCKOCTH Ha cebd
Ipy ApYrofi HOpMHpOBKe cM. 3ajauyy 2.34.

2.23. Haittu ¢yurumio w(z), oTobpamaromyio kpyr |z| < R Ha npa-
BYIO Mfofynaockocth Rew > 0 Tax, yto w(R) =0, w(—R) = oo,
w(0) = 1. KakoB npu atom oToGpasieHn 06pa3 BepxHero mnoaykpyra?
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lIBe Touku Pj, P, Ha3blBalOTCA CUMMEMPUYHBIML OMHOCUMEAbHO OK-
pyscnocmu K ¢ uentpom O u paauycoM R, eciu oHM NemaT Ha OfHOM M
TOM e Jyue, BbIxofduem U3 O, u

OP1 OP2 ZRZ.

2.24. HaiiTu TOYKM, CUMMETDPUUYHBIE C TOUKOH 2 -+ ¢ OTHOCHTENLHO
okpyskHocteil: 1) [z|=1; 2) [z~ =3.

2.25. HaliTu cMMMeTPHUYHbIN 06pa3 OTHOCHUTEILHO eAMHUYHOU OK-
PYH#HOCTH CleAYIOIUX JTUHUMN:

1

Didl=5 2lz=-1l=1 3)y=2
4) |z = 20| = |20] (20 = o + iyo);
5) |z — 20| = /]202 = 1 (|z0] > 1);  6) runepGoasr z2 — y2 = 1;

7) TpaHuUbl TPAMOIUHEHHOr0 TPEyTONbHIKA C BEPIIMHAMU 2y, 22, 3
(zi #£0).

2.26. JoxasaTh, 4TOo AAA cumMeTpuu Touek P; u P, oTHoCHTeAb-
Ho K Heo6X0aMMO M AOCTATOYHO BBINOJHEHHMA OJHOTO U3 ABYX YCIOBUI:
1) BeAkan okpyxHocTs K, nipoxoasaiias depes Tousn Py, P, opToro-
HajabHa K K;
MP,
MP,
OKPY#RHOCTBIO AMOJJIOHUA OTHOCUTENbHO Touer Py u Py).

= const ma Bcex Toyer M oxpysuocTu K (1. e. K aBnsaerca

1

iy 2 .
2.27. Oynruua w = em——g (8 =a+1ib, b > 0) orobpaaer
- —
BEpPXHIOIO NONYIJIOCKOCTh Ha eJMHUYHbIH KpyT:

1) naitu argw(z) = 6(z); 2) naiitn w'(G);

3) BLIAACHUTD, KAaKafA YacTh BepXHeil NOMYIIO0CKOCTH IIPH 3TOM 0T06pa-
FMEHUHU CIKUMAETCA U KaKaf PacTACHBAETCA.

2.28. OToGpasuTh BepXHIOW nonymiockocTs Im z > 0 Ha eaMHUYHbIH
KpyT |w| < 1 TaK, 4TOOHI:
1) w(@) =0, argw'(s) = _g; 2) w(2i) =0, argw’(2i) = 0;

3) w(a+bi) =0, argw'(a+bi)=0 (b>0).

2.29. Oto6pasuTh BepxHioto noaymnaockocTs Imz > 0 Ha kpyr |w —
—wp|] < R Tak, 4T0o6bI ToYKa ¢ Mepellia B UIEHTP KPYTa, a MpousBoAHas
B 3TOI TOYKe Oblila NONOMKUTENbLHOM.

2.30. Oro6pasuth Kpyr |z| < 2 Ha nmoaymiockocTb Rew > 0 rtak,
urobnt w(0) =1, argw'(0) = 7/2.

2.31. Oto6pasuth Kpyr |z — 4i| < 2 Ha MOAYMIOCKOCTb ¥ > y TaK,
4yTOOBI LEHTP Kpyra nepemien B Toury —4, @ TOUKA OKPYMHOCTU 2i —
B Hayajo KOOpJHUHAT.
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2.32. Haitti ofwuit Bug gpo6Ho-1rHelHoM dyHKRUMKM w(z), oTo6pa-
maroleil kpyr |z| < 1 Ha npaByio noayniaockocte Rew > 0 Takr, uTo6e1
w(z1) = 0, w(zz) = oo, rae 21, 22 — 3afaHHble TOYKU Ha OKPYHHOCTH
|z| = 1 Takue, uTo argz; < arg zs.

MocTpouTh ceMeicTBO NMHHUE B Kpyre |z} < 1, cOOTBeTCTBYIOWMX
NOJIAPHOI ceTke B monmymiockocT Rew > 0.

Ywrazanue. BocnonbsoBarbea obiweit Gopmolt ApoBHO-THHERHOro
npeobpa3oBaHud [dJAA TpeX Map COOTBETCTBEHHBIX TOYEK U HalTH

ip

e — Z1

arg — .
e — zg9
2.33. Haiitu ueHTp wo u paguyc R OKpYKHOCTH, HAa KOTOPYIO QPyHK-

— 2] o
oToGpaxaeT jelicTeuTenbuyio ock (Im zo # 0).

z
A w =
Z— 29

2.34. Haiitu ¢yHKuU0, 0TOOparkalolly0 BEPXHIOK MO0JAYIIOCKOCTb
Ha ceba Tak, uto w(a) =b, argw’(a) =a (Ima >0, Imb > 0).

Yrkazanue. OToOpasuTh NpeABapUTelbHO 00a 3K3eMIApa MOIY-
MIOCKOCTH Ha eNMHUYHBIN KPYT C COOTBETCTBYOLIe! HOPMUPOBKOM.

2.35. OT0o0pa3uTh BEpPXHIOIO MONYIIOCKOCTh Ha HUMHIOIO Tak, 4TO-
6o w(a) =a u argw'(a) = —g (Ima > 0).

iy 2 — QG o
2.36. [asa pyHruMH w = e“)‘I—~ (la] < 1), oTobpakatomwei eau-
—az
HUYHBLIA KpYT Ha cebs:
1) naiitu argw(e*?) = 0(yp);  2) Haittn w'(0) u w'(a);
3) BLIICHUTD, KAKas YacTh eAMHMYHOrO Kpyra MpH 5TOM OTOOpareHnH
CAMMAaeTCA M Kakasd pacTATWBaeTcH;

4) naiitu max‘@ ¥ min’d—wl ana |z| < 1.
dz dz

2.37. Oto6pasuTb Kpyr |z| <1 Ha kpyr |w| <1 TaK, 4TOOHI:

= (L) 2o 1) _ (i)
1) w(2) =0, argw (5) =0 2 w(z) =0, argw (2) =9

3) w(0) =0, argw'(0) = —%; 4) w(a) = a, argw'(a) = a.

2.38. OtoGpasuTe Kpyr |z| < R; Ha kpyr |w| < Ry TaK, 4To6bl
w(a) =b, argw'(a) =a (la| < Ry, |b] < Ry).

2.39. Orobpasute Kpyr |z| <1 Ha kpyr |w—1] <1 TtaK, 4To6b!
w(0) =1/2 n w(l) =0.

2.40. Oto6pasutb Kpyr |z —2| <1 Ha Kpyr |w—2i| <2 Tak, uTo-
6o w(2) =1 u argw'(2) =0.

2.41. Haittu obmuit BUL Apo6Ho-IMHelHoi dyHruud w(z), oTobGpa-
Aarowen Kpyr |z] < R Ha ce6f npu cleyomUX yCIOBUAX:

1) w(@) =0 (lal <R); 2)w(a)=>b (la| <R, |b| <R);

3) w(+R) = £R.
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2.42. Orobpa3utb Kpyr |z| < 1 Ha ce6a Tak, 4TOGHI 3afaHHbIE TOY-
KU 23, 23 BHYTPM Kpyra nepeunu B Toukn *a (0 < a < 1); HaiiTu a.

Yrasanue. Bocnonp3oBaTbea pesyabtaToM 3amauy 2.41, 2) u Tom-
mecTBoM 3agauu 1.10.

2.43. Oto6pasutb Kpyr |z| < 1 Ha ceBA Tak, YTOOGbI OTPE30OK HEHCT-
BuTenbhoit ocn y =0, 0 <z < a (a < 1) nepeutenn B OTpe3oK HeiiCTBU-
TeAbHOH OCH, CUMMETPUUHBIH OTHOCHTENLHO Hauana KoopauHat. HaiiTu
ANMHY Npeo6pa3oBaHHOr0 0Tpe3kKa.

2.44. [JlorasaTb, 4TO NpH 0TOGpaMEHUN Kpyra Ha KpyT NUHeliHOe npe-
obpazoBaHHe OJHO3HAYHO onpejenfseTcA 3afaHHeM o0pa3oB OJHOH BHYT-
peHHell ¥ OJHOM rpaHUYHOI TOoYeR.

2.45. Enuununbiil kpyr oTobpaskaeTcs Ha cebA Tak, YTO Touka zp # 0
nepexoauT B UeHTp Kpyra. [lokasaTb, 4TO NpH STOM eJUHUYHAA MO.Y-
OKPY#HOCTb 0TOOpaxaeTCA Ha MONYOKPY#HOCTb TOTAA M TOABLKO TOTAa,
KOT/la ee KOHLLI JeKaT Ha AxaMeTpe, NPOXoiAlieM uepe3 TOUKY Zq.

2.46. IlocTpouTh otobpasenne eAMHUYHOrO Kpyra Ha cebf, IpH KO-
TopoM fpoo6pa3 HeHTpa HaXOAHUTCA Ha JelcTBUTENbHOM ocH, a ayra 0 <
£ ¢ € ™/2 ennHMYHON OKPYHHOCTH O0TOOpaKaeTCa B clenylomuye gyri:

T s

. 7. T m
DO<O<T: 2)0<0<E; 3 I<o< T

¢ 2. JlononHUTeEJNLHbIE BOINPOCHI TEOPHH JTHHEHHBIX
rpeo6pa3oBaHuit

KagoHndeckue dopMbl THUHeHHBIX Npeobpa3oBaHUil

IIpo6Ho-nuHeliHOe Npeobpa3oBaHue ¢ OAHON HEMOABUMHON TOUYKOH zg
Ha3bIBaeTcA napaboauieckum. llapabonuyecroe npeobpa3oBaHue MOMHO
3anucaTh B KaHOHUYeCcKoil opMe

1 1
= + h’

w— 2y zZ—2

ecly zg # 00, MK
w=z+h,
ecly zg = 00.
JIpo6GHo-1uHeiiHoe 1peofpa3oBanie ¢ ABYMA PA3IHUHBIMU HEMONABH M-
HbIMUM TOYKEMH z; M 23 B KaHOHU4YecKofl popme nMeeT BUJ
w— 21 k Z — 2]

w — 22 Zz— 22 ’
eciu z; # 00, 2o # 00, WM w — z; = k(z — z1), ecin z2 = oo; npeob-
pasoBaHUe ¢ ABYMS Pa3NMYHBIMU HEMOJBUAKHBIMU TOUKAMH Ha3biBaeTcH
zunepboauteckum, ecnu k > 0, saaunmuyecsun, ecliu k = e'* u o # 0,
U aokcodpomuneckum, ecii k = ae’®, npuieM a #1u a #0 (e v a —
zeficTBUTENbHbIE YKCaa, a > 0).
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2.47. JokazaTb cienyiolile yTBepKASHUA:

1) obuiee Apo6HO-JAMHeHHOe npeobpa3oBaHHe W = ::Is MOMKHO
NpUBECTU K BUAY W = 9—z—+—é rge a B =1;
yz+6’ v 6 '

2) ecau o+ 0 — HAeficTBUTENbHOE YHCNO, TO NpeoBpazoBaHHe AB-

AfeTCA ANUNTHYECKUM, Korda |a + &| < 2, rumep6onnyeckuM, worja
lae+ 6| > 2, n napaboauveckuM, korga |o + 6| = 2;
3) ecin Im (o + 8) # 0, TO npeoGpasoBaHue JI0KCOAPOMUYECKOE,

2.48. Joraszarb, UTO eciu NUHelHOe Npeobpa3oBaHHe HMeeT ABe He-
NOABHHbIE TOUKH, TO NPOU3BEAEHNE NPOU3BOAHBIX B 3TUX TOUKaX PaBHO
euHuLe.

2.49. Haliti oKpyHOCTH, KOTOpble NMpH napabonuyeckoM npeobpa-

30BaHUM L +n nepexoiAT camu B cebA.
w— 2 Z—2

2.50. Haiitu ofmuit BHA napabonnyeckoro npeo6pa3oBaHuA Kpyra
|z| < R Ha ceba, ecM Touka R ABIAETCA HENOABHAKHOIL.

2.51. JokasaThb clefylouye cBolicTBa runep6oanyeckoro npeofpaso-
BaHUA:

1) mo6an oKpyAHOCTh, HPOXONALIAA Yepe3 ABe HeNoIBUHbIE TOUKH,
nepexoJHUT cama B cebA, NpuyeM HanpaBieHMe o6Xola coXpaHAETCH;

2) mo6asi OKPYHHOCTb, OPTOTOHANLHAS K OKPY#HOCTAM, NPOXCAALINM
yepe3 HeNnoABUMHbIE TOUKHU, NePeXoJUT B OKPYH#HOCTL, 001aalolyo TeM
#e CBOHMCTBOM. (DT0 CBOICTBO HENOCPeICTBEHHO cllefyeT U3 cBolicTa 1).)

Yrazanue. [IpeaBapuTensHo paccMOTpeTh ciyuai, Korga Hemnoj-
BUKHBIE TOYKHK 0 U 00.

2.52. JlokasaTb, YTO NpU 3IMNTHYECKOM Npeobpa3oBaHUM:

1) mo6as OKpyHHOCTL, OPTOrOHaAbHaA K OKPYAHOCTAM, IIPOXOAALIUM
Yepe3 IB€ HEMOJBHUHHbLIE TOYKH, NIEPEXOAUT caMa B cebf ¢ CoXpaHeHUeM
HanpaBieHUsa o06xona;

2) nyra OKpY#HOCTH, COEAMHAIOINAA HEeMOABUMHbIE TOYKH, TEPEXOAUT
B OYTY ORDPYHOCTH, COEJHMHHAIOIYIO HENOJBHMHLEIE TOUKH ¥ o6pasylo-
UIyI0 yroa « ¢ nepBoit ayroit (o = argk).

2.53. 1) JokasaThb, 4TO [IPU JOKCOAPOMHYECKOM Npeobpa3oBaHUM Co-
XpaHAITCA CcBolicTBa 2) runepboandeckoro (cM. 3agauy 2.51) u anaun-
THyecKoro (cM. zagady 2.52) npeoGpasoBaHHuii.

2) HowxazaTb, UTO NpPH JOKCOAPOMMUUECKOM MNpeobpa3oBaHUK He Cy-
IIeCTBYET HEMOABHKHLIX OKPYAHOCTeH, eciin Toabko a # 7 (a = argk).
HokasaTh, 4TO ecny @ = 7, TO OKPYKHOCTH, NPOXCAAlIMe Yepe3d Hemoj-
BUM#HbIe TOYKH, NepexoJAT caMHU B ceGA ¢ M3MEHEHMEM HamnpaBlleHUA
obxona.

2.54. JlorasaTh, 4TO NpH JTOKCOAPOMHYECKOM NpeoGpa3oBaHUy w =
= ae'®z norapudmuueckue cnupamu r = AellP¢/*)¢ (4 > 0) nepexonar
caMM B cebd.

3 JI.K. BoakoBbickuit u 1p.



34 TIa.I1. Kondopmusvie omobGpaxcenus

ix 2
] 1—az
= |ale'®, |a| < 1), nepeBoaAllee eAMHUUHBIH KPYT Ha cebf, MOMeT GbITb
TONBLKO JU60 IUNTUYECKUM, Jub0 napaboauyeckuM, audo runepHoau-
YyecKMM. BBIACHUTB, MpU KaKUX 3HAYEHHUAX @ MMeeT MeCTO KamIbli u3
yKa3aHHbIX cayyaeB. HaliTu HenonBuHble TOUKM [Tpeo6pa3oBaHuf U NPH-
BECTHU ero Kk KaHOHUYECKOMY BHAY.

2.55. JlokasaTb, YTO JWHelHoe npeobpa3oBaHue w = e (a =

HexkoTophsie npuGauseHusie GopmMyabl
Npu NHHEeHHBIX Npeobpa3oBaHUAX

2.56. BepxHAA nonyniockocTb oToGpaxaeTc Ha eJMHHUYHBIN KpyT
TaK, 4T0 Touka z = hi (h > 0) nepexogut B ueHTp Kpyra. Halitn qouny T
o6pa3a oTpeska [0, a] aeficTBUTeNbHOI ocHt (a > 0) U NOMYUUTD NMHEHHbIE
npubauskerHbie popmyast gaa I' npu manom a/h u npu manom h/a.

2.57. EnuHUuHBI Kpyr oToGpasaeTca Ha cebf Tak, UTO Npoobpa3s
LeHTpa Kpyra — TOUYKa To — HAXOAMUTCA Ha AeficTBUTeNbHO ocit. Haittn
aauny I obpasa nyru 0 € ¢ < 7 eOMHUYHOH oRpymHOCTH (v £ 7).
Kak namenseTca BelUyHHa I‘/fy B 3aBHCHMOCTH OT 3HaKa Zo”!

2.58. B ycioBuAx zagauu 2.57 noryyuTh GOpMYJIsl:

NI = 1+m° v+ 0(73) npu MaaoM ; .
2) T=n —actgi - ctg +O(E ) npu MaioM &, rie € =
=1 — Tg.

2.59. Enunuunblit kpyr oToGpazkaerca Ha cebd TaK, YTO TOYKA 29 =
= roe*#° nepexomut B ueHTP. Tounu z; = %! U 25 = €'¥? nemaT no OfHYy
CTOpPOHY OT AWaMeTpa, NpoxoasAllero yepes 2o (<p0 <1 < 2 € o+ ).
CunTas, 4yTo TOUYKa 2o pacrnosoeHa 6IM3K0 K eAMHNUYHOI OKPYHHOCTH,
JoKasaThb, 4yTo ANnA nauHbl [ ob6pasa Oyru ¢; < ¢ < @2 eIUHHYHON
OKPY#HOCTH cripaBeanuBa gopMyia

I‘——s[ctg — 0 —ctgw;soo]-i-

m

[ctg”’l 5 P _ g2 0 ; sao] +0(e%),
roe € =1-rg.

OToGpaseHusa npocTeHWKUX ABYCBA3HBIX o6GnacTeil

2.60. JoxkasaTb, YyTO eciy JHHelHoe oTobpaxeHue Kpyra |z| <1 na
ce6fi He CBOQUTCA K MOBOPOTY, TO HUKAKOe KOHUEHTPUYECKOe KOMbIO C
HEeHTPOM B Hayalle KOOpPIMHAT He MepexoJUT B KOHLEHTPUYecKoe.

MpuMeyaHue. DTo npensoseHHe ecTk YACTHLINA Cilyuvail cnenylo-
el TeopeMbl.
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Ilna Toro 4TOGHI CylecTBOBano KOHGOPMHOe oToGpaseHHe Kombla
71 < |2| < ro Ha Konbuo Ry < |w| < Rz, HeoO6XOAMMO M [OCTAaTOYHO
BbINOJHEHHA YCIoBUA Ry/Ry = ro/r;. Ilpu aToM oToGpaartoman GpyHk-
IMA MOeT ObITh TOJbKO ABYX BHUAOB: w = az WIH w = a/z. OTo6pase-
HYe OJHO3HAYHO ONpeNelfeTCA 3alaHueM OQHOM Napbl COOTBETCTBYIOMMX
APYT APYrY TpaHU4YHBIX Touyek (cM., Hanpumep, [3, ra. II, § 3]).

2.61. 1) OTo6pasuth Koablo 2 < [z < 5 Ha koablo 4 < |w| < 10
Tak, ytobel w(5) = —4.

2) OTobpasuTh Koablo 1< |z — 2i| <2 Ha komelo 2< jw — 3 + 2| <4
tak, urober w(0) = —1 — 2i.

HmeeT MecTo cleayioliagd TeopeMa.

Kampgan gBycBssHasd o6iaacTh, I'PaHUibl KOTOPOH He BbIPOMKAAIOTCHA
B TOYKH, MOMET ObITh KOHQOPMHO OTOGpameHa Ha KOHUEHTPUYECKOe
KO/AbLO C BIOMHE ONpEAedeHHbIM OTHOLIEHHMEeM 4 DPaJMycoB BHeUIHe:
M BHYTpeHHell okpyHocTel (4 — Modyab ABYCBA3HOH 06.1aCTH).

2.63. Nlonynaocrocts Rez > 0 ¢ BBIKMHYTBIM KpyroMm |z — h| < R
(h > R) oto6pasutb Ha koablo p < |w| < 1 Tak, yTo6bl MHMMafA oCb
nepeutna B okpymuocTh |w] = 1. Haittu p.

YKasanue. [locTpouTh OKPY{HOCTb C LIEHTPOM B Hauane KOOpOH-
HaT W OPTOTOHANBLHYIO K OKPYKHOCTH |z — h| = R; 3aTeM HaliTu nuHeii-
Hoe npeoGpasoBaHue, nepeBojliee AeHCTBUTENLHYIO OCh H TOCTPOEHHYIO
OKPY?KHOCTb B [IB€ nepecekaiouineca (OpTOroHanbHo) NpAMbIe, U YOeauTh-
cAl, UTO NPHU STOM paccMaTpuBaemas o6nacTb 0TOGPa3uTCA B KOHUEHTpPHU-
yecKkoe Konblo. JoKa3aTh, UTO LEHTP 3TOTO KoJblia CoBNajaeT ¢ HayaloM
KOOpPAMHAT, €C/iM TOYKH MepecedyeHrA NOCTPOEHHON OKPYHHOCTH U faeii-
CTBUTENLHOM ocy nepeBoaaTca B 0 M co.

2.64. Honynnockoers Rez > 0 ¢ BHIKMHYTBIM KpyroM |z — h| < 1,
h > 1, oTo6pasuts Ha Koablo 1 < |w| < 2. Haittu h.

2.65. JKCUEHTPUYECKOE KOJbLO, OFPAHUYEHHOE OKPYKHOCTAMHU |z —
-3/=9, |z—8| =16, orobpasurs Ha Koiablo p < |w| < 1. Haittu p.

2.66. [IsycBasHylo 001aCTb, OrDaHMYEHHYIO OKpYMHOCTAMM |z —
—zi|=r1, lz—22| =712 (|22 — 21| >71 + 72 uam |25 — 21| < [ra — 1),
oTOoOpa3suThk Ha KOHLUEHTPUYECKOe KPYroBoe KOAbLO C LIeHTPOM B Haua-
ne koopaunat. Haitu monyns (i) obnacty.

YkazaHue. Haiith napy Touyek, B3aMMHO CUMMETPUYHBIX OTHOCH-
TeNbHO 06enX OKpYKHocTei, U oToGpa3uThk OfHY U3 Hux B 0, a gpyryio
B 00.

IIpumMevaHue. HeTrpyaHo y6eauTbca, YTO METOR pelleHUHA, PeKo-
MEHOBaHHbI} B YRasaHMAX K 3afauaM 2.63 u 2.66, oouH U TOT »e.

2.67. Ilonb3ysach pelleHMeM npenblayllefl 3amayu, HaliTH MoOynu
OBYCBA3HBIX objaacTeél, oOrpaHMYeHHbLIX HNaHHBIMM OKPYHOCTAMM:

1)|z—14 =2, |z+i=5; 2)|z-3i|=1, |z—4]=2.

3*
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I'pynnoBsie cBoicTBa APOGHO-NTUHENHBIX
npeo6pas3oBaHUll

IlpeoGpasosanne T(z) = T3[T1(z)] HasbiBaeTCs npoussederuem rpe-
obpasosanuit 11 u T, v 3anuceiBaeTca B Bupe T = ToT) (nopaok samucu
BajieH, TaK Kak, Boobue rosops, 1571 # T1173). MuosectBo G npeobpa-
3oBaHuit T oGpa3yeT zpynny, €Cli OHO CONEPHUT MPOU3BeNeHHe BCAKUX
ABYX MpHHApIeKalUX eMy npeobpa3oBaHuil U BMecTe ¢ ipeoGpa3oBaHu-
em T copepsut o6paTHoe eMy npeobpasobanue T, I'pynna, cocTonman
u3 creneneit T™ u T~ onHoro npeo6pasosanud T', Ha3bIBaeTCA YuKALeC-
rot. Ecan rpynna G o6pasoBaHa us npeobpasosanuit Ty, Ty, ..., T, nyTem
NoCTPOeHUA BceX 06paTHLIX Npeobpa3cBaHUil ¥ BCEBO3MOMHLIX NPOU3Be-
JeHUH JaHHBIX U 06paTHLIX UM npeobGpa3oBaHuil, TO 3TH Npeobpa3oBaHua
Ha3bIBalOTCH nopoxcdarwwumu rpynny G. Touru, nonyyaemoie U3 HUKCH-
POBaHHO! TOUKH Z C IOMOLILIO Beex NMpeoGpasoBauuil rpynnsl G, Ha3bIBa-
IOTCA 3KBUBANEHIMHBLMU VI KOHZPYSHMHbLML OTHOCUTENLHO rpynnsl G.

@ynoamenmarvrotl o6aacmsio rpynmnbl G HasblBaeTcA 061acTb (CBA3-
Hafd MM HeCBA3HaA), KOTOpasA He CONEPMUT HU OJHOI Napbl TOYEK, SIKBU-
BaJIEHTHBIX ADPYT OPYry OTHOCHTENLHO HaHHO TPYIIbI, U B OKPECTHOC-
TH Ka#JoW rpaHUYHON TOYKH KOTOPOH MMEIOTCA TOUKM, SKBHBaJEHTHbIe
TOYKaM 006;1acTH.

2.67. Mlycte T; — nuHeitHble npeoGpa3oBaHuA: .
o @izt b _la b .
Tl(z) - iz +di’ A’L - ¢ di # 0 ('L = 1,2,...).

IokasaTb crefyiomye yTBepKaeHUA:
1) T = Th'T, — nunelinoe npeoGpasoBaHue C onpefeauTteieM A =
= A1Ay;
2) npousBeaeHue npeobpasoBaHUil aCCOLMATHBHO, T. €.
(IT2)Th = T3(T2Th);
3) kamgoe npeoGpasoBanue T; uMeeT o6paTHOE Ti‘l, T. €.
T,-Ti‘1 = TflTi =J,
roe J(z) =z — TOR/ECTBEHHOE MPeoGpa3oBaHue;
4) npousBefeHue npeo6pa3oBanuil, BooGLIe rOBOPA, HEKOMMYTaTHBHO
(npuBecTy npuMepsl).

2.68. JlokazaTh, 4TO npeoGpa3oBaHUA

1 -1
Ti=2, =L Thi=l-z Ty=—— Ty=""1 Ty = 2
z 1—-2 z—1

o6pasyoT rpynmny (rpynna aHzapMOHUYECKUT OIMHOULeHUL).

2.69. JlokasaTb, 4TO MHOKECTBO JHHeltHbIX Npeobpa3oBaHuil, 3aKiro-
4alolMXCA B MOBOPOTE IIOCKOCTH BOKPYT Hauyala KOODAWHAT Ha Yribl,
KpaTHbIe @, 06pa3yeT HMKJAMYecKyio rpynny. B kakom cayuae sta rpyn-
na GyjeT COCTOAThL U3 KOHEeYHOro yucia npeoGpa3oBaHuii?
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2.70. 1) JowasaTh, YTO MHOMECTBO Ipeo6pa3oBaHMil BUaa w =
az+b

T ez +d’
o6pasyeT rpynmny (3Ta rpylna HasblBaeTCA MOOYAAPHOLL).

rae a, b, c u d — nenvle peiicTBUTEbHLIE yncna U ad — be =1,

2) Howkazare, YTO €cly @, b, ¢ ¥ d CYNTATL LEIbIMH KOMILUIEKCHBLIMH
yucnamu (T. e. yUclaMH BUa m + ni, TAe M U n — lenble JefCTBHU-
TeNbHbIe YHCiIa), YAOBIETBOPAOWIMHY ycioBuio ad — be = 1, To MHoMec-
TBO HpeoGpasoBanuii U3 n. 1) tarse obpasyer rpynmny (zpynnae lTurapa).

2.71. Haiitn dyHaaMeHTanbHble 061acTH IJA TPy, NOPOAKAAEMBIX
npeo6pa3oBaHUAMU:

1) T(z) = €*™/"z (n — naTypanbHoe uucio);

2) T1(2) = €2"/"2, Ty(z) = %; 3) T(2) =2z +w;

DT (2)=z+w, Ta(z) = -z

5)Ti(2) =z 4w, To(z) =2+ we (Im uwf # 0) (dsonronepuoduueckan
rpymma);

6) T1(2) =z +wi, To(2) = z+ws, T3(2) = —z;

7 Ti(z) =z +w, Ta(z) =iz

8) Th(2) = 2+ w, Ta(z) = e*™i/3z;

9) Ti(2) =z +w, T(z) = e/

2.72. HaiiTu rpynnsl 1MHelHbIX TpeoGpa3oBalnii, COOTBETCTBY IOUIUX
NpH cTepeorpaduyecKoil NpoekUnu BpauleHUIo cdephl:

1) BOKpyr BepTHKajlbHOrO OUaMETpa;

2) BOKpYT AMaMeTpa, NapadielbHOro JedCTBUTENbHON OCH;

3) BOKpyT AuameTpa, fapannelbHOro MHUMOI ocu;

4) BOKpYr auMameTpa, cTepeorpaduyeckas NPOEKLUMA OLHOIC U3 KOH-
LIOB KOTOpOro ecTh TOYKa a.

Yrazanue. Ecan z;, 2o — o6pasbl JuaMeTpalbHO NPOTHBOMOIOM-
HBIX TOUYeK Ha ctepe, To z1Z2 = —1 (cM. 3agauy 1.49).

2.73. 1) JlokasaTk, 4TO rpynna JuHEHHbIX Npeobpa3oBaHuUil, COOT-
BeTCTBYIOIHMX BpallleH!IO cdhepbl ¥ NepeBOAAIIMX TOUKH CO cTepeorpadu-
YeCKHMH NIPOEKLUAMH a U b ApYr B Apyra, onpeaenseTca COOTHOWEHHEM

w—b _ gic 270
14+ bw l1+az

|d=|

o Tb, UTO guddepeHuuan ds =
2) IokasaTb, auddepeny T4 2P

CHTe/bHO NMpeo6pa3oBaHuil 3TON I'PYMIbl M MPEACTaBIAeT chepHUECKYIO
AJMHY 3/1eMeHTa OyTH dz (T. e. JAMHY o6pa3za 3TOro afeMeHTa Ha cdepe).

MHBapUaHTEH OTHO-

R Ty T
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JuHeflHble npeo6pa3oBaHUA U TEOMETpUA
Jlo6aueBckoOro

Ilpu uuTepnperTauuyn reomMeTpuu JloGayeBckoro B eJMHHYHOM Kpy-
re |z| <1 poab MpAMBIX UrpaloT Jeallide B 3TOM Kpyre Ay OKpYi-
HOCTell, OPTOroHa/lbHbIX K €IHHUYHONH OKPYKHOCTH; PONb ABUKEHHA —
JMHeliHble Ipec6pa30BaHuA eJHUHUYHOro0 Kpyra Ha caMoro cebs, poib pac-

CTOAHUA MeMIY TOUYKaMU 21 U 22 — BeIWYHHE p(21,23) = 3 In (e, B, 22, 21)

rie a 4 § — ToYKH nepeceyeHUA “npAMoi”, IPOXOAALLE yepe3 TOYKH z;
U z2, C eAMHUYHOI OKPYHHOCTBIO (MOPALOK TOYER TAKOB: @, 21, 23, ), @
(a, B, z2, z1) — aHrapMOHHYECKOE OTHOWEHHE YKa3aHHBIX TOYeK. YTJIBI
M3MepAIOTCH TaK ke, KaK B eBKIMJOBON reomeTpuu (cM., Hanpumep, [2,
ra. 11, §4]).

2.74. llokazatb, uTo p(z1,22) >0, ecnn z; # 22 n p(z,z) =0.

2.75. [lokasaTb, uyto p(21,23) < p(21, 22) + p(22, 23), NpuyeM 3HaK
paBeHcTBa Hajo 6paTh TOrga v TOJbKO TOTja, KOTAa TOYKa 23 J€KUT Ha
“oTpeske”, COEOMHAIOWIEM TOYKHU 23 U 2.

2.76. JokasaTb, YTO €CNM OJHA U3 TOUER 2] U 29 CTPEMHUTCA K TOY-
Ke eQUHHYHON OKPY#HOCTH (MM 06€ OHM — K pa3nuMyHbIM TOYKaM elu-
HUYHOI OKPYKHOCTH), TO HeeBKINWAOBA NIUHAa p(21,22) CTPEMHUTCA K
GeCKOHEYHOCTH (T. €. TOYKH eJUHUYHON OKPY#HOCTHU COOTBETCTBYIOT
GeCKOHEYHO YAaJeHHbIM TOYKAM HEEeBKIHAOBON MIOCKOCTH).

|dz|

1-1z2
pHAaHTEeH OTHOCUTENLHO TIpYNNbl ArMHeHHbIX NpeoGpa3oBaHuil, NepeBo-
BAWNX Kpyr |z] < 1 Ha cebs, u npejcTaBnfeT HeEBKINAOBY MINHY die-
MeHTa Ayru dz.

Y kazanue. Hanucats o6uyio ¢opMy npeoGpasoBanus Kpyra [z| < 1
Ha cefs, nepeBofAlIero Touky a B Touxy b (la| < 1, [b] < 1).

2.78. YkasaTb cnocofbl NOCTPOEHUA ClIeNYIOUNX JUHUMH:

1) nyyka “npsaMbix”, NPOXOOALINX Yyepe3 TOURY Zp;

2) “nmpaMoit”, mpoxogdieil Yyepe3 TOYKHU 21 U 2g;

3) akBuagKNCTaHTH! “NpAMOIT” (reoMeTpHUYECKOro MecTa ToueK, “paBHO-
yAaleHHbIX” OT OaHHON “npamoit”);

4) npepeabHbIX AUKUI (TUHUN, OPTOrOHABHBIX K IYYKY “napallieib-
HBIX NPAMBIX”).

2.79. 1) JorazaTh, 4TO AIA “NpAMONMHEHOro” TPeyrolbHUKA C
yriamHu 1, P2, 3 KMEET MecTO HEpPaBEHCTBO

1+ 2 t+p3 <.

2.77. JlokazaTh, uTo auddepeHumnan ds = (lz] < 1) wuHBa-

2) JlokasaTh, 4TO “NpAMONMHENHbIN” TPEYTOAbHUK C TOYHOCTBLIO [0
“nBuseHua” onpefeNfdeTcA CBOMMM YriaMH 1, ¥2, w3. IocTpouts
“npAMOAMHENHEIN” TpeyroIbHHUK M0 ero yriam. :
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§ 3. PanunoHaiabHble U anre6pandeckue byHKIiMn

O6wee oTobGpasseHne Kpyra UM DOAYNJIOCKOCTH HA ONHOCBA3HYIO 06-
nacTh w-MOCKOCTH UMeeT BUA w = p[l(2)], rae ¢(z) — yacTHOE 0TOG-
parkeHue, a | — npousBonLHOe APOGHO-NHHEHOe 0ToGpaMeH e Kpyra uim
MOMYNIOCKOCTH Ha cebs (o6paTHoe oToGpaseHye umeeT BUl 2 = l[y(w)]).
JTo 3aMeyaHue HeoGXOAMMO MMETh B BHAY NPHU HaXOMOCHHM HOPMHUPO-
BaHHOr0 0TOGpaMeHud, T. €. 0TOGpaxeHus, YAOBIETBOPAIOUIEro onpese-
NIEHHBIM HOMNOJHUTENLHBIM YClI0BUAM. Eciiu yc/noBruA HOPMHUPOBKH He fa-
Hbl, TO B OTBeTe 06bIYHO YKa3bIBaeTCA OfHa U3 0ToOpaalomux GyHKUNH.

IIpu dakTUUeCKOM MOCTPOEHNUH KOH(GOPMHbBIX OTOGPa#EHUI Ba#HYIO
pO/b UTPAIOT HEKOTOpble O6WIMe NMpPUHLMMNLI {cM., Hampumep, [1, ra. IX,
n5ura X, n 7 nan [3, rn. 11, §1 u §3]).

IIpunyun cummempuu Pumana-Ilseapya

Ilycte rpanuua obnactu Dy comepsut ayry okpysHoctu C (B yact-
HOCTH, NPAMONUHENHbIN 0TPe30K), U MycTh GyHKUMA w = f1(z) peanusy-
eT KoHGOpMHoe oToOpaseHue 3Toil obaacTy Ha obracTb Df‘ Takoe, 4To
nyra C' nepexoguT ONATL B AYTY OKPY#HOCTH WIU NPAMONUHENHBIN OT-
pesok C*. Torna dyHkuua fo(z), npUHMMAaIOILAA B TOYKAX, CHMMETPHY-
HbIX OTHOCUTeNbHO C, 3HaUYeHHs, CHMMeTpHYHbIe 3HayeHusaM fi(z) oTHo-
cuteasro C*1), Gyner ananutuueckoit B o6nactu Dy, CHMMETPUYHOM €
o6aactbio D; oTHocurensHo C u 6yaeT orobparkaTh ee Ha 06aacThb D;‘,
cummerpuunyio ¢ Df orHocutensno C*.

OyHrUUA
fi(2) B D,
w=1 fi(z) = f2(2) na )
f2(2) B D,

peanusyeT KoHdpopMHoe oToOpameHue obnactu Dy + C + D, Ha o6nacThb
D} + C* + D¥?).

Hpuuuun coomeemcemeun 2paruy

Iycts D u D* — onHocBaA3Hble o6nacTit ¢ rpanuuamu C u C*, npiuem
o6nacTb D* pacriosioeHa LeIMKOM B KOHEUHOM 4acTH miockocTu. Ecau
¢yHKUMA w = f(z) aHanuTuuHa B D, HenpepbiBHa B D u ocyuecTBafeT
B3aUMHO OAHO3HAYHOe oToGpamenue C Ha C* ¢ coxpaHeHueM HanpaBie-
HUA 00X0fa, TO OHa OCYyUecTBAsAeT B3aHMHO OAHO3HAUHOE U KOHPOpPMHOE
oTto6pamenye o6racth D Ha D*.

IIpu pemennu 3agay 3Toro U cregyouero naparpadoB B cry4asax, Kor-
Ia oToGpameHHe OCYLIECTBAAETCA BETBbIO MHOIO3HAYHON (GYHKUMHU, pe-
KOMEHAYeTCA MpPOCAelUTh 3a COOTBETCTBUEM TOYEK Ha rpaHMLax oTob-

1y Ecnu C u C* — oTpesky AeACTBUTENbHbIX oceil (K 5TOMY BCeria Mo#HO Npui-
TH, COBEpIIMB AONONHUTeNbHble APOGHO-THHelHEIe npeo6padoBanus), To f2(z) = fi(2).

2) Oto6pasenue GyleT B3aMMHO ONHO3HAYHbIM, eCly obnacTk D; u Ds, a Takse
D} n D} He nepecexatorca.
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pasiaeMoii o6nacTi U ee ofpasa (3TO OTHOCHUTCA B 0COGEHHOCTM K 3aja-
yaM Ha oToGpaxieHue o6aacTell ¢ pa3pesamH).

2.80. IIpu nomowu GpyHKUMU w = 22 u et 06paTHON HAATH KOHPOPM-
HOe oTobpaneHnue clefyomux obnacrei:

1) BHYTpeHHOCTH NpaBoit BeTBU paBHOGouHOR runep6oust r2 — y? = a?
Ha BEPXHIOIO NONYNI0CKOCTh;

2) BHewHocTH napabonst Y2 = 2pzx, p > 0 (1. e. obaacTu, orpaHKYeHHoM
3TOi napaGonoit U He colepaimeil ee GoKyca) Ha BEpXHIOI NOIYIIOC-
KOCTb.

IIpumeuvanue. 06 oTobpaskeHuun obaacTeit, OrpaHUYEHHbBIX KPUBBI-
MH BTOpOro nopfjKa, cM. Takie 3afauu 2.110, 2.111, 2.136-2.140, 2.175.

2.81. Hlpu nomomu ¢GyHKUMIL, yKa3aHHBIX B NpeablAyueil 3agaue,
0TO6DPa3UTh:

1) BHYTPEHHOCTL OKPYMHOCTH T = acosp (a > ) Ha BHYTPEHHOCTh
KapaHOU/IBI p = % (1 + cosb);

2) BHYTPEHHOCTh TOM e OKPY#HOCTH Ha BHYTPEHHOCTH NpaBoil BeT-
BU JIleMHHMCKaTbl p = v/ cos 26,

3) kpyr |z| < 1 Ha BHYTpeHHocTh Kapavoufsl p = A(1 + cosf), A > 0,
tak, ytobel w(0) = A/8, w'(0) > 0. )

2.82. Haittu ofnacTh, Ha KOTOpYIO oToGpasaerca Kpyr |z] < 1 npwu
nomomn pynkunu w = R(z +mz?%), R>0, 0<m < 1/2. Hailtu o6pa-
3bl MONAPHON CETKH 2-TJIOCKOCTH.

2.83. Haiitu obnacth, Ha KoTopylo noaykpyr |z| < 1, Rez > 0,
oToGpaiaeTcAl Mpy noMomu GyHKHUM w = 2z + 2°.

2.84. 1) HaiiTu o6nacts, Ha KOTOpyIO KpYT |z] < 1 oToGpasaerca npu
noMomu QyHKUUU w = R(z + ii), R >0, n-— genoe yucao, n > 1.

2) HaiiTu o6aacTh, Ha KOTOpyTXlO oTOGpaaeTCs BHEUIHOCTb eIMHUYHO-
ro kpyra |z| > 1 npu noMoumu ¢GyHRUUN w = R(z + %), R>0,n—
nenoe uucio, n > 1.

Hpumeuvanue. 06 oTrobpameHusx, copepllaeMblx pyHKUMNeH

w= R(z + l)
z

(dbynxunsa Ry woBcroro), cM. 3ana4y 2.106 u nanbHefiiue.

2.85. 1) BriacHuTb, A Kakux 3HavyeHuit m ¢ynruua w = R(z +
+mz™), rae n — HaTypanbHOe YKo, OCyliecTBIAeT KOHQOPMHoe 0TO6-
pameHre Kpyra |z] < 1 Ha HexkoTopyio 061acTb, ¥ HalTH 3Ty 06.1aCTb.

2) BolACHUTDL 3TH Mse BOMpPOCHI A/ 0TOOpa#eHHUA BHEWHOCTH Kpyra

m
|z] < 1 npu nomoumm GyHKRUMH w = R(z + ;;) A BHYTPEHHOCTH TOTO e

Kpyra NpH 1oMoWK GYHKIHU w = R(% + mz“).
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OToGpaxeHUA KPYroBbIX JyHOo4YeR U obnacTeli
C paapesaM¥u

2.86. 1) Oto6pasutsb yron 0 < argz < mwa (0 < a < 2) Ha BepxHIO©
TIOJYTIOCKOCTh.

2) OTo6pasuThb yroi —— < argz < — Ha BEPXHIOIO MONYMIOCKOCTE
Tak, utobst w(l —i) =2, w(i) = -1, w(0) =0.

2.87. Hatitu ¢ynnumio w(z), oTobpamamouyio noaykpyr {z| < 1,
Im z > 0, Ha BepXHIOIO NOAYMAOCKOCTE NP YCAOBUAX:

Dw(-1)=0, w(0) =1, w(l)=
2) w(£1) = F1, w(0) = o0;

9 u(5) = ww () =

2.88. Haittu ¢yuxumio w(z), orobpamaiouyio norykpyr |z < 1,
Imz > 0, na kpyr jw| < 1 npu ycioBuax:

1) w(£1) = £1, w(0) = —i; 2) w(%) =0, argw'(%) =7
2.89. Haiitu dpyusuuio w(z), oToGpamatouyo obnacts {z|>1,Imz >
> (0, Ha BEPXHIOIO NOJYINOCKOCTb.

2.90. OTo6pa3uTh Ha BEPXHIOIO I10JYIIOCKOCTh:
1) certop |z < R, 0 <argz<wa (0<a<2);

2) obaacte |z| > R, O <argz <7ma (0 <a<2).

2.91. OroOpa3nTh Ha BEpPXHIOIO MOAYNJOCKOCTbL CleAyloLiue Kpyro-
Bble NYHOUKU ([IBYYTONLHUKU):

D)zl <1, Jz—i]<l;, 2) )zl <1, |z—4>1;

Nizl>1, lz—t<]; ) z|>1, |z—4>1;

5) |z| > 2, |z =2 < V2.

2.92. OT0o6pa3uth Ha BePXHIOIO MONYIIOCKOCTE BHEIIHOCTL eIUHUY-
HOro BepXHero IoNyKpyra.

B zagauax 2.93-2.105 oToGpa3uTe ykasaHHble o6nacTH Ha BEPXHIOIO
NONYAOCKOCTb.

2.93. [nockocTh ¢ pa3pesoM no oTpe3ry {—1,1}.

2.94. IlnockocThb ¢ pa3pe3oM 1o OTpe3Ky [—i, ).

2.95. IlnockocTh ¢ pa3pe3oM Mo OTPe3Ky |21, 22].
2.96. IlnockocThb ¢ paspesamy 1o dydam (—oo, —R], [R,00) (R > 0).

2.97. IlnockocTh ¢ pa3pe3oM [0 PacHnooKeHHOMY B IEpBOM KBalpaH-
Te¢ JIy4y, BbIXOJALIEMY M3 TOUKH ¢ NapajlilelbHO IPAMOlt y = Z.
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2.98. IlnrockocTs ¢ paspe3soM No AYre OKPYAHOCTH, COeJMHAOWeN
Toyky —1 u 1 u npoxoaAuedt yepes Touky ik, rge 0 < h < 1.

2.99. Toaynaockocts Im z > 0 ¢ paspesom no orpesky [0,¢h], A > 0.

2.100. HonynnockocTs Imz > 0 ¢ paspesom or th A0 co BRoab mo-
NOMHUTENLHON MHUMOH noayocu (h > 0).

2.101. Monymnockocts Imz > 0 ¢ paspe3oM Mo Ayre OKPYHHOCTH
|[2l=1 or Touku z =1 po Toukd z =e¢€* rae O0<a <.

2.102. Yron 0 < argz < w3, roe 0 < B < 2, c paspe3oM Mo myre
ORpY#HOCTH |z| =1 oT TouykHM z = 1 o Touku z =¢€'*, rge 0 < a < f.

2.103. BHewHOCTh eIUHUYHOrO BEPXHEro MOAYKpyra ¢ pa3pesoM o
otpesky [0, —i] (BHeluHoCTL “nonmaThK”).

Y xagzaHue. JIuneliHbIM npeobpa3oBaHieM CBOAMTCA K NIpelblayuiei
3ajiayve.

2.104. 1) Kpyr |z} < 1 ¢ paspesom no paguycy [0, 1];

2) BHeWHOCTb eXMHUYHOrO KPyTa ¢ paspesoM mo aydy [1,0).

2.105. Haittu orobpasenue kpyra |z| < 1 Ha w-NIOCKOCTh ¢ pas-
pe3oM 10 ayuy (— 00, =7 | MPH YCAOBHH, 4TO w(0) =0, w'(0) > 0.

Oyuryuua HAyrosckoro

2.106. HafiTu npeo6paszoBanue noasapHoii ceTku |z| = R, argz = «

¢ nomoubio pyHKUMK FAYKOBCKOrO w = 3 (z + %)

2.107. Haiitu obnactu, Ha Kotopble PyHRUuA AlyKoBckoro orobpa-
maert:

1) kpyr |z < R < 1; 2) obaacts |2} > R > 1,

3) kpyr |z| < 1; 4) obnacts |z| > 1;

5) monyniockocts Imz > 0;  6) noayniockocts Im z < 0;

7) noaykpyr |z| <1, Imz > 0; 8) monyspyr |z| < 1, Imz < 0;

9) o6aacts |z| > 1, Imz > 0;

10) obaacts 1 < |z| < R, Imz > 0;

11) o6nacte R < |z{ < 1, Imz > 0,

12) o6nacthb _;i <lz] <R, Imz>0, Rez>0;
13) yroa %—a<argz< -g+a (0<a<z2r-).
2.108. Haittu npeobpaszoBaHue IOJAPHONR CETKH C MOMOWIBbIO GYHK-
UU:
1 1 1 a®
= ~ - =) = - — 0 5
1) w 2(z z), 2) w 2(z+ z) (e >0)

2 .
Hw= (z-}—gz—), c=|cle’” (0 <y < ).

1
2
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2.109. Ioabsysack ¢pyukuuedt AyKoBcKoro, 0To6pasuTh:
1) BHemHOCTh 0Tpe3Ka [—¢, ¢] (¢ > 0) Ha BHEIHOCTL EAMHUYHOTO KpyTa
npu yciaoBuu, yto w(oo) = oo, argw’(oo) = a;
2 2

z y
2) BHEWHOCTD 3AMMMNCca — + == =1 Ha BHEWHOCTb eAHHIYHOTO KpY-

ra Tak, yTo6el w(oo) = 0o, argw’(oo) = 0.

2.110. OTo6pa3uTh BepXHIO MONYIUIOCKOCTh C BBIKMHYTBHIM MOMY-
2

2
+ % < 1, ¥ > 0, Ha BepxHIOIO NOAYMIOCKOCTb.

SJTIAUNCOM ;E
2.111. OTtobpa3uTh ABYCBA3HYIO 06JacTh, OrpaHHYEHHYIO COPORYC~
2 2 2 2
z oy z Yy ;
HBIMU DMIMACAMH 5 + 57 = 1, peanye + Eywoie 1 (@ > b), Ha KOH

LEeHTPUUYECKOE KPYTOBOE KOJbLO C LEHTPOM B Havyaje KOOPAUHAT U HalTH
MOAYb (M. ¢. 37) naHHol AByCBA3HOW 06aacTH.

2.112. Haifitu obnacTb, Ha KoTOpYIO GyHKUMA FRYyKoBCcKoro otobpa-
#aeT Kpyr |z] <1 c paspesom no orpeskry [a,1] (~1<a <1). Paccmor-
petb cayuan a >0 u a <0.

B 3agavax 2.113-2.117 oto6pasuTh yKasaHHbIe 061aCTH Ha BepXHIOK
MOy IIOCKOCT.

2.113. Kpyr |2| < 1 c paspe3om no oTpesky [1/2,1].

2.114. Kpyr |z| < 1 ¢ paspesamu no paguycy [—1,0] u oTpesry [a, 1]
(0<a<1l).

2.115. BHemHoCTb eJWHUYHOTO Kpyra ¢ paspe3amMu MO OTPe3Ry
[—a,—-1] u ayuy [1,00),rme a > 1.

2.116. Bepxuiolo monoBuny Kpyra |z| < 1 ¢ paspesom No OTpe3Ry
0,0i] 0O < @< 1).

2.117. BepxHiowo nmonosuHy Kpyra |z| < 1 ¢ pa3pesom Mo oTpe3Ky
[ai,i] (0 < a < ).

2.118. Orobpasuth Kpyr |z| <1 c BbIKHHYTbHIM oTpe3koM [(1 —
— h)e'®, €'*] Ha eQUHUYHBIA KPYT MIIOCKOCTY wW.

2.119. Kpyr |z| <1 c paspe3som mo orpesky [a, 1], 0 < a < 1, 0T0G-
pasuTh Ha Kpyr |w| < 1 Tak, 4tober w(0) = 0, w'(0) > 0. Haittu w'(0) u
AIMHY AYTH, COOTBETCTBYMOWel paspesy. Ilpy KakoM 3HaueHMM a paspes
nepeiieT B NONYOKPYHHOCTh?

Y xazanue. Henecoobpasno chauaia 0To6pasuTh Kak 3afaHHY1O 06-
nacThb, Tak U KpyT |w] < 1 Ha BHeMmHOCTL OTpe3ka.

2.120. Kpyr |2| <1 c paspesamu no orpeskam [a,1], [~1,-b] (0<
<a<1,0<b<1)orobpasuts Ha KpyT |w| <1 Tak, utodber w(0) = 0,
w'(0) > 0. Onpeneants w'(0) ¥ ANMHBI AYT, COOTBETCTBYIOWMX Pa3pe3aM.

2.121. HpenacraBus ¢pyHxunio MyKoBCcKoro B Buge

w~1 _ (z—-l)2
w+l \z+1/°
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HanTHu:

1) o6pa3 okpyxuoctu C, npoxoanielt yepes Touku z = +1 mog yr-
oM a (—7 < a <m) K AelficTBUTeNbHON OcH B TOYKe 1, M oGnacTh, Ha
KOTOpPY1O 0ToOpazkaeTcA BHEIHOCTL TaKoH OKPYHHOCTH;

2) o6pas okpy#HocTH C’, npoxoasuieii yepes Touky z =1 nop yr-
JOM a K IeHRCTBUTENbHON ocy U cofepskalleil BHYTPU TOUKY —1, a Tar#e
o6nacTb, Ha KOTOPY1O 0TOGPaskaeTCA BHEIIHOCTb Takol OKPYAHOCTHU.

2.122. 1) Haiitu o6pasbl okpysHocTelt 1 obnactell z-IJIOCKOCTH, O
KOTOPBIX MAET peds B 3agave 2.121, ecau oTobpamaroman GyHKUUA w(z)
3afaHa ypaBHEHUEM

- _1\2-¢
z+—i:(z+i) (0<d<2, w>0 nmpu z>1).

2) KaroB npu 3ToM oTOGpameHdy o6pas BHYTPEHHOCTH OKPYHHOC-
T C?
2.123. Oro6pasuTh BHEWHOCTL eAHHWuYHOro ®Kpyra |z| > 1 Ha

;1 =4 (0 <|B| < m) 1aK,

w-MJIOCKOCTh C pa3pe3oM Mo Ayre arg Y
uTo6el w(oo0) = oo, argw’(cc) = a. v
B zapauax 2.124-2.127 naitTu obaacTd, noiayyaeMble ApH oTO6pamke-
HUM 3aflaHHbIX o0nacTell yka3aHHbIMU GYHKLUUAMMU.
2.124. Kpyr |z|<1; w=

z
22417
1
+

2.125. Monykpyr |z] <1, Imz >0; w=

2.126. Yron 0 < argz < %; W= (z” + )
z

2.127. CekTop —% <argz < %, 2] <1; w=
npu z > 0).
YrasaHnue. [Ipencrasurb oTobpaskaioulyo cpymmmo B Bu/le

w=F{flp(2)]}, rme ¢(t)=t", [f(t)= Ht)o, F(t) = ¥t.

IpumeHenue HpUHUMDA CHMMETDPHUH

2.128. 1) lloan3ysck pewenneM sagaus 2.127 ¥ IPUMHIKIIOM CHMMeT-
z

YU, HaliTH 06pa3 eIMHUYHOI0 Kpyra Ipy oToOpaseHuy W = ——————.
pun, p 21\ Py p p T+ 2my/n

2) HaitTu ¢pyHRUMIO, 0TOBpasKaloWyl0 BHYTPEHHOCTE (M BHEMHOCTL)
eAMHMYHOr0 Kpyra Ha BHEIHOCThL “3Be3lbl”:

lw| <1, argw =2rk/n (k=0,1,2,..,n~1).
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2.129. OTo6pa3uTh Ha BHEWIHOCTb €AMHUYHOTO Kpyra:

1) Bcio niockocThb ¢ padpezamy no otrpeskam [—1,1] u [—4,1] (Buew-
HOCTb KpecTa);

2) BclO MIOCKOCTh € paspesaMHu no ayyam (—oo, —1], [1, +o0),
(—to0, —i] n [i,+ic0).

2.130. 1)* Monbayack ¢pyurumeit us 3agaun 2.126, 0TOOPa3UTL Cek-
Top |2| <1, 0<argz < w/n (n— uenoe 4ucno) Ha ce6A Tak, UTOGHI OT-
pe3ku paguycoB |z| < a, argz=0 ¥ |2|<a, argz=7/n (0<a<1)
nepeld B COOTBETCTBYIONINE PagUycChl.

2) OToGpas3uTh BHEWHOCTb €NWHWYHOrO Kpyra C paspe3aMH IO OT-
peskam 1 < |z{ < @, argz = 2kn/n (k =

=0,1,2,...,n — 1) Ha BHEIIHOCTb e€IMHNY- Y|
HOTO Kpyra.
2.131. OTo6pasuTh Ha BEpXHIOKO MNo-
AYMIOCKOCTL M HA BHEWIHOCTb eJUHMuYHO- -1 0 1z

ro Kpyra BHELIHOCTh KpecTa, COCTOALje-
ro u3 orpeska [—a, b] HeiicTBHTENbHOMN
ocM M OTpe3ka [—ci, c¢i] MHHUMol ocH
(>0, 520, ¢c>0, a®+b2+c% #
# 0).

Y razadue. Hafitn pyHkumio, orobpa-
AAIOIIYI0 BEPXHIOK NOAYIIOCKOCThL C pas-
pesoM Io orpesry [0, ci] Ha BepxHIOK NoAy-
IVIOCKOCTD, ¥ BOCHO/b30BaThCA IPUHLUIIOM —ai
CUMMETDHH, B CUJIY KOTOPOrO BHEWHOCTb
KpecTa OTOBPasUTCA Ha BCIO INIOCKOCTb C
pa3pes3oM M0 OTPE3RY AelCTBUTENLHOM ocu.

2.132. IlnockocTe ¢ paspe3aMH 1o
ayuy [—a, +00) (a > 0) u no orpesry [—ci, ci] (¢ > 0) oTo6pa3uTh Ha
BEPXHIOIO NOMYIIOCKOCT.

Ywraszanue. CM. yrazanue K 3agave 2.131.

—1

Puc. 2

2.133. OTo6pa3uTh Ha BHEIMHOCTb €IMHMYHOIO Kpyra IIOCKOCTh C

paspesaMu M0 oTpULATENLHON YacTH MHUMOH OCH U 110 HUMHEH NoJ0BHHE
€IMHUYHON OKPYAHOCTH. )
e

Yrazanue. JluHelluniM npeoGpasoBaHUEM
cBOAUTCA K 3amaue 2.129, 1). /
2.134. TlnockocTh ¢ pa3pe3aMH MO OTPE3RY

. N -1 >
[~ai, 0] (@ > 1) 1 no HKsKHEH NOIOBKHE EAUHUY- b
HOlt OKpyHOCTH (pHC. 2) 0TOGPasuTL Ha Bepx-

HIOIO MOJIYTIIOCKOCTb. e—ia
YrazaHnue. JluHeltHIM npeoGpasoBaHieM Puc. 3

CBOAUTCA K 3agaue 2.131.

2.135. OTo6pa3nThL Ha BEPXHIOIO MOMYIIOCKOCTD MNIOCKOCTD C paspe-
3amu no orpeskry [—1,b] (b > —1) u Mo Kyre okpyHHOCTH C KOHLAMHU B
Toykax eTi® mpoxopAmeit yepes Toury z = —1 (puc. 3).
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2.136. OTo6pa3uTh Ha BepXHIO NOJYMIOCKOCTh BHEIHOCTL €AMHHY-

HOrO KpyTa ¢ paspes3amy Io orpeskam: [i,b], [—bi, —i], [1,a], [—a,~1]
v (a>1, b>1).

=1+i 1+4 Yrazanue. ODyuruua Myros-

CKOro oTobpazaeT pacCMaTPUBAaEMYIO

o6nacte Ha o6nacTe 3agauu 2.131.

2.137*. OTo6pasuTh Ha BHell-

T
9 HOCTL ©AMHUYHOTO Kpyra BHEIIHOCTb
“3pe3npl”’, nszobpasieHHON Ha puc. 4.
1 1-i 2.138*. Oro6pasuTb Ha Bepx-
HIOIO [IOAYMIOCKOCTL BHYTPEHHOCTB
Puc. 4
2 2
11paBoii BeTBU I'uiiep6oJibl -Y -1

cos?a  sinfa
2.139. OTo6pa3suTh Ha BEPXHIOIO NMOAYIIOCKOCTh BHELIHOCTh NpaBoi
2 2
T _ ¥

cos?a  sin’a
2.140. OToGpa3uTb Ha BepXHIOK MOMYIIOCKOCTb 06/acThb, 3aKMO-
2 2

A

BeTBU FHHepﬁOHbI

z
YEeHHYO Mex 1y BeTBAMU mnep60nbx -5 — ——:g,) = 1.
a’ 2

IIpocTeffmine MHOrOJNHCTHbBIE 0TOGpameHun

B zanavax 2.141-2.142 paccmaTpuBaloTca oTobpaseHus, IpHBOIALINE
K MHOTFOJIKCTHBIM 061aCTAM (PUMaHOBBIM NoBepXHOCTAM) 3).

2.141. Hafitu oGnacTtH, nody4yaeMsle NpU OTOOparKeHHUU € NMOMOUILIO
dyHkuuu w = 22: '

1) yactn wonbua 11 < |z] <72, O<argz<m+a (0 <a<w);

2) obmactu {22 — 1] <a (0 <a < ).

2.142. Hafitu o6nactu, nonydyaeMble Npy oToOpaMeHUN C MOMOUILIO
dbyuruun AyroBckoro w = G + —i—)

1) wpyra [zj< R (R>1). VYrkaszanue. llenecoobpasuo paccmor-
peTh cHayana oToGpaedue Kpyra [z| <1 u kompua 1< 2| <R (cm.
3agauy 2.107);

2) kpyra lz—i—” <R (0 < R< ).

3) Bnech npuBenenb! AunIL HexoTOpLIE NpocTefillye 3afauy Takoro pona. Cneuu-
albHO PUMAHOBLIM NOBEPXHOCTAM nocBamex §2 ra. VIIL
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B 3agauax 2.143-2.145 nocTpouTh PpUMaHOBbI MOBEPXHOCTH yKasaH-
HBIX PYHKUHH.

2.143. ) w = /=2

z+1;
2.144. 1) w = ,/z(z?_*_l); 2) w = V4 :1‘

2.145. w= v/22 - 1.

2w =22 -1

§ 4. dieMeHTapHble TpaHCUEeHAEHTHLIEe GPyHKIUU
OcHOBHbBIEe TpPaHCUEHAEHTHBIe QYHKUUYU

2.146. BbiAcHUTE, BO 4TO 11peobpa3yloTca Npy 0ToOpameHnn w = e°:
1) npamoyronsHaa cetka ¢ =C, y = C}
2) npamele y = kx + b;
3) nosoca a<y<ﬂ( <a<p<2n);
4) nonoca Memay NPAMBIMU Y = :v, =z + 2m;
5) noaynonoca z <0, 0 <y < a < 27
6) nonymonoca ¢ >0, 0<y<a < 2m;
7) npAMOyroabHUK a <z < fB, y<y <4 (6 —v < 2n).
2.147. Kanos npooGpa3 BepxHeli MOAYIIOCKOCTH NPU 0ToOparkeHUu
n
= (1 + %) ? KaxoB npefdeibHbIN Mpoo6pa3 BepxXHeH MONYMIOCKOCTH
npu n — co?
2.148. BriacHuTb, Bo 4UTO npeobpasyloTca Npu 0ToGpaskeHUH w =
=lnz:
1) monsipHan ceTka |z| = R, argz =9,
2) norapudMuyeckue cnupain r = Aek? (A > 0);
3) yron 0 < argz < a £ 2m;

4) certop |z} <1, O0<argz < a< 2w
5) KoabHo T < lz| < 79 C pa3spe3cM MO OTPe3Ry [r1,Ta].

Bunoasaphuimu kKoopouHamamu TOYKU z = I + 1y OTHOCHTEJbHO NoJio-
coB ta (a > 0) HasbiBaOTCA JeCTBUTENbHAA U MHUMafA 4acTH QYyHKIUH

a+z

w=§+1m= ln

2.149. 1) ﬂoxaaarb, 4yTo hyH-
KUUA w OOHOMMCTHO OToOpaa-
eT BClO 2-IJIOCKOCTL C pa3pesa-
MU (—oo0, —a] ¥ [a, co) Ha no-
JIOCY MJOCKOCTU w: —T LN T
npuuyeM BepXHHM Oeperam pas-
pesa cooTBeTCTBYeT NMpAMAA 1] =
= pi, a HUAKHAM 7] = —7 (pHuc. 5).
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2) YcraHoBUTH CcrpaBelnu-
&s‘b BOCThb COOTHOWIEHUMH
=2 sh§
gc " ché+cosn’

y “ _asingy
y= ché +cosn’
ch§ —cosp
—d b Vzt+yli=r=qa/ ——-"—"2
acthe y V ché +cosp

3) JokasaTh, uTO INpo0G-
pasamu orpe3roB & = &,
—7 £ ) < T CIYHaT OKPYHOCTH AMNOJJIOHUA OTHOCHUTENbHO TOUeK =a:

Puc. 6

2
(r —acth&)i+y?i= (;1?5)

(npoo6pasom oTpeska & = 0, —7 < 17 < 7 CAy®UT ocb opauHaTt) (puc. 6).
4) Jlokasarb, 4T0 NpooGpasamMu

y
‘} JMHHUM 1) = 1o CIYRAT AYTH OKPY#H-
) g ’\\¢ HOCTe}i, NPOXOAAIIMX uYepe3 Tou-
W2 ° KU %a,

(] :
c 2 2 __ a
—actgnoy = { +°+ (y + actgmo) (Sinng) ’
} \N —%s T neMalue B BepxHeil MONYMJIOCKOC-
\\\-]’ff‘g‘/ TH npu 79 > 0 U B HUMKHeEH 1npu
7 1o < 0. Jlunuu 1 = 0 cooTBeTCTBY-
eT oTpe3ok [—a, a]. Hyru, coort-
BETCTBYIOIIME 3HAYEHUAM 1) = 7)p
Hn =1 —7 (o > 0), LONCIHAIOT
ApYr Opyra O MOMHOI OKPY#HOC-
T {puc. 7).
5) HajiTu Beanyunsl oTpe3ros b (puc. 6) u ! (puc. 7).

HOpumeuanune. lloctpoeHHaa TakuM 06pa3oM KOOpAMHATHaA CeTKa
B z-IJIOCKOCTH Ha3bIBaeTcA 6unoaaproll cemxoll.

Punc. 7

2.150. BbiacHuTb, Bo uTO npeofpasyioTcA NpHU OTOOParkeHUM w =
= cos z:

1) npamoyronshuasn cetka = = C, y = C}

2) noaynonoca 0 <z <m, y<O0;

3) nomynonoca 0 <z <w/2, y >0,

4) nonymonoca —7w/2<z <7/2, y > 0;

5) nonoca 0 <z < ;

6) npamoyroabHuk 0 < z <, —h <y < h (h > 0).

2.151. BLIACHUTL, BO YTO NpeoGpasyloTcA MpU oTobpamieHun w =
= arcsin z:
1) BepxHAfA NOAYNIOCKOCTD;
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2) MIOCKOCTHL ¢ paspesamy N0 OEHCTBUTENbHON OCH BIOJIL Jy4Yel
(—007 _1]1 [1’00))

3) 1-it KBajpaHT;

4) noaymaockocts ¢ <. 0 ¢ paspe3oM 10 AeHCTBUTENLHOR OCU BAO/DL
nyya (—o0, —1].

2.152. BoiAcHUTL, BO YTO IIpeobpasyioTcA Npu oTOOpameHuu w =
=chz:

1) npamoyroneHas cetka ¢ =C, y=C; 2) nomoca 0 <y < m;

3) noaynonoca = >0, 0 <y < 7.

2.153. BoracHUTb, Bo 4YTO Npeo6pa3ylOTCA NpU 0ToOpasKeHHH w =
= Arshz:

1) nmocKoCTh ¢ pa3pesamy N0 MHUMOI ocH Bionb ayveit 1 <y < oo
m-—oo<y< -1

2) nepBbIil KBafPAHT. ,

2.154. BblACHUTL, BO 4TO NpeobpasyloTcA NpU OTOOpaxkeHUH w =
=tg=z:

1) npamoyroabhas cetka z = C, y = C}

2) noaynonoca 0 <z <w, y>0; 3)nomoca 0<z<m;

4) nonmoca 0 <z <~w/4; 5)nomroca w/4<z<w/4

2.155. BbracHuTh, Bo 4TO 11peoGpa3yloTcA NpH OTOOpazkeHUU w =
= cthz:

1) nonoca 0 <y <m; 2) noaynonoca 0<y<m, z>0.

OTo6pamenus, npUBoAAMWIUECA K OTOGpaKeHUAM
nojoc U NOJAyInojaoc

B sapauax 2.156-2.163 oTo6pa3uTb ykasaHHble 061acTH Ha BEPXHIOIO
IOy MI0CKOCTh.

2.156. Ilomocy, orpaHM4eHHYIO NPAMBIMU §y =2, y =2 + h.

2.157. Honynonocy z< 1, 0 <y < h.

2.158. KpyroByio nyHOUKY, OFPaHUUEHHYIO OKPY#HOCTAMHU |z| = 2,
lz -1} =1.

2.159. OGnacTb, orpaHMYeHHYIO OKPYMHOCTAMHU |z| =2, |z — 3] =1
(mIoCKOCTh ¢ BBIKMHYTBIMU KpyTamu).

2.160. OGnacTb, onpefeneHHyO HepaBeHCTBAMU

[z—=1>1, |z+1]>1, Imz>0

(BepXHAA MOYIUIOCKOCTE € BLIKMHYTBIMU MOIYKpPYTramu).

2.161. O6nacTb, 3aKIIOYEHHYIO MEMAY COOOKYCHBIMU MapaboiaMu

Y =4(z+1), y*=8(z+2).
Yrasanue. Cm. zagauy 2.80, 2).

2.162. Haittu ¢dyrruuio w(z), oroGpamaomyo o6nacTs, OrpaHnyeH-
HYIO OKPY#HOCTBIO |z| = 1 1 mpAmoit Im z = 1 (noaymiockoers Im < 1

4 JI.U. BonkoBbICKUi U Ap.
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C BBIKHHYTBIM KpYTOM):
1) Ha wpyr |w| <1 c Hopmuposko#t w(—3i) =0, argw'(—3i) =x/3;
-1+ L
. 2-’
3) Ha BepXHIOIO MONYIUIOCKOCTL C HOPMHUPOBKOH w(—3%) = 1+1,
argw'(-3:i) = m.

2) Ha kpyT |w| < 1 ¢ HopMupoBKo# w(—3i) = ,argw'(—3i) =

Hpnmeﬂeﬂue NpHHUOUITAa CHMMEeTpPpUHN

2.163. OTo6pa3uThb Ha BEPXHIOK NONYIJIOCKOCTh:

1) nonocy 0 <z <1 ¢ pa3pesoM Bioab Ayda © = 1/2, h <y < oo;

2) nonocy 0 <z <1 cpaspesamu Baons aydeit £ =1/2, h; <y <o
u 1‘:1/2, —oo<y<h2 (h2<h1).

Yrazanue. CHavyana oroGpasuts nonocy 0 < z < 1/2 na Bepx-
HIOI0 noaymiockocTe. OTo6pamaioman byHKuuA 6yaeT, B COOTBETCTBUU
C MPUHLMIOM CUMMETPHH, 0TOBpaaTh 3agaHHylo o61acTh Ha BCHO IIOC-
KOCTb C HEKOTOPBIM Pa3pe3oM.

~

B 3apauax 2.164-2.174 oTo6pa3uTh Ha BepXHIOO MOAYIIOCKOCThL YKa-
3aHHbIEe 06JaCTH.

2.164. Jonocy 0 <x <1 c paspesoM Buoib oTpeska 0 <z < h, y=
=0 (h<1).

2.165. Tlonocy 0 < = < 1 ¢ pa3spesamu Bfonb otpeskoB 0 < z < A,
y=0u 1-hy<z<1l, y=0 (h1 +hy <1).

2.166. Ilonynonocy 0 <z <, y >0 c pa3pe3oM BAOIb OTpe3Ka T =
=n/2, 0<y<h

2.167. Ionynonocy 0 <z <7, y >0 c pa3pe3oM BOIb Jyya T =
=7/2, h<y<oo (h>0).

2.168. Ilonmynoaocy 0 < = < w, y > 0 c pa3pe3amMH BJOAb OTPE3Ka
z=n/2, 0Ky < h uBgoab ayya z=7/2, ha Ly < oo (hy > h).

2.169. 06aacTb, OrpaHUYEHHYIO OKPY®HOCTAMU |2 — 1| =1, |z + 1] =
=1, c pa3pe3om o ayuy 2 < z < o0, y = 0.

2.170. 06aacTb, OrpaHUYEHHYI0 OKpYyHOCTAMHY |2 —~ 1| =1, |z — 2| =
= 2, ¢ paspe3om Baonb otpeska y =0, 2<z<a (a<4).

2.171. O6nactb, OrpaHHYEHHYIO OKPYMHOCTAMHY |z — 1| =1, |2z — 2| =
= 2, ¢ paszpe3aMmu Bodb oTpe3koB y=0, 2<z<a ¥ y=0, b<zr <4
(a < b).

2.172. O6nacTb, OrpaHMuEHHY0 MHUMO# OCBIO U OKDYHOCTLIO |z ~
—1| =1, ¢ paspesamu Bgonb oTpeska y =0, 2< 2 < a U BIOAb Jyya
y=0,bLz <00 (a<b).

2.173. O6aacTs, OrpaHHYEHHYIO OKpY#HOCTAMU |2 — 1| =1, |z + 1| =
=1, ¢ pa3pesoM 1o otpesky =0, —a<y<f8 (@20, 8>0).

2.174. O6nacts |z —1] > 1, |z+1| > 1, Imz > 0 (BepxHaa nony-
IUIOCKOCTDb C BbIKMHYThIMH MHOJIYKpyramu) ¢ pa3pe3oM o oTpe3ry z = 0,
0<y<h
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2.175. OT06pa3suTh BHYTPeHHOCThL napaboinl y2 = 4a?(z + a?) Ha
BEPXHIOIO NOYTIOCKOCTh U HA eAMHUYHBIA KpYT.

Ykazauue. [IpoBecTn paspes no ocu CUMMETPUH napaGonbl, 0TG-
pasnuTh BEpXHIOIO MOJNOBHHY Mapabonb! (C MOMOmbIO (YHKUMM +/Zz) Ha

.

_I
2

Puc. 8

MK
N

Yid

o

|

MIoNYTIONOCY, @ 3aTeM Ha MONYIMIOCKOCTh M BOCIO/JbL30BAaTLCA MPUHIUIIOM
CHMMETPHH.

2.176*. OTo6pa3uTh BepXHIOIO MOMYIUIOCKOCThL C Paspe3aMH Mo oT-
peskaM O0<y<a, z=7/2+kr (k=0,£1,4£2,4..) Ha BepxHIOIO
HOMyTIoCKoCTh (puc. 8).

2.177. IlnockocTh ¢ mapainenbHbIMM pa3dpe3aMu —a L z L a, y =
=7n/2+ kn (k=0,%1,£2,...) oro6pasuTh Ha MJIOCKOCTL C Pa3pe3aMH 110
oTpeskaM aeitcTBUTeNbHOM ocH [krr — b km +b] (k=0,£1,42,...;0<b <
< 7/2).

YrasaHue. [IpoBecTy HOMOMHUTENbHBIM pa3pes3 0 MHUMO OCH, 011~
Hy u3 06pa3oBaBIIMXCA o6JacTell OTOOPa3UTb Ha BEPXHIOIO MOJYIMIOC-
KOCTb M BOCIO/Jb30BaThLCA MPUHLKUIIOM CUMMETPUH.

2.178. OT06pasuTh MIOCKOCThL € paspesamiu Mo aydam (—oo, —m /2],

%

Puc. 9

Al

.

\

.

[7/2,+00) uno otpeskam —a<y<a, z=7/2+kr (k=0,£1,%2,...)
Ha BHEIIHOCTb eJUHHU4HOro kpyra (puc. 9).

Y kazanue. DyHruud, naiouas peleHue 3agaun 2.176, oro6paxaer
3afjaHHYIO 06J1aCTh Ha INIOCKOCTh C paspe3aMH 110 Jyyam

G g e
" arcsinl/chal’ larcsinl/cha’ )

4*
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2.179. MnockocTh ¢ paspesamu no ayyam (—oo, p|, [g, +00) (—7/2 €
’/

,A%%ﬁ/%/%
-

Puc. 10

£p<ggn/2) nnoorpeskam —a <y <a, z=7/2+kr (k=0,%1,
+2,...) oTo6pa3uTh Ha BEPXHIOIO noxymaockocTh (puc. 10).

2.180*. IlnockocTh ¢ paspesamu no ayuam 0 < y < 0o, « = kn/2
(k =0,+1,£2,...) 0TO6pa3sUThL Ha BEPXHIOIO MOAYIIOCKOCTb. .

IpocTeifimuue MHOronUcTHble oTOoGpameHud

B 3agauax 2.181-2.184 oToOpaseHrA NPUBOAAT K MHOTOMUCTHBIM 06~
nacTaAM (cM. CHocKy Ha c. 49).

2.181. Haiitu oGnactd, Ha KOTOpble OTOOPAMKAIOTCA C TMOMOIIBLIO
byHRUMM w = e*:

1) npamoyroabhuk 0<z <a, 0 <y <b;

2) nonynosoca 0 <z <a, y>0; 3)nomocal<z<a.

2.182. Hailtu o6nactu, Ha KOTOpble 0TOOpam<alOTCA C MOMOIILIO
OYHRIMM W = COS 2:

1) monoca ~w/2 <z < 7/2; 2)nonoca0< z < 2.

2.183. Haiitu o6n1acTs, Ha KOTOPYIO C MOMOUIBIO QYHKUHUU W = tg 2z
oroGpaaeTca nonoca 0 < z < 27.

2.184. IlocTpouTh pPUMAHOBY [OBEPXHOCTh, HA KOTOPYIO GYHK-
uua w = el/* oToGpamaer z-MAOCKOCTb.

§ 5. I'paHUIbI OOQHONUCTHOCTH, BhINYKIOCTH U 3BE3JHOCTH

Iyets w = f(z) — ¢yHKUMA, aHANUTUYeCKasa B Hayale KOOPAUHAT,
u f(0) =0.

B 3apgauax 2.185-2.193 uepe3 r, o6o3HaueH MaKCUMalbHbIi paguyc
KpyTa C HeHTPOM B Hayalle KOOpIUHAT, B KOTOPOM QYHKUMA w = f(z) oxn-
HOJMCTHA; Yepe3 7y — MaKCHMaNbLHBI paguyc Kpyra ¢ UeHTPOM B Haua-
fle KOODAWHAT, KOTOphIA GyHKuKel w = f(2z) 0TOGpamaeTCA OXHOMUCTHO
Ha BBINYKIYIO 061acThb, U depes r3 — MaKCHMAalbHbI Paguyc Kpyra c
LleHTPOM B Hayalle KOOPAMHAaT, oTobpaxaemoro gyHkuved w = f(z) oan-
HOMMCTHO Ha 06J8CThb, 3BE3AHYIO OTHOCUTENBHO ToukY w = 0. (O6nacTs
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Ha3bIBaeTCA 38e€30HO0ll OTHOCUTENILHO NaHHOH TOYKH, eClH MOGYI0 TOYKY
00/1aCTH MOFKHO COEAUHUTEL € JaHHOH NPAMOIUHEAHBIM OTPEe3KOM, Le/H-
KOM JlexkaliuM B o6aacTu.) OueBUIHO, UTO T2 < T3 < 7y.

z o
2.185. Iaa ¢yHkunu w = 1= HallTu 7y, T2, T3 W HNOCTPOHUTL

oBpasel KpyroB |z] <11, |z| <712, |2] <73,
2.186. Haiitu vy 01 KaKA0R U3 clelyOWUX QyHKLHMI:
Dw=z+2% 2)w=z+az? (a — meficTBUTEIBHOE YHCIO);
3)w=z/(1-2)>
2.187. Jlokasarb, 4T0 npu oToGpaskeHUH w = f(z) KpUBU3HA 0Opasa
1+ Re[zf"(2)/ f'(2)]
lzf'(2)]
2.188. JlokasaTh, 4To aHanuTH4YecKasa byHKLuUA f(z) oTobGpaaer oK-
DYMHOCTb |z| =7 Ha BBINYKIYIO KPHUBYIO TOrJa ¥ TOAbKO TOTAa, Koria
"
%[g +s0+argf’(z)] =1+4Re [fo,—(i?] >0
nna Beex o (z = re?) ).
2.189. lorasaTb, 4To Kpyr |z] < r oroGpamaeTcA aHaTUTUYECKON
dynruueit f(z) (f(0) = 0) Ha o61acTb, 3Be3HYIO OTHOCUTEIBLHO TOUKH

OKPY#HHOCTH |z| =r BbIpamaeTca bopMmyinoit k =

1
w = 0, Torga U TOABKO TOrja, Koraa 9 arg f(z) = Re [2f (z)] >0 ana
T O f(2)
Beex p (z = re*?).
2.190. [JokasaThb:
1) ecau pyuruusa w = f(z) (f(0) = 0) orobpasmaer KpyrT [2| < 1 Ha 06-

z
t
JaCTh, 3B€3[IHYI0 OTHOCHTENLHO ToukM w = 0, To dyHRIMA w; = /f—(t—l dt

6yaet oto6pamaThb 3TOT #e Kpyr Ha BBINYKIYIO 00JacTh; 0

2) eciu w = f(z) orobpamaer Kpyr |z] <1 Ha BeIIyKIyIO 0671acTh,
To wy = zf'(z) coBepluaer oToGpaxeHye 3TOro Kpyra Ha 06/1acTh, 3Be3]-
HYIO OTHOCHUTE/NbHO ToYkH w = 0.

2.191. Haiitu ry ana kamgoit U3 caegyomux GyHRUnN:

1) w=2z+2% 2)w=z+az’ (a — neficTBuTenbHOE YNCIIO);

3) w=z/(1-2)2

2.192. Haiitu vy ¥ ro LA GYHKUUA w = e* — 1.

2.193. Haittu r3 naa Kamaoi U3 cnenyiowux GyHKUMA:

) w=z+2% 2)w=2z+az? (a — nelicTBUTENbHOE YUCIIO);

3)w=z/(1-2)>2

Ykasauue. [Ipn pewennu 3agaum 2.193, 3) yno6Hee HCXOAUTL He-

nocpeJCTBEHHO U3 HepaBeHCTBa % [ +arg f'(2)] 2 0.

4) Cm., nanpumep, [4, ra. XIIL, § 2).
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HHTETPAJIbI U CTENIEHHBIE PAIBI

B 3amauax sroit raasel, a TakMe M B CleJyIOLIUX IMaBax, ecily He oro-
BODEHO MPOTHBHOE, 06XON MpocThIX (T. e. Ge3 TOYEK caMonepeceyeH )
3a8MKHYTBIX KOHTYPOB NPOUCXOAUT B NONOMHUTEILHOM HalpaB/ieHUH.

§ 1. MuTerpupoBanve ¢pyHKIHH KOMIJIEKCHOrO NepeMeHHOro

3. 1 Hel’IOCpe}ICTBeHHbIM CYMMMPOBaHHEM 0KA3aTh PaBEeHCTBa:
/dz—zl——zo, 2)/zdz——(z1 28).

3.2. Oycts € — npoc-rof/‘x 3aMKHYTbIl KOHTYD, OrpaHUYUBaOWIHii
nnowans S. JokaszaTe cnegyouine paBeHCTRa:

=1S; = —5; zdz = 2iS.
l)C/mdz 1S 2)C/ydz 3)C/zdz 2iS

3.3. Boiuvcauth uHTErpanst [; = /z dz, I, = /ydz no crepyto-
LWKUM Iy TAM:

1) no paguycy-BeKTOpY TOYKH 2 = 2 + i;

2) no nonyorpysHoctu |z| =1, 0 < argz < m (Havyamo myTH —
B Touke z = 1);

3) 110 OKPYMHOCTH |z — a| =

3.4. BuluMcauTh MHTerpan /|z| dz 10 clefyOHIUM Y TAM:

1) mo paguycy-BeKTOpY TOYKH 2 = 2 —(;

2) no monyospysHoctH |z| =1, 0 € argz € m  (Havano nyTH -
B TOuKe z = 1);

3) 1o nonyokpysHocTH |z| =1, —7w/2 <argz < w/2 (Havano myTH —
B TOYKE z = —1i);

4) 1o oKkpy#HOCTH |z| =

3.5. Briuucauts uHTErpan /|z| Zdz, roe C — 3aMKHYTbIH KOHTYD,

c
cocroamuit U3 BepxHeh NomyokpysHoctd |z] =1 u oTpessa -1 <
szgl, y=0

F4
3.6. BoiumcauThk MHTerpan /: dz, rpe C — rpaHula MOIYKOJbLA,
z

Hu306paseHHoOro Ha puc. 11.
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3.7. Beruucautb HHTerpai y
(z — @)™ dz (n — uenoe 4ucno):
1) no nomyokpy#HoOCTH |z — N
—a|=R,0< arg(z — a) < 7 (Ha- .

yajlo MyTH — B Touke z = a + R);
2) 1o OKpy#HOCTH |z — a| = R;

3) no nmepumeTpy KBanpaTa C —— ——
HEHTPOM B TOYKe a U CTOpOHa- -2 -1 (0] 1 2 z
MH, napansilej]lbHbIMU OCAM KOOp-

AnHAT. Puc. 11

B sapgavax 3.8-3.11 crosmas
Noj 3HAKOM MHTerpalja BeTBb MHOr03HauHOU ¢YHKLUHU BblielsfeTcs 3a-
JaHMeM ee 3HayeHUA B HEKOTOPOU TOYKe KOHTypa MHTerpupoBaHus. Ec-
JM KOHTYDP 3aMKHYT, TO HayalbHOIl TOUKOH MyTH MHTErPUPOBaHUA Bcer-
Ja cuuTaeTCA Ta TOYKa, B KOTOPOIl 3ajaHO 3HayeHUe MOJbIHTerpaibHoi
¢yuruuy (cregyer uMeTh B BUAY, YTO BelHYKMHA HHTErpana MOMET 3aBU-
ceTh OT BhIGOpa 3TOI HavalbHOW TOUKH).

dz
3.8. BbluucauTh UHTErpan /7 10 CIeAYIOMKUM KOHTYpaMm:
z

1) no monyokpysuocti |z| =1, y >0, Vi=1;
2) no noayokpyHoctu |z| =1, y >0, V1= -1;
3) no monyokpymuoctn |z| =1, y <0, VI=1,
4) no oxpysuocTn |z| =1, V1=1;

5) no okpysHoctu |z| =1, /~1=1i.

3.9. BpruucauTb uHTErpan /andz, rae:
c

1) C — epuHuuHasA okpy#HocTb U Lnl = 0;

2) C — envHMYHasA OKPYKHOCTb U Lni = mi/2;

3) C — oxpyxHocTb |2l =R u LnR=InR;

4) C — okpy#HocTh |z| =R u LnR =InR + 2mi.

3.10. BbIYyHCAUTL HHTerpan 2" Ln zdz, rne n — yenoe 4uClo u:
Jz1=1

1)Ln1=0; 2)Ln(-1)=mni.

3.11. Beiyvcauts uHTerpan 2z%dz, rme a — NPOU3BOJILHOE

KOMIJIeKcHoe uMeao u 1¢ = 1. [21=1
3.12. JokazaTb, 4TO / a* dz = 0 npu mo6oM BbiGope HaYaJbLHOTO
3Hayenuna ¢yssuuu q®. 1=1

3.13. [Ina warux a (0 € a < 27) CyWeCTBYIOT UHTErpabl:
nIL = /e_l/z dz; 2)I, = /6—1/21’ dz (p — HaTypanbHOE 4MCIO);

B3ATbIE N0 PaAMyCy-BeKTOpY TOUKY z = e® ?
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3.14. Jlokasatb, uto eciu |a| # R, To

/ |dz| < 27R
L Folal = T TaPT

3.15. [lokazaTh clepyiolmiue yTBepH#AeHUA:

1) ecan f(z) HenpepblBHa B OKPECTHOCTM Hayajla KOOPIMHAT, TO
27
lim /f(rei“’)dcp = 27 f(0);
r—)OO

2) ecnut f(z) HenpepbIBHA B OKPECTHOCTH TOYKH 2 = @, TO

. f(zydz _ _ .
lim / DA% = orif(a). .
|z—al=r
3.16. JorazaTh cienyoue yTBepPHKISHUA.
1) Ecau f(z) HenpepbiBHa B moaymnoioce x > Zo, 0 < y < h U cyect-
ByeT mpened le flz +1iy) = A, He 3aBuUcAWMI OT ¥y U pPaBHOMEpPHBIX
T o0

no y, To lim /f(z) dz = iAh, rae 3, — 0Tpe3ok BepTUKalLHOH NPAMOil
=00
Be
0 < y € h, npoberaeMblii CHU3Y BBepX.
2) Ecan f(z) HenpepbiBHa B cekTope 0 < |z — a| < 19,0 arg (z — a) <
< a (0 < a £ 27) ¥ cyuecTsyer npegen

lim [(z - ) /()] = 4,

TO /
m [ f(z)dz =iAa,
Ir

li

r—0
rie -y, — HaxoJAIAfACA B JaHHOM CEKTOpe Jyra OKpYHOCTH |z — al < 7,
npo6eraeMaH B NOJOMUTEJIBbHOM HalpaBJCHUH.

3) Eciu f(z) HenpepniBHA B 06aacTH |z| 2 Rp, 0 < argz < a (0 <a g
< 27) ¥ cymecTByeT npenel l_1+n;<> z2f(z) = A, To
z

Jim / f(2)dz = iAa,
Tg

rae I'p — npyra okpysHocT |z| = R, neaman B JaHHOH 06.JacTH, Mpo-
GeraeMas B HOMOKUTENLHOM HaMpaBlIeHWM OTHOCHTENBHO Hayala KOop-
OVHAT.

3.17. IJokazaTb ciefyolye TeOpEMBI.

1) Ecan f(z) nenpepsiBHa B obnacth |z| 2 Ro, Imz 2 a (@ — ¢urcu-
poBaHHOE JeHCTBUTEILHOE YUCIO) U B 3TOM 06nacTu f(2) = 0npu z — oo,
TO AJA 1O6GOro NOJOMKUTENLHOr0 Yheaa m

lim e f(z)dz =0,
R—o0
Tr
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roe I'r — Ayra okpysHoCcTH |z| = R, neaman B paccMaTpuBaeMoit 06-
nacty (aemma Kopdana).

Yxazanue. Ilpu olleHke Moayia MHTerpaja N0 MONYOKPYHOCTH
|2 = R, Imz > 0 Bocnone30BaThCA HepaBeHCTBOM sind > 20/7 aan
0 € 6 € 7/2, a npy oLeHKe N0 fyTaM, JealluM B HHHell NofymIocKoc-
i (B ciyuae a < 0), — TeM, UTO AAMHA Ka#AOH U3 HUX CTPEMHUTCA K |a]
npu R — oo.

2) Ecan f(z) uenpepniBHa B nonymiaockoctd Rez > o (0 — duk-
cHpOBaHHOE AeHiCTBUTEIbLHOE YMCI0) U B 3TOH monynaockoctd f(z) — 0
pH z — 00, TO [UIA MOGOro OTPULATENLHOrO Yncaa ¢

: zt _
ngnoo /e f(z2)dz =0,
Tr

rie I'r — nyra okpysHoctH |z] = R, Rez > 0. Eciu f(z) senpepbisHa
B noJymiIockocTH Rez € o, TO yTBepmIeHNe CHpaBeinBo, eciu t nojo-
AuTenvHo, a ['g — ayra oxpysuocru |z] = R, Rez < 0.

ODpumeuanne. JokaszaTeabCcTBO 06eUX TeOopeM MpHUBeldeHO, HANpH-
Mmep, B [3, ra. V, § 2, n. 73].

§ 2. HuTterpaabHaa Teopema Komu!)

3.18. IlokasaThb, 4TO eciy NYTL He MNPOXOAMUT uepe3 Hayajlo KOOPIH-
HaT, TO

Z
/‘—Zﬁ = lnr + ip + 2mik,
1

rie k — uesoe 1KciIo, yKassialoulee, CKONLKO pa3 Ny Th HHTerpHUpOBaHUA
06X0AUT Havallo KoopOuHaT (z = re'?).

3.19. Hoka3aTh, 4TO ecIM OYTh He NPOXOAUT 4eped TOYKM i, TO

Q@ =

T =1 T Em

rjge k — ueloe 4ucio.

3.20. IlokasaTk, yTo ecau C — TNPOU3BONbHBINA NPOCTON 3aMKHY ThIi
KOHTYp, He NMPOXOZALINHN Yepe3 TOUKY a, U i — LeJjoe YHuclo, TO

0, e n# -1,
/(z —a)'dz =< 2mi, ecam n = —1, a BayTpn C,
b 0, eciu n = -1, a BHe C.

3.21. Hurerpanvhas Teopema Koy cnpaBeannsa B clefylomeM ycu-
JeHHOM Buge: ecnu f(z) HenpepsiBHa B 3aMKHYTON o6nactu G, orpaHu-
YeHHOIf POCTHIM CNpAMIAeMbIM KOHTYpoM C, U aHaNWTH4Ha BHYyTpH G,

1y Bazaun Ha BEIUMCIEHNe MHTErPANOB, NPHBENEHHBlE B 3TOM M ClelylolleM napa-
rpacax, HOCAT B OCHOBHOM W/IIOCTPaTHUBHbLIH XapakTep. BonbWMHCTBO 3aay TAKOro
Pona nomewexo B §4 ra. IV, nocBAnieHHOM NPHMEHEHHIO TEOPHUK BbIYETOB.
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TO / f(z)dz = 0. JlokasaThb 3TO QA Cryuas 3Be3AHOr0 KOHTYpa?2).

c

Ykazanue. Cunraa C 3Be3NHBIM OTHOCUTENbHO Hayala KOOPAUHAT,
paccmorpeTh KoHTYpeI Cy: (= Az (0< A< 1, z € C) — U1 coBepwTL
npenenbublit nepexon npu A — 1 (cM., Hanpumep, [1, ra. V, 0. 8] uau [3,
ra. 1, § 4, n. 12]).

3.22, JlokaszaTh cleqyiolue yTBep#AeHUA.
1) Ecau f(z) anamutuuna B nonoce 0 € y < h, BIE flz+iy) =0
T o

o0 oo

1 UHTErpai / f(z) dz cymectByer, To uHTErpa’ / f(z +ih) dx Tarme
—00 —oo
cyllecTByeT, U 3TH UHTerpaibl paBHbl Mexay cofoii.

2) Eciu f(z) aHanutuna B yrae 0 € argz € a (0 < a £ 27),

oo
lim zf(z) =0 u unterpan /f(x) dz cymecTByeT, TO MHTerpan /f(z) dz
Z—=>00
0
BIONb dy4da z = re*®, 0 < r < 00, Tak}ke cyliecTByeT, U 3TH MHTErpalbl
paBHBI MeAxay coGoit.
YrazaHue. Bocnonb3oBaThes pesyibraTamu 3agaqu 3.16.
o0
2 m™ 32
3.23. JokasaTh, 4TO /e = cos 2bz dx = %Ze b,
0 2
Yrazauue. HurerpupoBaTh dpyHsuuio f(2) = e~ %" no rpaHuue npa-
moyroneHuka |z| < R, 0 <y < b u Bocnoab3oBaTbeA HHTerpaaom Ilyac-
(o8]

coHa /e‘t2 dt = /x.

-0
oo o
. is
3.24. JlokasaTh paBeHCTBa /cos:z:2 dz :/sm 22 dg = YT (unmea-
0

2v2
0
paavt Openeasn).
Yraszauue. Hurerpuposatsh dyurunio f(z) = e 1o rpaHHUlle CeK-
topa 0<|2| < R, 0 argz < w/4 v BOCNONb30BATLCA PE3YNbTAaTOM 3a-
naun 3.17, 1) (nonomuts 22 = ().
o0

3.25. lorazarb, 4TO /
0

sinz

dr = 12‘: (unmezpanr Jupuzae).

Yraszauue. Hurerpuposath ¢yHuumio f(z) = €?/z no rpanuue
obnacti r < |z] < R, 0 € argz < m ¥ BOCNONb30BAaThCA Pe3ylbTaTaMu
3ajau 3.16 u 3.17.

3.26. llokasatb, yro npu 0 < § < 1 cnpaBelJIMBbI PaBeHCTBa:

2) KOHTYp Ha3blBaeTCA J6€I0HbLM OMHOCUMEALHO HEKOTOPOLl MOoYKL, eclN KaA bl
Ay, BbIXOAAUIMH M3 5TOI TOYKM, BCTPEYEET KOHTYP B OQHOH TOUKe.
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o< Q
1) /xs‘l coszdz = ['(s) cos 7—;3; 2) /xs‘l sinzdz = I'(s)sin ?
0 o
Yrazauue. HurerpupoBath dyHrumio f(z) = 2°~ e~ no rpanuie
obnacti r < jz) < R, —7/2 < arg z < 0; Bocnonb30BaThCA pe3ynbTaTaMu
3agau 3.16, 2) u 3.17, 1) u unTerpaabueiM npeacraBaedueM [-dyurunn:
o0

I't) = /xt“le—z dz.
0

§ 3. Uurerpansnaa ¢opmyna Komu

Bceroay B 3ajauax storo naparpaga C o3HavaeT NpOCTOil 3aMKHY ThIf
CHpAMIAEMbII KOHTYD.
dz
3.27. Beruucnuth MHTErpan /T——, ecinu:
2> +9
c
1) Touka 3¢ memuT BHYTPU KoHTYpa C, a Touka —31 — BHe ero;
2) Toyka —3¢ NemUT BHYTpH KOHTypa C, a TouKa 37 — BHe ero;
3) Tourm =+ 3¢ nemat BHyTpHU KouTypa C.
dz
3.28. BoruucauTh Bce BO3MOHble 3HaUYEHWA HMHTerpana PR
Z\z* —
c
Npy pa3nuuHbIX Nodomenuax kourypa C. IlpennonaraeTca, UTO KOH-
Typ C He HpPOXOAUT HM Yepe3 OAHY M3 Todyer 0, 1 u —1.

3.29. Kakoe yucio pasinHyHbLIX 3HAYEHH MOMET NPUHUMATL UHTer-

pan /~dz——, rae wn(z) = (z — z21)(2 — 22)...(2 — zp) (z: # 2;) ¥ KoH-
& wn(z)
Typ C He NPOXOZUT HU Yepe3 OAHY W3 ToYen z;7

3.30. BbIuHMCIMTL HHTerpail / ;f—i_zf’ a> 1

|z—al=a

1 e*dz
.31. Bniu — [ = -
3.31. Brruucaurs MHTerpan 5 ,/z? o2 ©CIM KOHTYP C conep
MUT BHYTDM cebf KpyT |z]| £ a.
1 ze*dz

= | T/ €CJIM TOYRa a JeHHUT
2mi J (z—a)?’
C

3.32. BelyuCIUTL HHTerpain

BHyTpH KoHTypa C.
Ykasaunue. BocnonbsoBaTbed GoOpMyaaMH 1A NPOU3BOAHBIX UHTEr-
paaa Romu.

z
3.33. BbiuucauTe uHTErpai %/ e dz eciu:

mi J z(1 —2)3’
a5

1) Touxa 0 nexuT BHYTpPH, a Touka 1 — BHe KouTypa C;
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2) Touka 1 seuT BHYTpH, a Touka 0 — BHe KoHTypa C;
3) Tourn 0 u 1 o6e nemar BHyTpH Koutypa C.

3.34. Oynruus f(z) anaautuyeckas B 061acTy, OrpaHHYeHHON npoc-
TBIM 3aMKHYThIM KOHTYypoM C, cofepaumuM BHYTpU ceba Hayalo Koop-
auHaT. JokasaTk, uTo npu M060M BbiGOpe BeTBU Ln 2

571r_i /f’(z) Lnzdz = f(z9) — f(0),
&

rAe zp — HavyaabHasm TOYKAa UHTErPUPOBaHUA.
Yrkaszauue. HHTerpupoBaTh 110 YacTaAM. .

z+
Z—

3.35. BbluuciuTh uHTErpan 51—/22 Ln idz, ecin Lna =Ina
me

ana a >0, u koutyp C: ¢

1) oxpysHocTb 2| = 2;

2) okpyHOCTL |z —1] =1 W HavanhHaa TOYKA MHTErPUPOBaHUA
z=1+1.

3.36. Cornacno Teopeme Jluysunin, ¢pyuruua f(z), aHannTudeckan
¥ orpaHuueHHasA BO BCell IJIOCKOCTH, ABIAeTcA nocroaHHOi. [lokasaTb

3Ty TeopeMy, BLIYHCIUB MHTerpal / (z—:—_f(az))(—jzjlﬁ (la| < R, bl < R)
|2]=R

¥ MPOU3BeJA ero oleHKry npu R — oo.

3.37. Ilycte f(2) avanurnyHa B 3aMKHYTOH 06J1aCTH, OrpaHUYeHHOH
rouTypom C; 21,22,...,2, — PpasiU4Hble NMPOMU3BOJLHbIE TOUKU BHYT-
pu C u wp(z) = (2~ 21)(2 — 22)...(z — 2,). Ilokasarb, 4To MHTerpan

. 2m'c wn(€) -z

ecTb MHorouned (n — 1)-it crenenu, cosnajatomuit ¢ f(z) B Tourax zi,
22, ..y 2n, (MHOrounen P(z) HasbiBaeTCA LHMEPNOAAUUOHHbIM MHOZOYAE-
Hom Jlazpansca.)

3.38. Hokasath ciegyiouwyto TeopeMy (fopmyaa Kowu das 6ecronet-
Hotl o6aacmuy).

ycts C — npocToit 3@8MKHYTbI#i KOHTYP, OrpaHHMYMBAIOIUN KOHeY-
Hyio obnactb D. ®yukuua f(z) aHaaMTHYHA BO BHEIIHOCTH o6aacTH D
u lim f(z) = A. Toraa
2—00
1 Q) ~f(z)+ A, ecad Touka z NPUHALIEHUT
5 [0 d¢ = BHeWHoCTH obracT D,
e (-2 A, eclIM TOYKa 2 NPUHAMIEKHUT obnacTu D.

Routyp C 06XOAUTCA B [OJNOMUTENLHOM HArpaBIEHHHM OTHOCUTENbHO
o6nactu D.
Yrasanue. CHauana paccmorpers cayyaii A = 0.
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3.39. Ilyctb ¢yukumua f(z) u KoHTYp C YHOBIAETBOPAIOT YCIOBMAM
npeablayLel 3agayy.
JloKa3aTh, YTO ec/i Ha4yalo KOOPAMHAT NPHHANIeHUT obaact D, To

JO) 4 0, ectu z € D,
2m Cz-(2 (= (2)/2z, ecmn z¢ D.

§ 4. CreneHHble pAIbI
OTbicKaHUe paguyca CXOOUMOCTH

B saaaqax 3.40-3.51 onpenenuTb pazmycm CXOOMMOCTH p,cmors

3.40. Z—. 3.41. Z . 3.42.Zn . 3.43. Z
n=1
3.44. Z;L—,;z". 3.45.Zz"’, 3.46. iz”z"’. 3.47.2#"
n;l n=0 o~ n=0 o n=0
3.48. > [3+ (-1)""z". 3.49. ) cosin-z". 8.50. ) (n+a")z".
n=0

n=0 n=0

o~ ol +1).(a+n—1)BB+1)..(B+n—1) n
3.51. 1+ T v

n=1

3.52. Paguyc cxogMMocTH pAja Z cnz" paBeh R (0 < R < o).

n=0
Onpeacnnrb pa;:mycbr CXOAMMOCTU PANOB:
o0 oo
C

Z n"cp2™; Z(Z" - Den2™; 3)2 ;"!—z"; 4)2 ntcpz";

n=0 n=0 n=0 n=1

o o
5)}: k2 G)Z(l + 2§ )en 2™

n=0 n=0

3.53. Paauychbl CXOOZUMOCTH PALOB E anz™ u E bp2™ paBHBI COOT-
n=0 n=0
BETCTBEHHO 7] U Ty. UTO MO?KHO cKasaThb 0 pannycax CXOIUMOCTH PANOB:
>0

1) > (an +bp)2™ Zan 22" 3) }: an ,n9

n=0 n=0 n=0

3. 54 HpocyMMHpoBaTb npn 12| < 1 cnenylomne pAnBL:

1)an 2)2 22 — 4)2 1)"+1z.

n=1 n=0
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HoBeneHue Ha rpaHyue Kpyra cxXoguMoCTH

B zapayax 3.55-3.61 nccienosaTh NnoBeieHUe CTENIEHHOro pAla Ha rpa-

HULle Kpyra CXOAMMOCTH.
n

o0 o0 n oo
3.55. Zz". 3.56. » % 3.57. Z —Zn?
n=1 n=1

n=0
oo oo
" 2Pm
3.58. ( n .59. — (p — .
58 Z ~—z 3.59 Z - (p — HaTypalbHOe YHClIo)
n=1 n=1 .
(o] o0 1
(=D" sn-1 2"
3.60. Z-ln—n—z . 3.61. Zﬁ.
n=2 n=1
Brtopasa Teopema Abeasn
oo
CornacuHo BTOpoii TeopeMe AGens, eciy PAX ch CXOQUTCA, TO
=0
[ee} > "
. n_
l:rrllchr —zCn (0<r<l).
n=0 n=0

3.62. [lokasarb, 4TO Teopema, o6paTHasa BTOpoil TeopeMe Abead, He
o

UMeeT MecTa, T. €. NIPMBECTH TNPUMEDP pacxoislueroca pana _;_ Cn, MIA
o0

. n=0
KOTOpOTO CyllecTByeT npefen lim E cnr™.
r—1

n=0
3.63. llonb3ysack BTOpOl Teopemoil AGena W pelleHreM 3agayn 3.54,
JOKasaTh Cleyoue paBeHCTBa:
oo
cosm .
1) Z____‘E = —ln‘ZSm%I (0 < || € 7);

n

n=1
o0 .

2) y T :”;“’ (0 < o < 27);
n=1

n
= cos(2n+1)p 1 @
3) Z_O“zn—r=§h‘}“g5‘ (0 <lgl <m);
2 sin (2n + 1)
E S G Y} .
4)n~0 my1 1 O<e<m;
o0
_qyn+rcosny . - .
5) ng_l( 1) - ln(2sm2) (—7 < p < 7);
o sinng @
—_qynHi3nne @
6) nzﬂ( 1) - 5 (-7 < p<m).
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2 (~1)Vrln
3.64*. Jlokasath, 4To psg E EOYES

n

cxopuTcs HeaGCONIOTHO

BO BCeX TOYKax rpaHulibl Kpyra E)Tcl)nMMOCTH.

Yrazanue. Ecmu z = 1, To pa36uTh pAfd Ha I'PpyNNbl craraeMbIX of-
HOIO 3HaKa M 0Ka3aTh, YTO 3TH I'PYINIbI YIOBIETBOPAIOT YCIOBUAM NPU-
3Haka JlefiGHuLa A4 sHakoYeperyomuxea pagos. Eemu jz| =1uz #1, 10
BOCNONL30BaTLCA TeopemMod u3 3agayu 1.90, nojomus a, = (—1)[\/ﬂz",
b, = 1/n.

3.65. [loxazaTb, YTO eclid NOCJAEN0BATENLHOCTh AeHCTBUTENbHBIX TO-
NOAUTeNbHbIX ukcel {G,} MOHOTOHHO CTPEMHUTCA K HYJIO U pafUyC CXo-
(o0}

JUMOCTH pAfa Z anz" paBeH 1, To 3TOT pAL CXOAUTCA BCIOAY Ha OKPYHi-
n=0

HOCTH |z| = 1, UCKITIOYas, 6LITh MOMKeT, TOYKY 2 = 1.

Yrasanue. Bocnonb3oBaTbcA NpU3HAKOM cXogumMocTH [lupuxie
(em. sanauy 1.88).

o0

3.66. JlokasaTb, YTO eC/H PAX z Cn2™ CXOOUTCA B TOUKe { = Re® na
OKPY#SHOCTH KPyTa CXOZMMOCTH, 1o gn CXOAUTCH PAaBHOMEPHO BO BCAKOM
3aMKHYTOl obnacTu (G, NpUHAAdemaliell KPYry CXOOMMOCTH, Jesamieit
B yrie Meiay KakUMHM-HUOYIb ABYMSA XopaaMu oKpymuoctd |z| = R,
BLIXOAAWKMU U3 TOUKH (, U He cofiepAkaliiell HUKAKUX TOYEK OKPY#HHOC-
TH |z| = R, KpoMme Touku (.

lIpumeuanue. ITo yTBepa#aeHue ABIAeTcA Goiee obwed dopmoit
BTOpO# TeopeMbl Abens (cM., Hanpumep, (2, ru. 11, § 7]).

§ 5. Pan Teitgopa

Pasnomenue yHkuuht B pag Tehaopa

B zapauax 3.67-3.81 ykasaHHble GYHKUMM pa3JIOKUTb B CTeNEHHOHN
o0

pAO E c.nz" 1 HalTU paguyC CXQOAUMOCTH.
n=0

3.67.chz. 3.68.shz. 3.69.sin’z. 3.70. ch’z.

JaY. a _ y,alna g ;= 1414
3.71. (a + z)* (a*=¢e ). 8.72.z+1 (\ﬂ 7 )
3.73. — (b£0). 874 —— . 375 —Z
T az+b TN 244137 T (4 1)
3.76. n 12 3.77. Arctgz (Arctg0 =0).

1—2 .
3.78. Arshz (Arsh0=0). 3.79.In(2? -3z +2).
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3.80. /e dz. 3.81. /S“”’

B sagauax 3.82-3.87 ykasaHHble OYHKUMKM Da3f0MUTbE B pAM [0 CTe-
neHaM (z — 1) U HaHTH paguyc CXOOUMOCTH.

zZ

3.85. 7 (é/i:if;—‘/—g) 3.86.Inz.  3.87.sin (22 — 2%).

B 3apavax 3.88~3.92 HaiiTu nepBbie MATE YWICHOB Pa3loeHUA B PAL
[0 CTeNeHAM 2 YKa3aHHBIX (GYHKUMUHA.

3.88. %1%, 3.89.  /cosz (y/cosz =1 mpu z = 0).

3.90. (1+2)? =er™(+2) 3.91.¢7. 3.92.e*In(l+2).

2

3.93. 1) PasnouTh B pAf 10 cTenenaM z dyrrunio In (1 + e*) (Hait-
TH pekyppeHTHOe COOTHOLIeHNe Mesay KRoab@UIHeHTaMU pAada).

Yrasauue. lpensapuTelsHo HAWTH pasioMeHre MPOU3BOAHON NaH-
HOH QYHKRUKUH.

2) llokasaTb, YTO €ANHCTBEHHBIM Y/AEHOM DAa3NOKEHUS, COAEPHAMM
HEYEeTHYIO cTeneHb z, Gyner z/2.

Ywxaszauue. BocnoabsoBaTteca ToMmectBoM In(1+e€*) —1In(l+
+e7%) = 2.

B 3apauax 3.94-3.98, nonb3yAch yMHOMEHUEM pAIOB U TOACTaHOBKOH
pAfla B pAl, PasjomUThL B PAALI MO CTENEHAM 2z yKadaHHble QYHKUUU.

3.94. In(1 - 2))%. 3.95.[Ln(1—2))? (Lnl =2m).

3.96. (Arctgz)? (Arctg0 = 0).

3.97. Arctg zIn (1 + 22) (Arctg0 =0). 3.98.e*/172,

3.99. JIOKaSaTb 4TO ecaM pasioxenue ¢yHKRUMM 1/cosz 3anucath
= Z( n® 2323' 2%", To uncna Es, (uucna Jitnepa) ymos-
neTBopﬂwT COOTHOLLIeHMHM

Ey=1, Eo+( 22" )E2 .+ ( 2 Y Ban = 0.

3.100. JokasaTh, YTO eciau pasnomeune ¢yukuun z/(e* — 1) B pan

= Z ——z , To uncna By, (uucaa
n=0
Bepnyaau) ynoBneTBOPAIOT COOTHOMIEHUAM

Bo=1, ("¢1)Bot (" T )Bit+ ("1 )Ba=0.

no CTeneHAM 2z 3anucaTth B BHlIe
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3.101. [lorasaTb, 4TO Bce Yuciaa BepHyaau ¢ He4YeTHhIMU HHIEKCaMH,

Kpome B;, paBHbI HyIO.
z —2
YrasaHue. Bocnoab3oBaThCAl TOHAECTBOM pr g eﬁz ) =

3.102. Paznoxuth B pAX N0 cTeneHAM 2z QYHKUHMIO 2 ctgz ¥ HallTH
pagydyc CXOLHMOCTH MOJYyYEHHOro pAja.

Y kasauue. Bocnonb3oBaTbca BhITeKaomWuM U3 popmyn Jitaepa pa-
BEHCTBOM z ctg z = iz + 2iz/(e%* — 1).

3.103. Paanomuth gaHHble PYHKUMUHU B pAALI 10 CTENEHAM z H HailTH
painychl CXOAUMOCTH TONYUYEHHBIX PAAOB:

S K4
1) In uzlz; 2)tgz; 3)Incosz; 4) —.

sin z

—2.

3.104. [okazaTb, YTO K03bDULHEHTHI ¢, Pa3l0KeHNA

1 o0
n
—_— = Cn2
1l—z-—22 Z "
n=0
VHAOBIETBOPAIOT COOTHOMIEHHIO Cp = Cpn—1 + Cn—2 (n > 2). Haiit ¢, u
paguyc CXOAMMOCTHU pAja.

Mpumeuanue. Yucna ¢, HazuIBaAOTCA yucaamu Qubonavuu.
A+ Bz + C2?
oy Ry e Z cnz" (a # 0) HaiiTh

Cp, C1, C2, @ TaKMe peKyppeHTHoe COOTHOI.I]eHI/Ie Memuy Cn, Cn—1, Cn—2,
Cn-3 (n P 3)

3.105. B pasnomeﬂuu

HpousBogamue pyHKUHUMU CHCTEM MHOTOUYIEHOB

Eciu B HekoTopoM kpyre [t| < R uMeeT MecTo pasnoenue
o ]

F(t,2)= Y fal2)t"

n=0
To ¢yHruua F(t,z) HasviBaercA npouseodawell Pynryued naa n0CAENO-
BatenabHocTH {fr(2)}. YacTo HekoTopble cBoOMCTBa NOCIEA0BAaTENbHOCTH
dyuruuit {f,(2)} ymaercs norasarh, onupasAch Ha CBOMCTBa ee POU3BO-

aAwet GyHKRUMHU.

3.106. IoamHombI BepHynnn (pn(z) OMnpefieNIAIOTCA pasiomeHneM

et* — 1 Z ‘Pn(z) ",

lloxaaarb cleyrounime ux caouc*raa

1) gn(z + 1) — pa(z) = n2"Y;
2) ecin m — HaTypalAbHOe YUCIO, TO

<p"+.1|_(11n) =1+2"+3" 4.+ (m - 1%

5 JI.U. Bonxomnickuit u ap.
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n—1
3) pn(z) = Z ( z )Bkz""“, rae By — uucna Bepuynnu (cm. 3aga-
gy 3.100).  *=°

3.107. ®yuxkuusa —l—ﬁ ABNAETCA Npou3BoAAlLIel NIA NONH-
— otz + 12
HoMoB Jlemanzpa P,(z):

P,

v1—2tz+ t" Z (z
JlokasaThb COOTHOLIEHUA:

1) (n+ 1)Ppy1(2) — (2n+ 1)2P,(z) + nPp—y(2) = 0;
2) Pa(2) = Pppy(2) = 22P,(2) + Py (2);

3) 2n+1)Pa(2) = Ppys(z) = Proa(2).
Yrazanue. [JuddepeHunpoBaTh NpoM3BOAALYIO (PYHKIHUIO COOT-
BETCTBEHHO 110 £ U MO 2.

3.108. Hoab3yacs uHTerpansHoi popmynoit 1A ko3 huUHeHTOoB pA-
na Teitnopa, nokasaThk, 4TO ec.rm ~1<s<1, 10

¢"d¢
Pu (s 2mi /

rae C — oKpy*HOCTh paguyca R > 1 ¢ ueHTpom B Touke ¢ = Q.

2

8.109. JlokasaTh, 4T0 PYHKUNA Ty

AIBIieTCA NPOU3BOAALLEH

ans nonuHomMoB YeGhleBa
Tn(z) =

HMonbayack ﬁHTerpaanMMM dopMynamu aas koadpduuuenTos pajga Teit-
Jopa, ycTaHoBUTh, YTo 4T,11(2) — 42T,(2) + Tn-1(2) =0 npu n > 2.

3.110. Homuxombr Ipmuta—Yeboimesa H,(z) onpenensiorca pasno-
MEeHUeM © g )
2tz—t2 _ ni\Z) n
e = E - t".

n=0
okrasaTs cileqyroumune COOTHOLIECHUA!:

1) Hpy1(z) — 22Hp(2) + 2nHy1(2) =0 (n 2 1);
2) H) (2) =2nH,_1(2) (n 2 1);
3) H)(z) — 2zH,(z) + 2nH, (z) =0 (n2>0);

2d z
8 H@) = (~1re” £ET)
3.111. Honunomer YeGbleBa—Jlareppa MO#HO ONpeleNUTb PaBEHCT-
i BOM ne n,—z
’ Lo(z) = e £E"70)

dzn
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HaitTn npoussogamy:o ¢yHKUUIO MIA MociefoBaTenbHocTH {Ly(2)}
W C ee NOMOLBIO NMONYYUThL PEeKYPPEHTHYIO (GOpPMY.y, CBASLIBAIOIIYIO

Lno1(2), La(2) u Lpsa(2).

Mpumeyaune. B sagayax 3.107-3.111 paccmoTpeHb! JUlIL HEKOTO-
pble YacTHbIe CBOWCTBA YKa3aHHBIX CHCTEM NOJMHOMOB. O Opyrux Bam-
HeMuX UX cBofcTBaX, UIpaloIUX GONLIIYIO POk NPU pElIeHUH pasinuy-
HBIX 38/1a4 MaTeMaTHYecKoi QU3NKH, CM., Hanpumep, [3, ra. VII, § 2] uan:
Kypaut P, Tuns6ept JI. MeTons! MaTemaTHueckot dusurM. — M.:
loctexuapar, 1951. — T. 1, ra. I, VIL

Pewenne fudpdepeHunanbHbIX YPaBHEHUH

B zagavax 3.112-3.114 HaiiTu pemeHUA NaHHbIX AU depeHUHaTbHBIX
ypaBHenuuil, ynosieTsopaiomue yeaosuaM w(0) =0, w'(0) = 1.
3.112. w" — 22w = 322 — 24
3.113. (1 —22)w" — 2zw' +n(n+ Dw = 0.
3.114. (1 - 29)w" — 42w’ — 2w = 0.
oo
3.115. Pasnomutb 8 pAa Buia chz" byHRUKIO cos (m arcsin z)
n=0
(arcsinQ = 0), coctaBuB AuddepeHuyanLHOe YPaBHEHHE, OQHUM U3 pe-
IeHNUH KOTOPOro ABAAETCA 3Ta QyHKLMA.

3.116. MuddepenunanbHoe ypapHeHue

d*w dw
2(1 - z2) 17 +le—(a+b+ 1)z]-a; abw =0
HA3bIBAETCA 2LUNEP2EOMEMPUYLECKLM.
HaiiTn aHaauTuyeckoe B Touke z = 0 peumenne w(z) runepreomerpH-
YeCKOro ypaBHeHMA, yaoBAeTBopAoliee yeaosuio w(0) = 1, npeanonaras,

4YTO ¢ He paBHO HYIIO WIM UeA0MY OTPHUATENLHOMY UHCIY.

3.117. JokasaTh, uTo obllee peluieHHe rUNeprecMeTpHYECKOra ypas-
HeHHUA UMeeT BUA (¢ He PaBHO LENOMY YHCILY)

w=CiF(a,b,c,z) + Co2" °Fla4+1—-¢,b+1—-¢,2—c¢, 2),
rae F(a,b,c,z) — ¢yHkuua, onpefeleHHan B npeaptayuielt sagadye (ru-
nepreoMeTpUYeckUil pax).

3.118*. JlokasaTh, 4TO ec/M ¢ He PABHO HYMIO MM LeJOMYy OTpUla-
TeNbHOMY YHCHY, TO :
dF(a,b,c,z) _

ab .
- —(-:—F(a+1,b+1,c+1,z).

5*
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§ 6. HeroTopble NpHIOKEHHUA HHTerpalbHoH ¢popmyisl Komu
U CTeNeHHbIX PAJOB

Hynu aHaauTHyecKUX GYHKUUN

3.119. JloxkazaTh, UTO TOYKa 2o TOrAa U TOJbKO TOrAa ABJIAETCA
HyZleM NopAAka k aHaauTHYecKol pyHkuuu f(z), Korga B HEKOTOPOH OK-
PECTHOCTH TOYKH zp MMeeT MecTo paBeHcTBo f(2) = (z — 20)*¢(2), rae
GyHKUNA p(2) aHATUTHYHA B TOUKe zo U ¢(2g) # 0. :

3.120. Haittu nopagok Hyasa z = 0 gaa ¢pyHKUMii:

2 . B

1) 22(e*” —1); 2) 6sinz® + 23(2% — 6); 3) e¥in® — '8 2,

3.121. To4xa zp ABAAETCA HyJeM nopagka k mia dyuxumu f(2)
v Hynem nopsaaxa ! ana ¢yHruun o(z). YeM fABadercA Touka zp WA
crnenyromux GyHKUUNA:

1) f(2)e(z);  2) f(2) +o(2);  3) f(2)/0(2)?
B 3apauax 3.122-3.136 HailTy mopAAKHK Bcex Hynel JaHHBIX QYyHKUMMA.
3.122.22+9. 3.123. 2+ 3.124. zsinz.

24

— %) sinz

3.125. (1 —e?)(22 —4)°. 3.126.1—cosz. 3.127. &
3.128. L1282 3129 6% 3.130. sin’ 2.

zl

sin® z

3.131. — 3.132.sinz%.  3.133. cos® 2.
3.134. cos2®. 3.135. (/z—2)°. 3.136. (1 — /2 —2cosz)>.

TeopeMa €eINMHCTBEHHOCTH

3.137. Mosker 1 nocaefoBaTenbHOCTh Hyael (Mayu Boobue A-Touek)
$YHKUMM, OTAUYHOH OT TOMAeCTBEeHHOH NMOCTOAHHON W aHaAMTH4YecKoi
BO BCell KOHEYHOM MIOCKOCTH, MMETh NPEAeibHYIO TOYRY?

3.138. CyumectByer A byHKUUA, aHaauTHYeckad B Toyke z = 0 U
NpUHMMaIOWaA B Toukax z = 1/n (n =1,2,...) 3Ha4eHud:

1 1 1 1
10,1,0,1,0,1,.,0, L5 2)0,5,0,3,0, 5,000, 75
i lilll 1l o yi23456 n_ .
2727446767727 2777 2734’56’ 7 " n4+1"""

3.139. CymecTByoT nu GYHKUUM, aHAIUTHUYecKHe B Touke 2z = 0
¥ YOBIETBOPAOIUE YCIOBMAM (n — HaTypalbHOe YMCI0):

21 (-1 2D -

uMeeT 6eCKOHEeUHYIO NioCc/eJoBaTeNbHOCTD

. 1
3.140. ®yuxruua sin T—2
HyZel, CXOAAWYIOCA K TOYKe 2 = 1, HO TeM He MeHee 3Ta QYHKIUA OTIUY-

Ha oT nocroaHHo#. He npoTuBOpeuuT N1 3TO TEOpeMe eIUHCTBEHHOCTH?
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BolpaseHue aHalUTHYECKON PYHRLUUHU
yepe3 ee AEHCTBUTENbHYIO UIU MHUMYI0 YaCTH

3.141*. ®ynruusa f(z) = u(z,y) + iv(z, y) aHaIUTHIHA B TOURE Zg =
= g +1yo u f(20) = ¢o. lokazathb, 4TO

=252 57)

3.142. JlorazaTh, YTO B YCNOBUAX NpeAbIAylleil 3agaun

f(z) = 2iv(z—+2ﬂ,—z—;i~z£) + -

B sapakax 3.143-3.145 uaiity aHaauTuuecxkyw ¢yHrumwo f(z) =
= u(z,y) + iv{z,y) 00 HaHHON ee JEHCTBUTENLHON MIM MHUMOI 4acTu.
3.143. u(z,y) = 2% —y% + 2.

3.144. u(z,y) = e*(zcosy — ysiny) —2

2 4+ y2 -
3.144. v(z,y) =z +y—3. 38.145. u(x,y) = cosxshy — shxsiny.

Hepareuctra KRomu

3.147. Ilyctb pasnomenne dyusuun f(z) B kpyre |z < R umeeT Bua

flz)= Z cnz™.
n=0
2m o0
1) lokasaTb, uTO %/l)‘(rewﬂ2 dp = z;) lea?r®™ (r < R).
0 n=

2) oxasaTb, 4TO eciu Imlaxlf(z)l = M(r), TO KO3}PULUEHTD! ¢y
z|=r

YIOBNETBOPAIOT HepaBeHcTBaM (Hepaserncmea Kouwiu)
M(r)
— (r < R).

len| <

3) llokasatb, 4T ecau XoTA Gbl 0AHO U3 HepaBeHcTB Kown oGpautaet-
Cfl B PABEHCTBO, T. €. |cx| = M (r)/r*, To dynrunsa f(z) umeer pua f(z) =

= Cpr”.
Y kaszauue. Bocnoap3oBaThea cnefylomdM U3 . 1) HepaBeHCTBOM
o
2..2n 2
> leal’r®™ < [M(r)]
n=0

3.148. C nomouibio nepaseHcTB Koy nokasate meopesmy Juysuaan:
ecny GyHruuA f(z) aHaauTH4YHA BO BCell IUIOCKOCTH M OTpaHHYeHa, TO
OHa MOCTOAHHA.

IIpumeuanue. Jpyroii cnoco6 fokasaTenbcTBa Teopems! JInyBumia

yKasaH B 3agave 3.36.
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3.149. JlokasaTb, YTO paccTosHMe Gnuaiiero K Touke z = 0 Hy-
o

pleol

na oyukuuu f(z) = Cnz™ He MeHblle, YeM ———— T[e moGoe
dynrn f()nizon ; M+l e

YuClIo, He MpeBblIaloliee paguyca CXoOuMOCTH paAna, a M = M(p) =

= max | f(z)].
lz|=p

Yraszanue. YcTaHOBUTH, 4TO OyHKuuA f(z) He uMeeT Hylell B 06-
nactu, rae |f(z) — co| < |cof, v ouenuts {f(z) — cof, Bocnoas3oBasuIiich
HepaBeHcTBaMH RKowmn.

o
3.150. Qyuruua f(z) = chz" aHanuTHveckan npu |z| < r. Jo-
oo n=0

n
Cnz

KasaTb, 4TO pAf p(z) = E "l CXOAUTCA BO BCEH MIOCKOCTH U AJA
n.

n=0
ero cymMMbl cripaBenausbl otenrnu |p(z)] < Mel®/™, |p®)(2)| < Mk e/
r

(M — nocroaxHasn).

Teopembl nnomwanget oNA ODHONUCTHBIX PYHRKUUN

oo

3.151. Ilycts dyuruuna f(z) = Z cnz™ aHaauTUYHA B KpyTe 2] £ 1
n=0

1 oTOGpaxaeT 3TOT KPYT OJHOMAMCTHO Ha obnactk G nuowagu S. Joka-

o0
3ath, ut0 S =7 Zn]an.
n=1

YKaszaHue. 3anucath GopMyay OiA BbIUHCAEHUA MJIowWaad S B Mo-
JAPHBIX KOODAMHATAX.

Hpumeuvanue. Ecau onycTuTs yeaoBHe 0JHONMCTHOCTH, TO OTAENAb-
Hble yacTh 06nacTH G HYHO CUMTaTh CTOIbKO pa3, CKOJIbLKO pas MpH-
HUMalOTCA B Kpyre |z| € 1 coorBeTcTBYlOMMe 3HaUeHua pyHkuuu f(z).

3.152. [orazatb, 4TO eclu B YCJOBHH Npelpifylueil 3agaun dyHK-
una f(z) aHanuTHYHA TOJAbKO B OTKPhITOM Kpyre |z| < 1 u ecau npu
9TOM CYIiecTBYeT KoHeuHbi#t npegen lim S, = S, roe S, — niowanb 06-

o r—1 S
pasa kpyra |z| < r < 1, To pan Z ncn|? cxomutea u ero cymma pasna =

n=1
o

JokazaThk Takme, yTo ecau lim S, = co, To pAn Z nlca)? pacxomures.
r—1 1
Mpumeuanue. Cm., Hanpumep, [4, ra. XIII, §1].

3.153. 1) lonbayack peuweHneM sapfauu 3.151, fokasaTek, 4To ecam
f'(0) =1 u dynruua f(z) orobpamaer KOHGOPMHO U B3AUMHO ORHO3HAYHO
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kpyr |z| < 1 Ha HekoTopyiO o6nacThk G, To mAowWaAbL o6aacTi G He MeHbIle
nowany 0To6pamaeMoro Kpyra (KcmpemantbHoe ceolicmeo omobpayceHiLs
Ha Kpye).
2) JokrasaTb, uTo U3 BeeX OyHKUMHA f(z), aHanuTHUHBIX B KpyTe |2]| <
27
€ R ¥ yROBIeTBOPAIOIIHUX YCIOBHIO /lf(Re’"")]2 dp = M, nuHehnas
0

¢GyHELUMA peanusyeT oToOpameHHe Kpyra Ha o6nacTb HaMMeHblIeil
naomaau. Hafitu aty nuomazns, ecan f(0) = 0.

IIpyHUuMD MakcuMyMa MOAY A

B zapavax 3.154-3.157 cregyeT BOCHoAb30BaThCA NMPUHLUUIIOM MaKCH-
MyMa MOOYIA.

3.154. Jlokazarb, uto ecau dyHRUuHA f(z), OTAMYHAR OT KOHCTAHTHI,
aHanuTHyHa B obnactu G u He ofpawaeTca B Hyab, TO MUHUMYM |f(2)]
He MOKeT JOCTUraThcl BHYTpH obaacty G.

3.155. 1) JokaszaTb, 4T0O BHYTPH 061acTH, OrpaHMYeHHON npocTol 3a-
MKHYTOI JuHMelt ypoBHA Moayaa ¢dyHKuuH f(z) (1. e. 1uHUell, BO BeeX
TouKax KoTopoit |f(z)| = const) u cogepsalueiica BMecTe ¢ rpaHulued B
o6aactyu aHanuTHuHocTy dynruuu f(2), Hailferca no KpaitHelt Mepe o0fuH
HyJb 310l dyukuuu (f(z) # C).

2) Jlorazatn, 4To ecaun P(z) —— MHOrouYjieH CTENeH# N, TO TUHWH YPOB-
usa ero Moayias |P(z)| = C (aemruckame) MoryT pacnagatbes He Golee,
YyeM Ha 7v CBA3HbIX KOMIIOHEHT.

3.156. lorasatb semmy Hleapya: ecnu dynruua f(z) aHaruTH4YHA B
kpyre |z <1, f(0)=0 u |f(2)| < 1, To Bo Beem kpyre |[f(z)] < |2|.

loka3aTb Tak#e, 4TO €Cld XOTA Gbl B OHON BHYTpPEeHHeH TOYKe Kpy-
ra |f(z)] =|z|, To f(2) =e'*z (@ — neiicTBUTENbLHOE HHCIIO).

Ywazauue. Paccmorpers dyuuuuio f(z)/z u npuMmeHuTh K Heft
NPUHUKAN MAKCHMYMa MOLYJIA.

3.157. JlokasaTh, 4TO ecid B npedbiayiieii 3agaue yciosue f(0) =
= 0 3amenuTs ycioBueM f(a) = 0 (fa} < 1), To npu |2| < 1 cnpaBeanuso
zZ—«
1-azl
Yrasanue. PaccMorpers GyHKLUIO

HepaBeHCTBO |f(2)| €

= £(2).

z —



FTABA IV

PAN JIOPAHA. OCOBBIE TOYKH
OJHO3HAYHBLIX AHAJIUTUYECKHUX OYHRKIIUN.
BBIYETBHI U UX IPUMEHEHUA

§ 1. Pan Jlopana

B zapauax 4.1-4.18 pannyio ¢dyHKUMIO pasnoxuThk B pAd JlopaHa au-
60 B YKa3aHHOM Kouable, 1160 B OKPeCTHOCTHM yKa3aHHON Touku. B no-
clelHeM clyyae HafJe;xUT OnpefeluTb 06/acTh, B KOTOPOH DpasiomeHue
“MeeT MECTO.

4.1. ! B OKpecTHOCTH Touek z =0 U z = oo.
Z —
4.2. (_"I—)T (a # 0, k — HaTypaibHOe YMCI0) B OKPECTHOCTH TO-
Z—a
yek 2 =0 u 2z =o00.
4.3. 1 B OKpecTHOCTH Touek z =0, 2 =1, z = o0.
z2(1—z)
1
A, a €CTHOCTH TOYeK =
4 CEICED) (0 < la|] < b)) B orp z = 0,
z=a, z=00 U BRKoIble |a] <|z| <|b.
2 -—
4.5. _F 2245 B OKPECTHOCTH TOUKM z = 2 1 B Konblle 1 < |z] < 2.

z-2)(2+1)

1 k
4.6, ————— B OKPECTHOCTHU TOYEK Z =1¢ U 2 = OO.
@+1)

4.7. \/(z —a)(z = b) (|b] = |a|) B okpecTHOCTH TOUKM z = oo {pac-

cMOoTpeTh 06e BeTBU (QyHKLNH).

4.8. f(z) = z ) (Imf(g) > 0) B Kombile 1 < |z| < 2.

(z—1(z-
4.9. z%¢'/#* B okpecTHOCTH Touek z=0 U 2z = 0o0.
4.10. e!/(1=2) p okpecTHOCTH TOUek z =1 U 2z = co.

22— 4z

4.11. cos G——-z)i

B OKPECTHOCTH TOYKK 2z = 2.

. 1
4.12. 2%sin 77 B OKPECTHOCTH TOuKM Z = 1.
z —

4.13. e*t1/* B obnactu 0 < |z] < co.
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4.14. s'mzsin% B obaactu 0 < |z| < oo.

B OKPECTHOCTH TOYEK z = luz=0 (B nociaeiHeM

. z
4.15. sin 1

Cllyyae OrpaHUyYMTLCA YEThIPbMA NEPBbIMHU YIeHaMHu pAja).
4.16. ctgz B OKpecTHOoCTH ToYkH z =0 u B Koable 7 < |z| < 27.

4.17. mn 2=
Z

a
b B OKPECTHOCTH TOYRN Z = OO.

4.18.
2—2
1<zl <2

4.19. BbIACHUTE, JONYCKAIOT U yKa3aHHble GYHRIUY pa3jioeHUe B
pan JlopaHa B OKPECTHOCTHU AaHHOH TOUKH:

1 1
1) cos ~, z2=0; 2) €0s =, z = 00; 3) sec —, z=1;

)
111—— B ORDPECTHOCTHM TOYKHU 2z = OO0 U B HROJble
+1

1 22
4)Cth,Z—OO, S)th;, Z—-—O, 6) m, Z—O,

£ z=o00; 8)lnz, z=0 9)1n 1,z—-oo,

sinz -3’

10) lnzli, z=o00; 11)2%(=e*'™%), 2=0.

4.20. BoIACHUTH, KMEIOT MU yKazaHHble MHOro3HayHble GyHKIUY Of1-
HO3Ha4YHble BETBH, HONycKawouue pasiosenue B pan Jlopana (B uacTHoc-
1, B pajx Teiinopa) B OKPECTHOCTH JAHHON TOYKM:

vz, 2=0; 2)/2(z-1), z=00; 3) (_271_)2(7?2_)’2300;

4) Y (z-D(z-2)(z-3), 2=00; 5) ¥2(z~1)?, z=o0;
6) V1+vz, z=1 T)J1+z, 2=0; 8)Vz+vz2—-1, z=00;
N Ve+v2 -1, z=1; 10) /1+ ¢/ il,zzoo;

11) In[(z = 1)(z = 2)], 2 =00; 12) Ln ((—z—;%—ﬂ—)), z = 00;

13) Arcsinz, z =0; 14) Arctg (1l +2), 2 =10; 15) Arsh(i +2),2=0

16) \/m/2 — Arcsinz, z2=1; 17) /7/4 — Arcsinz, z = /2/2.

oo
4.21. Qyunuua f(z) = Z cn2", aHanuTU4ecKas B Kodblie 7 <

n=—oo
< |2} € R, ononucTHO oToGpasaeT 3To KONLLO Ha HEKOTOPYIO 06aacTs D.
IIOKa.BaTb YTO IJIoWank S 3Toll objacTu paBHa
xX

S=m ) nlea'(R™ ~r?n).

n=-—0o0
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2) MokasaTh, 4To opMyaa Hif miowand S coXxpaHfaeT CBOIO CUIY H
Toraa, xoraa f(z) aHanuTuyHa aumb B obnactd 7 < |z| < R; npu 3ToM
o6e YyacTH paBeHCTBa MOTYT OJHOBPEMEHHO o6pamaThca B 0O.

Yrkaszanue. CM. 3agaun 3.151 u 3.152.

4.22. Oyuruua f(z) ogHonuctHa B obnacTu |z| > 1 1 pasnaraercs B

aToit o6nactu B pax Jlopana Buga f(z) =z + -C;—l + —cz;22 + ..

Joxrazathb, yTO . :
> nleal? <1,
n=1
¥ BBIACHUTH I'eOMETPUYECKHUiI CMbICH MOIYyUYEeHHOr0 HepaBeHCTBa (BHell-
HAA Teopema Mjomaneil).
Yraszauue. Bocroab3osaTbes TeM, 4TO anfl miowanud S,, orpaHu-
ueHHON 06pa3oM OKpPYMHOCTH |z| =7 > 1, umeeMm (f(z) = u + iv)

2 = —
0S8, = [udv:of—;—i%(g—é~g£)dcp

lzl=r

§ 2. Oco6ble TOYKH OHO3HAYHBLIX AHATUTHYECKHUX (YHRUHIHI

B 3agavyax 4.23-4.58 naitT¥ ocofble TOYKM (PYHKIMH, BBIACHUTB HX
XapakTep U HcCllefoBaTh NoBeldeHHe QyHKLUI HAa GeCKOHEYHOCTH 1).

1 2t P 1
4.23. ——. 424 ;T 425, T 4.26. e
z 2
427, % 428 . ZFt1 429z 4.30. —~— -1
1+ 22 e® e —1 z
e? 1—e* 1
4-31- z_(].—_—tz——z). 4-321 m- 4-33- m- 4-34- thz.
4.35. e-/l/zz. 4.36. zel/*.  4.37.¢3/(-2) 4,38, e*~1/%,
1/(z—1)
4.39. S 4.40. - 4.41. =2 442,452
e? -1 sin z 2?

4.43.tg%. 4.44. %82 4.45. ctgz - % 4.46. ctgz — %
447. — 1 448 — 1 4.49.sin1_.
sinz —sina_ cosz + cosa 1—2
z' 1 1 1
50. . 45l.ctgl. 452.ctglio L.
480 e — ) 4518 g3

453.5in1+ 2. 454 e Fcoss. 4.55.eE/D),
z z z

4.56. ¢'61/%.  4.57. sin (—1—) 4.58. sin(

=7)
sin(1/z) cos(1/z) /"

1) B oTBeTax He AenaeTcA pasiHuMA Mexmay yCTpaHUMoOW ocolo#i To4yko#t u mpa-
BUNILHOM.
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B 3apayax 4.59-4.68 uccnenosatek NoBeAeHKe Kax 0N U3 OOAHO3HAYHbBIX
BeTBell 3a/laHHOi MHOrO3Ha4YHOM (YHKLHM B yKa3aHHbIX TOYKax (ompe-
AeNUTh, ABIAETCA TOUKA NPAaBUNLHONW AJA COOTBETCTBYIOWE BEeTBU UNU
0co6oii; B nocnenHeM clyvae yKaszaTb XapakTep 0COGEHHOCTH).

1
459 — 2, s=4 460. ——, z=1

1+\/z—- #= 60 Vz+ ¥z’ z
461, — 23 .1 462.cos—1— z=1
T l4z-2yz T T 1+vz 7 7
4.63. 1 2 =4

@+ /2)sm(2— vz)’
1 _ 1\?2 _ _
4.64. ctgm, z= (1-{—5) , rme k=+1,+2,..., nu z=1.

4.65. ! oz = —12(—1;—'2&, rme k= £1,42, .,
sin<1+ z ) (1 +km)? -1
z—-2
H z=00.
4.66. sin —————
1+
1
4.67. 1)——Ln7,z 1, 2).LnZ’Z:1
sin sin —-
21 47
4.68. sin (ctg —1%1—2), z=1.
7
4.69. Mycts Pp(z) u Qu(z) — MHOTOYNEHB! COOTBETCTBEHHO T-H

U m-# creneneii. OxapakTepu3oBaTb NoBeleHHe Ha 6eCKOHEYHOCTH clle-
AYOWUX GYHKLHA:

1) Pu(z) + Qm(2);  2) P"(z)) 3) Pa(2)Qm(2).

4.70. [loka3aTh pPaBHOCUNLHOCTbL CJEAYIOWIUX OBYX ONpeaeneHHil:
1) Touxa zg HasplBaeTcA noawcom nopadka n GyHrunu f(z), ecan B
J0pPaHOBCKOM pasiioseHuu f(z) B OKPECTHOCTH 2o
oc

f(z) = Z cn(z ~ 20)", c-n #0, C—(n+1) = C—(n+2) = .-+ = 0;

n=-—00

2) TOYKa zp HA3bIBAETCH NOACOM NOPAdka n GYHRUMM f(z), eclu B
HEeKOTOpOH OKpecTHOCcTH 3Tol Touku f(z) = ¢(z)/(z — 20)", rae QyHK-
uns @(z) aHaauTUuHa U p(z0) # 0.

4.71. IlocTpouTh npumepsl QGyHKUMUI, MMeIOWIMX B pacllMpeHHON
IJIOCKOCTH TOJABKO Cleayloline 0COBEHHOCTH:

1) montoc BToporo nopAnka Ha 6€CKOHEYHOCTH;

2) montoc BTOPOro NMopsAaKa B Touke z = 0 ¢ riaBHO YacTbiO pAasio-
#enus c—» /2% v npocToil momoc Ha 6eCKOHe'{HOCTI/l

3) mpocTble MoMOCk B Toukax zx = wk, rae w = e2”i/" (k=0,1,2,...
vy —1).
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4.72. Haiitu obminit Bua GyHKUMM, UMeloleil B pacliMpeHHol mioc-
KOCTH TOMBKO Cliefylolide 0CO6eHHOCTH:

1) oauu npocToii noaioc;  2) ofMH MOMIOC NOPAZAKA 7;

3) moaioc BTOpOro nopsifika B Touke z = () ¢ ryIaBHOM YacThIO pasfo-
weHun 1/2%;

4) nontoc nopsAnKa n B Touke 2z = 0 ¥ NOJMIOC MOPALKA M Ha 6eCKoHeY-
HOCTH;

5) n moIIOCOB MEPBOro MOpAIKa.

4.73. llycrs f(2) ~— ongHo3HauHaa (YHKUMA, He UMelowasa B obaac-
T G apyrux ocoBeHHocTeil, KpoMe nomocoB. JIokazaTh, uYTO (GyHK-

f'(2)

fz) - A
eT MpOCTble NMOJAIOCHI BO Beex nodiocax ¢GyHruuu f(z) U Bo Bcex A-Tou-
Kax 3ToM GYHKUMU W He UMeeT HMKAKUX APYTUX 0COOLIX TOUeH.

N

uusA (norapudmuyeckas npousBonHaa dyHKuuu f(z) — A) ume-

4.74. Raryio oco6eHHOCTh UMeeT B TOYKe z = 2 (AoNycraercd ciy-
yait zg = 00) byHruns F(z) = flp(z)], ecin dynruusa ¢(z) B 31Ol TOUKE
aHaNMTHYHA WM UMEET NOMIoe, a Touyka (o = p(2o) ABngeTcA Naf GyHK-
unn f(¢) ocobeHHOCThIO CleAyIOWero Bua:

1) yerpaHuMOit 0coBoit TOUKOH;  2) MOMIOCOM MOPAAKA N;

3) cyulecTBeHHO 0C060i TOUKOI?

4.75. Toura zp (Zomycraercs cayyail zg = 00) ABIASETCA HU30AUPO-
BaHHOM 0co60M ToukoN GyHEUMM f(z), oToGpamaomeil Ayry oKpy#HOC-
T (MM NPAMOJKMHENHBIH OTPE30K) <y Ha HEKOTOPYIO OYTY OKPYMKHOCTH
(nnu npsMonuHeRHbIM oTpesok) v'. KakoB xapakTep ocoBeHHOCTH BYHK-
unn f(z) B Touke z{j, CHMMETPUYHOI C 2y OTHOCUTENEHO 7y (byHKUUA f(2)
NpoJoKeHa Yepe3 -y 10 MPUHUUIY CUMMETPUHN), eCIM TOYKa zg ABNAETCHA
s f(z):

1) nomocoM nopsiika n;  2) cymecTBeHHO 0co60i TOUKOIA?

4.76. Teopema Cozoyrozo yTBepmaaeT: ecll TOUKa 2o ABAAETCA Cy-
uwecTBEHHO 0co6oit nis GyHruun f(z), To, KaKoBO Gbl HU GbLIO KOMILIEKC-
Hoe uncno A (Brawovasg A = o0), CyliecTBYyeT Takasd N0C/IeA0BaTelbHOCTD
Touek {z,}, cxomswanca K TOUKe 2g, UTO nll)n;o f(zn) = A. JlorasaTs, 4yTO

Teopema CoXOLKOro ocTaeTcAl clipaBeNluBON AJA HEU3OJMPOBaHHONH 0CO-
6ol TOuKM, ABNAIOLIEHCA NpefenbHol aaa nomocos?). (MHorga Takyio
TOYKY NPOCTO NPUYMCAAIOT K CYLIEeCTBEHHO 0COBbIM. )

4.77. Haiitu npenensr:

. 3) lim —; 4) lim

1) lim ctg2?z 2) lim - —_—
)y-—v:i:oo &% )y—-):hoo sinz’ z—too chz {ff,% sin(1/z)

He npoTHBOpeYHT /U CyllecTBOBaHME 3THX INpefenoB TeopeMe Co-
xonKoro?

2) IpeanonaraeTcA, YTO B OKPECTHOCTH PaccMaTpUBAEMOI TOYKH MOMOCHI ABIA-
IOTCA €AMHCTBEHHBIMU OCOGEHHOCTAMM.
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Teopema Ilurapa yTBepxpaaeT: B OKPECTHOCTH CYUIECTBEHHO 0co60ii
TOYKM aHalUTHYeckasa QYyHKUHA NpUHUMaeT G€CKOHEUHO MHOFO pa3 BCA-
KOe KOHeyHoe 3HaueHHe, 38 UCKIIOYeHHeM, GbITb MOMET, OOHOT0, KOTOpOe
Ha3bIBAETCA NUKAPOBCKUM UCKAIOYUMEAbHbIM 3HaveHuem. Ecau pacemar-
puBaTb MepoMopdHble QYHKUMHU, TO BO3MOMKHOE YHCIO HCKIIOYUTENb-
HBIX 3HauYeHMit (BK/IIOYAA 00 ) He MPEeBOCXOAMT ABYX (CM., Hanpumep, [2,
ra. VIIIL, §8]).

4.78. Ilpoeeputhb Teopemy Ilukapa ana dyHRUuUi:

1)e*; 2)el/z 3) cos%; 4) tg z; 5) tg?z.

Haiity uckmounTenbHble 3HaYeHUA IA KamAoH U3 3TUX GyHKUMA U
N0Ka3aThb, YTO 3TH 3HaYyeHUA (eCIu OHU CYLIECTBYIOT) ABIAKOTCA aCHMII-
TOTMYECKUMH, T. €. YTO MOMKHO yKas3aTb XOTA Obl OJHY JNHHUIO, OKaH-
YUBAIOILYIOCA B CYLIECTBEHHO 0COGOM TOYKE, BIOAbL KOTOPOH (GYHKUMA
CTPEMUTCA K UCKIIOYNUTEIBLHOMY 3HAaUYEHHUIO.

§ 3. BeluncieHHe BLIYETOB

B 3apauax 4.79-4.99 TpeGyeTcs HafiTH BbIYeThbl yKa3zaHHBIX (YHKUMH
OTHOCUTENBHO BCeX M30JMPOBaHHBIX 0COOLIX TOYEK M OTHOCHTEeNbHO Gec-
KOHEUYHO YHaJeHHOM TOYKM (eciu oHa He ABAAETCA NMpefelbHOH NAfA 0co-
ObIX TOYEK).

a79. - L 480, 2 _
19 - 80 e
P 1
4.81. (1_—}—2-)_77 (TL — HaTypalibHoe ‘{I/ICHO). 4.82. 'z—(l_—zz)
Z24z-1 sin 2z e?
4-83- m‘. 4-84. m. 4-85' m. 4-86' tgz.
4.87. —. 4.88.ctg?z. 4.89. ctg32.
sin z 1 1
4.90. 1) cos i 2) 23 cos . 4.91.e*1/% 4.92.sinzsin =.
z—2 zz— 2 z
. z 2-+4z-1 1
4.93. sin m. 4.94. cos T 4.95. m (h # 0)
nginl (n— _1 vz
4.96. z"sin . (n — uenoe uucno). 4.97. Sn(1/7)" 4.98. g

4.99. tg—nz (n — HaTypaibHOe YHuCiIo).
z

B szamauax 4.100-4.107 TpebyeTca HaliTH BbIYEThl KaJoil U3 ORHO-
3HAYHBIX BETBEH COOTBETCTBYIOLWIMX MHOrO3HAYHLIX (YHKUMIA OTHOCH-
TeJlbHO YKa3aHHBIX TOYeK.

4.100. 1‘/2 OTHOCUTENRHO TOYKU 2 = 1.
-2

4.101. S S OTHOCHUTENLHO TOYKH 2 = 1.
2—2z+1
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4.102. (2® = e*ln2) oTHOCUTEnbHO TOUKH z = 1.
1- f
4.103. \/(z — a)(z — b) oTHOCUTENLHO TOYKH 2z = OO.
zZ—Q
4.104. 1) Ln 3 OTHOCUTENbHO TOYKHM 2z = O0;
2z —
z —
2) e*Ln OTHOCUTENbHO TOYKH 2z = 00. N
z —_—

OTHOCHTEJARHO TOYKHU 2 = 1;

4.105. 1) Lnzsin —

2) Ln z cos OTHOCHTEJIbHO TOYKU 2z = 1.
Arctg z
4.106. “°82 grgocuTensHo Touek z=0 U z = oo.
z
4.107. 2™ Ln (n — uenoe 4Kc0) OTHOCUTENbHO ToYek 2z =0

ﬂ

u z = oo (npu Bbzqncneﬂuu BblYeTa OTHOCUTENBLHO TOUkU z = 0 mnpea-
nonaraetcd, yro a # 0, B #0).

4.108. Pasnoxenne QyHKLUHUH B OKPECTHOCTH GECKOHEYHO yaaleHHON
TourM umeetT Bun f(z) = co + = + ... Haiitn res[{f(2)}?.=co-
z

4.109. Haittu res[p(2) f(2)]:=a, €cu @(z) aHanUTHuYHa B TOUKE q,
a f(z) umeeT B 3TON TOYKE:
1) mpocToit nonoc ¢ BbI4eTOM A;

c— c_
2) momioc nopsiika k ¢ rIaBHOM 4acTbiO —L 4+ .+ k
zZ—a

(z —a)k

!
4.110. Haititu res[f (Z)] , €clu:
f(2) dz=a
1) a — Hyab nopagka n gyHsunu f(2);
2) a — momoc nopaaxa n GyHRudu f(z).

!
4.111. Haiitu res[cp(z));((:))] , eciu (z) aHaIUTH4YHA B TOY-
zZ=a
Ke a u:

1) a — Hyab nopagxa n GyHruuu f(z);
2) a — momoc nopAxxa n GyHKuuu f(z).

4.112. Haittu res {f[¢(2)]}2=q, eciu dyHrOUA ©(2) aHaauTHuHA B
Touke a ¥ ¢'(a) # 0, a f({) uMeeT moaiOC MepBoro MOPAJKa B TOYKE
¢ = ¢(a) c BoiyeTOM A.

4.113. Qynkuua ¢(z) UMeeT B TOUKE @ MOJIOC MEPBOro nopajka c
BbiueToM A, a f(¢) uMeeT B GECKOHEYHOCTH MOMIOC MEPBOro NOpAIKa €
raaBHoit yactbio B(. Haittu res{ f[¢(2)]}:=a-

4.114. Oyuruua f(z), npuHUMalowan Ha Ayre | OKPYMHOCTH |z —
—a| = R pelicTBUTeNbHbIe 3HauYeHKA, aHAJUTHYECKH TPONONKEHa yepes
3Ty AyTY no npuHUuny cuMmeTpui. Ilycts Tousa z = B (8 # a) ABagerca
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maa f(z) nomocom nopaaka k ¢ riaBHOM 4acThbio E (ZC'Z)H
n=1
Haitt res[ ( )]Z=ﬂ'7 rae ,B* — TOYKa, CUMMETPHUUYHAA C TOYKOHU

z = 3 oTHOocHUTeNLHO [.

§ 4. BeruncieHHe HHTerpauioB
HenocpencTBeHHOe NpUMeHeHHe TeopeMbl O BbhiYeTax

B zagauax 4.115-4.124 Br1uMCcAUTL HHTErpalnsl, c4UTas, 4To obxon 3a-
MKHYTBIX KOHTYPOB IPOMCXOAHT B TMOJOMUTENLHOM HanpaBleHHH.

4.115. / 1 TRe C — OKpyHOCThL I + y? = 21.

4.116. / zdz R roe C —— OKpY®HOCTb |z — 2] = )
z—1)( 2
4.117. C,/E:fi)_(;——l)’ rage C — okpy#HocTh 2| = 2.

Y kazaHue. Bocnonb3oBaThea TeM, YTO CyMMa BbIMETOB OTHOCUTENb-
HO Bcex 0cobbIx Touek (BrAIOUas GeCKOHEYHO yAaneHHYIO) paBHa HYIIO.

2dz
4.118. 1 TRe C — orpymHocTh |2| = 1.
¢

ez
4.119. é/m dz, rne C — orpysHocTs |z| = 1.

4.120. —1— /sin 1 dz, rope C — orpyHocTh |2 =7T.
271 z
1 . o1
4.121. ——,/sm -=dz, roe C — ORpy#HOCTh |z|=T.
27 z
4,122, 21 /z e?/*dz, rme n — uenoe unciao, a C — OKPYKHOCTh
kig A
|z} = . c
4.123. / (1 + 2+ 22) (e + e/ (x=1) 4 1/ (z=D))d.
. z]=3
4124, [ 2%
sin z(1 — cos 2)
2= £(2)
4.125. BoiuucauTs uHTerpan —/zg( dz, ecin C — npoctoit

3aMKHYTbIt KOHTYD, orpaanuBaloumﬁ o6nacTh G, cofepmauyro Tou-
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Ky z = 0. Oynruun f(z) u g(z) aHATUTHYHEI B 3aMKHYTO# obaacty G,
npuyem ¢yHxuua g(z) He obpawmaerca B Hyab Ha KOHType C M HMeeT

B o6nacti G MUIIL MPOCTHIE HYJH Q1,Q2,...,0n, HH OOZUH M3 KOTOPBIX
He COBMNajfiaeT ¢ HayaloM KOOpAUHAT.

y ) 4.126. Ilyets f(2) = ag+a1z+ ...+ anz".
otiff llokaszark, 4TO
l ~ % / 2" f(2)? dz = ap@, R*".
|z|=R
O €T
o 1 Nto B 3agayax 4.127-4.130 BBIYHMCINHTL YKa3aHHbIe
UHTEerpasnbl.
4.127. _L/_dz___ rae C — OKpyX-
L 2mi J VaZtz+1
a=if HOCTb |z| =1 #1.

1 dz
4.128.——-/—————— =1,
Puc. 12 27riC (H+1)V2+1 (\/— ) rae

C — napatona y? = z, 06xoaUMasg B CTOPOHY BO3PACTaHHA Y.

4.129. L /—-—dz— (a* =e*'™2), rge a >0, a C — npoxoanmas

27t J a*sinmz
CHHU3Y BBepx npAMasad z =¢a, 0<a < 1.

1 dz
Ykasauue. PaccMoTpeTh ——

- [ —————, A€ KOHT Ka3aH Ha
2niJ a?sinzwz’ ypyy
¥

puc. 12, 1 nepeiiTu K npeneny npu [ — 0o.

1 e*dz
4.130. 5 /Cosz, rie KOHTYp uHTerpuposauusa C ykaszaH Ha puc. 13.

OnpenedeHHbie UHTErpanbl

Ecau ¢ynruua f(z) obpawaerca B GeckoHeWHoCTb Ipu z =c¢ (a <

< ¢ < b), ToO 2nasHbiM FHAUEHUEM UHITES- v
b
paaa / f(z)dz no Rowmu HasbiBaercA - i
¢ [c—¢ b *
lim flz)dz + [ f(z)dz|. ol =
e—=0
a cte —ai
JTo ompeneneHHe ecTeCTBeHHbIM o6pa- ¢

30M o6obuiaeTca Ha cily4yai KpUBOJUHEHHO-
ro uHTErpana.
Ecnu ¢yusuua f(z) HenpepniBHa Ha Bceif UMCIOBOH OCH, TO IiaB-
[ N
HbIM 3HayeHUeM MHTerpana / f(z)dx nHazpiBaeTcA A}gnoo f f(z)dz.
—~00 -N

Puc. 13
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B 3apauax 4.131-4.138 HaliTu onpefeneHHble MHTerpanbl. B cayuae,
ecly HHTerpan HecoGCTBEHHbIN U pacXoAUTCA, HAliTH ero riaBHOe 3HaUe-

Hue (ecu OHO CyUIECTBYeT).

2T .

4.131. /-—-dL (a>1). VYwraszanue. [lonomuts ¥ = z.
2 a+cosy
27

dy

27
4.133. /ﬁ‘iﬁ_ (a>0,b>0).
0

b cos? p)?
27 d
4.134. /—-——ﬁm—-—, (a — KOMMNIEKCHOE YHUCIo U a # *1).
! 1 - 2acosyp + a®

cos® 3y dyp

27
4.135. /—————— a — KOMIIJIEKCHOE YMCIIO U +1).
4 1 — 2acosp + a? ( a# +1)

27

4.136. /ems“’ cos (ny — sin ) dy (n — uenoe 4ncio).

0

4.137. /tg (z +1a) dz (a — nelicTBUTEIbLHOE YHUCIIO).
0

2

4.138. ]ctg (z +a)dr (a — wommiekcHoe uucao u Ima # 0).

0
4.139. Jorazatb, uto npu b >a > —1

w/2
ml'(a+1)

/cos” pcosbpdp = .
3 2a+11‘(——“;b+1)r(“;b+1)

a
Yrazanue. PaccMoTpeTh /(z + 1) 21dz,
z
C

rne C — HKOHTYp, u3oGpameHHbI Ha puc. 14,
W YCTPEMHUTh Paguychl AyT MaleHbKUX OKpYHHOC-
Teit K Hymo. [Ipu BbIYMCIEHWM HHTerpaila mo
BepTUKAIbHOMY OTpe3Kky pa3buTh ero Ha JgBa U
COOTBETCTBYIONMMH MOJCTAHOBKAMH CBECTH UX
K 3illepoBbIM HHTerpajaMm IIepBOro pojaa; Boc-

Y

i

—1

Puc. 14

MONb30BaTLCA TaK#e HIBECTHBIM COOTHOILUEHUEM MeKAy 3HJepOBbIMH

unrerpanamu B(p,q) = ?((z)_l;(;l))

6 JI.H. BoakoBbickuit u ap.

n dopmynoit [(p)['(1 - p) =

is

sinmp’
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B 3apauax 4.140-4.146 BEIYMCAUTE UHTErpaibl ¢ GECKOHEYHBIMH Mpe-
nenaMH.

0
zdr z dx
-

o0

dz
4.142. O/W (n — HaTypalbHOe YHClo).

o0 o0 2
dz z-+1

4.143. /(_1>—+TZ)(5+—I>) (a>0,b>0). 4.144.0/I4+1d
- 00

dx
4.145. /1 e (n > 2 — HaTypanbHoe YHCIO).

dz
Yrasauue. PaccmoTpers MHTerpan /H-—“’ rae C' — ROHTYP,
z

C
cocToAmMM U3 ayuye argz = 0, argz = 27/n  u coeauusamloweil ux
OYyTU OKPYHHOCTHU.

oo zn
0

IIpumeyanue. MeToan BbIYMCIEHHA MHTerpajgoB U3 3agay 4.145
H 4.146 nepeHoCHUTCA Ha HHTerpanbl OT palUoHaJbHbIX GYHRUHUIT BU-

na R(z™).
1 dr T m4 k-2
4.147. JlokasaTk, 4yTO %C.'/T"-F" = @ (k= 1)in = 1)1 (n n

k — HaTypainbHble uncia), rge C — npaAmad, napajiieibHas OeHCTBH-
TeNbHON 0cK U OTCeKalollad Ha MHUMOM OCH 0Tpe30K, paBHblit i (h > 0).

4.148. BbluMCIWTL UHTerpadn ~L/_—dr—
27mc k(1 —2)

yucno), rae C — KOHTYP NpenblAyluel 3agadu.

(k — HaTtypaabHoe

B 3apgauax 4.149-4.152, noabsysach aemmolt RopnaHa (cM. 3apa-
4y 3.17), BOIYUCANUTDL yKa3aHHbIE HHTErpaibl.

o0 d o0 . d
zcoszrdr zsinzdz
4.149. 1) ./172—2:1:+10’ 2) /z2—21'+10'

— 00 -0

o0
z sin z dz
4-150. / oYL

o0
cosar
4.151. / d (a n b — nonomuTenbHbIE YKCHA).
0
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0o
4.152. /j:fli:f dz (a u b — nonomuTeNbHbIE YHCTa).

4.153. Iycts f(2) = e™*F(z), rue m > 0, a dynkuus F(z) obnanaer
cleqYIOIUMU CBORCTBAMU:

1) B BepxHell NONYMIOCKOCTH OHa UMEET KOHEYHOE YUCIOo 0COBBIX TO-
Yer ay, az, ..., an;

2) aHaAUTUYHA BO BCEX TOUKAX IeHCTBUTENLHON OCH, KpOMe TOYer I,
T2, ey Ty, ABAAIOWUXCA [IPOCTHIMU TI0MIOCEMHY;

3) F(z) >0, ecit z— 00 ¢ Imz > 0.
lIopca:saTb 4yTO

/f d:c:27rz{2res[f (2))2=a, 2Zres ]z—z&}

rae HHTeI‘paJ‘I HOHI/IMaeTCH B CMBbIC/IE TJaBHOrO 3Haqexmﬂ (oTHOCUTENBHO
BCeX TOYEK Ty U 00).

B szamauyax 4.154-4.158 HaliTH riapHble 3HAYEHUA YKa3aHHLIX WHTEr-
paioB (t — geficTBUTENLHOE lmcno)

% its
4.154. /

sinz dz cos tz cos t:z:
4.156. /m(x—_—l—.um / dz. 4.158. / = d

B 3agauax 4.159-4.164 BbIMMCIUTE yKaSaHHbIe I/IHTeI‘paJ!bI (amb—

[10J0KUTENbHbIE YHCA).
o0

dzx
4. TCosST
155. / 22 -5 +6

2 — b sina:c sin az dx sinaz dz
4'159'/z2+52 —*% dz. 4.160. / oy 4161 / et
o0
4162, [CsfrocoBeg, v

. /s \N

2
4.163. [=2d

0
YKaszaHu e, BOCHOHbSOBaTbCF{
A
MHTerpaiom / dz, rae KoH- — = O] p —=C
Typ C yxasaﬂ Ha puc. 15. Puc. 15
sin® z
4.164. / — dz. Ywrazauue. Bocnoiab3oBaThcA HHTerpajiom
x

3iz __ iz
/e _“—33 +2 dz, rge routyp C yraszaH Ha puc. 15.
o}

6*
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v B 3apauax 4.165-4.168 BoryucaANTE MHTerpa-

Abl, c4uTadA, YyTo P > 0 npu z > 0 (370 ycaosue

COXpaHAeTCA BO BCeX NOCHEAYIOMMX 3afayax).
o0

4.165. 1) /zp‘lcos azdz (a>0,0<p<1);

0
o0

z 2) /x”‘lsinaxd:c (>0, -1<p<1.

0
Yxasanue. Bocnonb3oBathesa WUHTEerpajiomM

Puc. 16

/z”‘le“’z dz, roe vouryp C ykasan Ha puc. 16.
C

o0 [o0]
4.166. /cosz” dr (p>1). 4.167. /sinz” dz (|p| > 1).
0 0

o0

4.168. /Sin
0

zP 1

4.169. Ilycrtb paumonanbHasa GyHRUMA f(2) HMeeT NOMICH aq, A, ...
..ey Oy, HU OJJUH M3 KOTOPBIX HE JEMUT HA MONOMHUTENLHOW yacTu melfcT-
BMTENbHOH OCH U He paBeH HYIIO, U p — Takoe AeHCTBUTEIbHOE YHCIO,

v 4TOo li_r}}) [2PFL f(2)] :ZILII;Q[zPHf(Z)]:O-

HorazaTs, yTO:
1) ecau p He nenoe uucso, TO

/x”f(:z) dz = "
z 0= ~sinﬂ;rp e Z res (27 f(2))s=an;

k=1
2) ecin p — nenoe 4UCio, TO

7z”f(z) dz =

Puc. 17 0 =- Zres [2PLnz - f(2)]e=an>
k=1

rie Lnz=Inl|z|+iargz u 0 L argz < 2.
Yrazanue. PaccMOTpeTs COOTBETCTBEHHO MHTErpalibl /z”f(z) dz
¢
u /z” Lnz- f(z)dz, roe C — KouTyp, u306paseHHbIA Ha pue. 17.
c oo

dz
4.170. Buruncauthb Ofm (0<p<1).
4.171. Jorasats, uto I'(@)T(1-a)= —— (0 <a < 1).

sSinwa
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Yraszadnue. Bocnoib3oBaThbcA M3BECTHBIM COOTHOLIEHHEM MEMLY
sitnepobimu unterpanamu [(a)L'(b) = I'(a + b)B(a,b) u npoussectu B
1

MHTerpale, onpefensioleM 6ata-pyuruuio B(a, b) = /z“‘l(l — )1 dx,

3aMeHy MepeMeHHo#, nonoxuB T = y/(1 + y).

Ipumevanue. CooTHoueHNe, fOKa3blBaeMoe B 3afaye JUIIb AIA
NeACTBUTENbHBIX UHCel a, 3arI04YeHHbIX B UHTepBane (0, 1), cnpasenau-
BO /A Bcex KoMmnekcHbIx uucen. IIpu z = —n, rie n — HaTypaibHoe
4MciIo, 06e yacTH paBeHCTBa 00pallaloTcA B 00.

B zagauax 4.172-4.174 BbIUMCIUTD yKa3aHHble UHTerpabl.

4.172. /xd” (~1<p<1). 4173/

4.174. /———""p”ix— (-1<p<l, —T<A<7)
2+ 2zxcosA+1 p ’ ’

4.175. HyCTb paluoHanbHan GyHKuMA f(z) HMeeT Ha HOJOMUTENb-
HOH YacTH AeHCTBHUTENLHON OCH MOMIOCHI JNUIIL MEepBOTO HopAaka fBi,
B2, ..., Bm, a cpean OPYrHX ee TOMIOCOB (11, (2, ..., A, (€CAU OHU €CTh)
HeT paBHoro Hymo. IlycTb ganee p — Takoe JeiicTBHTeNbHOE YHUCIIO, YTO

lim [P+ f(2)] = lim [P f(2)] = 0.

JlokazaTh, MoOHMMasA NOA MHTErpajoM ero riaBHOe 3HauyeHHe, 4TO:
1) eciin p He Uenoe yucno, TO
O

/zpf(z) dr =
o __ 7T —"’”Zres [27 f(2)]2=ay — WCtgﬂPZﬁk res[f(2)]:=4.,

sm7r
P k=1

rone 2P >0 npu z > 0;
2) eci p — Ueoe YUCIo, TO

/;L'pf(z) dz =
’ =— Zres [2PLnz - f(2)]2=cu Zﬂ (In By + wi) res [ (2)]2=p;
k=1 k=1

BeTBb Ln 2z BuiGrpaeTca Tak e, Kak B 3agave 4.169.
B 3anaqax 4.176-4.178 BbIYHMCIUTBL TJaBHble 3HAUYEHHUS WHTErpajoB.

4.176. /””d" 4177/”“*”
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4.178. /’” @ (_1<p<0). 4.179. [ &
-

B 3anaqax 4.180--4.186 BLIUKMCIUTL yKa3aHHbIE HHTerpanbl.

4180/ (1(:__)2:) dr (-1<p<2). VYwrazanue. PaccMor-

1- P 1—2)?
peTk /—(1(-+—)z)— dz, rpe C — ywrasaHHbli Ha puc. 18 KoHTyp, orpa-
HUYUBAIOWUN ABYCBA3HYIO 061aCTh,
y U nepefiTH K npefeay npu R — oo.

1+ 22
<p<2).
z Yrazanune. Jorasats, uto
1-p P
. z 1-— . —pmi
lim 22 dz = 2mie P
R—00 14 22
Cr
rae Cp — obxoguMas B INOJOMHTElb-

Puc. 18

HOM HanpaBneﬂnn OKDYMHOCTb |z] =

27P(1 - z)Pdz
4182/ ey (F1<p<2).

1
T P dx
4.183. 0/(1_:6) - (-1<p<1, a>0).
1
z \P dz
4.184. o/(l“’”) G (C1<p<1 a>0)
1
(+2)Pa-zp
4.185. 1 - dz (-1<p<2).
1 dz
4.186. .
0/(:1:+1) V2 (1l -1z)
1
dz -
4.187. B 4= —
BIYUCIUTL MHTerpan _/1 v roe V1—-z2>0

npu —1<z <1, a-— komniexcHoe yucio u a = £1. Haiitu, B yacr-
HOCTH, 3HaueHUA WHTerpana npu a = xe** (0 < a < @), a = iy
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u —1 < a < 1 (rnaBHOe 3Ha4YeHMe).
1

P=1(] _ z)~P
4.188. BbuvcauThL MHTerpan /f-—(l—i)-—

dr, rne 0 <p <1,

b—x
0
b — womnnexcHoe yucio v b #0, b # 1.
dz
4.189. BbryuciauTe UHTerpan ﬁ (n=2,3,..).
-
0
dz
Y razauue. PaccmoTpers MHTerpan —'_'\/~1="’ rge C' — KOHTYPp,
-z
c
COCTOAIIM{ U3 pa3pesos Mo pafuycaM-BeKTopaM Touek 1, w, w?, ..., w1,
y
-l y

ﬁ

— O

— ==
-R -1 O
Puc. 19 Puc. 20

rae w = e2™/™ y oxpysHoctu 2| = R > 1. (10T uHTerpan Momer ObITh
BBIYUCIIEH U C NOMOUbIo Gata-dyHKuuu Jitnepa.)

B szapauax 4.190-4.195 BeluncauTs uHTerpanst (a > 0).

4.190. /M Ywrazanue. BocnoabzoBaTbeAa HHTerpanom
Inzdz
/ > , roe KoHTyp C ykasad Ha puc. 19.
22 +a?’
<
4.191. /ln rdr 4.192 7 Inzdr 4.193. / In x dx
+att T J Va(@ +a?)” VE(z +1)?
1 dz .
4.194. /ln (— —w) 5. YKazanue. Boiuvcautre geiicTBuU-
T 1+ 2z

1 d
TeJBLHYIO YacTh MHTerpaia /ln (; — z)Tzzf’ rae C' — KoHTYD, YKa-

3aHHbIH Ha puc. 20.

dz
z+a

4.195. /11n 1
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4.196. lycts f(z) — paumonanbHaa GYHKUMA, He UMeloLas MOJIO-
COB Ha MOJOKHUTEJIbHON YacTH HefCTBUTeAbHOI ocH M B Touke 2 = 0,

npuuem f(z) = O(i) npu z — 00.
lloyzasarb qTo

f(z)dz [ ]
) In2z + 72 —Zres an-m

roe a; = —1, a ag,as, ..., ap — NO-

aocel  dyHruuuM  f(z), OTIMYHBEIE

z or —1,u Lnz=In|z|+iargz, 0 <
L argz < 2m.

Ywkaszanue. Paccmorpers uH-

f(2)

1
Terpal -— | —————dz, rge KOH-
P 27ri/an—7ri » T4

b
Z=0k

c
Typ C ykazaH Ha puc. 21.

B zapayax 4.197-4.199 BbIuMC-
JUTb UHTEerpanbl, cyuTag, 4To a > (0 U n — HaTypajbHOe YHCIO.

Puc. 21

[ee]

) de
4.197. 1) O/(x+a)(lnzm+7r2)’ 2) b/(z2+a2)(ln2m+ﬂ'2).

dz
4.198. / .
] (z2 + a?)[In’z + (2n + 1)27Y)

Y rasanue. BocnoabsoBaThes HUHTerpaioM

1 1 1
C/z2+a2[an—(2n+1)m’+an—-(2n—1)7ri+'" )

T YT 1)m']dz’

rae koutyp C yxasaH Ha puc. 21, a BeTBb Ln z BhiGpaHa Tak e, Kak B
3agaue 4.196.

4.199./ dz .
] (z? + a?)(In” z + 4n?x?)

Y kazanue. Bocnonb3oBaThCA UHTErpaloM

1 1 1 1
C/22+Lz2 [an~2n7ri + Lnz — (2n — 2)wi tet an+(2n~2)7ri]dz’

rie koutyp C ykasaH Ha puc. 22, a BeTBb Ln z BpI6paHa Tak e, Kak B
3agayve 4.196.
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Puc. 22 Puc. 23

4.200. Ilycts f(z) — paunoHanbHas ¢yHKUMA, He UMeoas Ho/1I0COB
Ha He3aMKHYTOM KoHTYype C, HaualbHafA TOYKA KOTOPOro a U KoHe4yHas b.
HokasaTb, 4TO

/f(z)dz = Zres[f(z)Ln
c

z—b
z —

] + res[f(z)Ln = b];:

a zZ—a
rie cyMMHpOBaHUe MPOM3BOANTCA MO BeeM MnoniocaM ¢yHkuun f(z), or-
JMUYHBIM OT oo (BbIGOp omHO3HauHoi BHe C BeTBM Jorapudma Npous-
BOJIEH).

YrazaHue. PaccMoTpeTh /f(z) LnZ Zdz, rae koutyp I', orpa-
z —
r
HUYHMBAIOWHI OBYCBA3HYIO 061acTh, yKasaH Ha puc. 23.

B zapawvax 4.201-4.205 HaifiTu yKa3aHHble MHTerpajbl, CYUTafA dHC-
J1O0 a AeHCTBUTENbHBIM.

o0
e*dx
-0
e dz
YxazaHnue. Bocrnomb3oBaTbcA HHTErpaioMm / e
2 (e +1)(e* +2)
rie C — npaAMoyronsHuk ¢ BepunHamu ~R, R, R+ 2ni, —R + 2mxi.

oo
sin az dz
4.202. /T YkazaHue. Bocrnonn3oBaTbcsi HHTErpasoM
T
0
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Yy
27 -
i "
- O a
Puc. 24

az dz
/ 5 TAe KOHTYp C yxa3zan Ha puc. 24.

4.203. /cosaa;dx 4.204. /mcosamdm

4.205. /Chaxdx (-7 <a< ).

Ykazanue. Bocnoan3oBaThbcA HHTErpajioM / G Re C —

rpaHuua npﬂmoyronbﬂuka —a<Rezga, 0K Imz <L
rsinzdx
4.206. [————— (a>0).
1+a%—2acosx

zdz

YrkazaHue. BocrnonnzoBaThcA HMHTErpasioM ————, THe C —
a—e

rpaHuua npAamoyroabHuka —7 < Rez < 0< Imz h, u nepeiit K

npeneay npu h — oo.

HuTerpannl, cBA3aHHble ¢ popMynoil oGpalleHUA
npeo6pasoBaHud Jlanaaca

Orciona u oo roHua naparpada npeamonaraetes, yto £ > 0, C; —
npamas Rez = a > 0, npoxonumasn CHU3Y BBepX, MpuyeM a BbIGpaHO TakK,
YTO Bce ocobble TOYKH NMOJBIHTerpaibHOi GYHKUUMN pPacnooieHb! Bl1eBO
oT Cl.

4.207. JlokasaTs, yTo ecan f(z) = 0 npu Imz — £o00, a; < Rez £
< a2 u pyuruua f(z) aHanutuyna B noioce a; < Rez € az, To uHTer-

pan /f(z) dz, roe C — npamaa Rez = a, He 3aBUCHUT OT BbIGOpa «,

¢
eciu o1 L a < as.
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B zapauax 4.208-4.213 HafiTu uHTerpaisl (n — HATYpalbHOE HYUCIO).

zt z
4.208. 1) = /f__‘ii 2) L /fz_n% (t* = esIn),

2mi Zn+l’ 27t
G C
1 e*tdz e*tdz
4.209.%/m‘ 4.210. §7r—/z_“.
1
ze*tdz e*tdz
4.211. 1) o 2mi / 2241 27rz / 2(z2+1)°

Gy
e*tdz t*dz
2m (z —a)(z—-b)(z—c)’ 4.213. 2mC/ 2(z+1)..(z+n)

1

4.212.

(cM. npumeva-

4.214. Ione3sysace TomaectsoMm I'(2)I'(1 - 2) =
Hue K 3afiade 4.171) fokasaTh, yTo npu Rev < 0

1 re*dz 1
—/———- = ———— TJle KOHTYp 7 YKa3saH

S 7R

2wt ) ZV+! v +1)
Y
Ha puc. 25.
IIpumevanue. Tak Kak HHTerpail
Puc. 25
1 edz
3.7 ZT cxoautea ¥ npu Rev > 0, To oH npopon#aeT aHaldTUYECKH
e 4
v 1
OYHKRLUUIO ———— Ha BCIO [IJIOCKOCTb.

M(r+1)

4.215. Jorasa Rev > -1 ’E—/ d  _ ¥
.215. Tb, YTO NpH Rev i) 7h T Tt

(&1

B zagauax 4.216-4.227 HaitTu yKalaHHble HHTerpaibl.

zt dy 1 et dz 1 2t 4y
4.216.1 cogy b . 4.217.——_/ .
) \/1 +z' ) 2mc vVz+i 2mC 21+ 2z
1 1
zt gy 1 eZt(l +e” %)
4.218. /e—_. 4.219. —/——————————d.
211 J (z+ 1)z +2 2mi Z+1 ¥

(&1

a2)2

1 e*t(1—e”
4.220. / ellze 7

z

dz (a > 0).

(&1

zt
4.221. /;(1—% {a >0). VYwrasanue. BocronbsoBaTbea
01

1 — —az —2az
pasioAaeHneM -]T———_e:'—z- =1l+4+e +e + ...



tz—x+/2 -
v 4.222. 5% C——d (= > 0)
—— A
/ Yrasanue. 3aMedutb () KoOHTY-
pomMm, yKaBaHHbIM Ha puc. 26.
zt
4.223. /e Shr\/_dz (@>r>
oni J rz shav/z
— MV A G
p U1 z >0).
zt
4224, o [ @ +2)e” g,
2mi z
N\ ; @ 1
4.225, - /eztln (z—i—-)dz.
271 z—1
1
e~ at/z
Puc. 26 4.226. / dt / dz (a>0).
6
Yrazanue. llepemMeHnTL NOpANOK WHTErPUPOBAHUA.
p P pyp
bz 0
4.227. 5:; /%dz/e""”h‘”dz (@ > 0, b — peficrBUTeNLHOE
G 0
quCI0). uz
Yrazauue. Bocnonb3oBaTbca TeM, 4TO /e dz =0 npu u > 0.
Cy

4.228. Ucxons u3 pa3JIO}KeHI/lH B pax ¢yHruuu Beccenn

( 1) v+2k
Ju(z) = Zk'l"k+u+1)(> ’

[OKa3aTh MHTerpaibHble NpelcTaBleHua (7 — KOHTYp, YKasaHHbIH B 3a-
naue 4.214);
1 62 2/u40)
1) —
o7 Cu+1
vy

9) L /wd(: (%)VJ,,(z) (Rev > —1).

I cvHt

ac = (%) )

Gy

Vwkasaune. Pasnomuts B pag oyskmsio e 2 /@)y poe-

NoNb30BaThCA pelieHHeM 3anad 4.214 u 4.215. Y
— "
4.229. JlorasaTb, uto npu Rez > 0 T . r
_ _1_ iz sin{—iv¢
J2)=5-[e d, I lIr
r

rae r — KOHTYD, yKasaHHbIH

Ha puc. 27, ¥ NONYYHUTbL OTCIOAA, YTO ecld Puc. 27
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n — Hejoe YUcCjao Win Hylb, TO

Jn(z) = %/cos(z sin ¢ — n()dC.
0

B 3apgauax 4.230-4.232 HaiiTu uHTerpansl, cojep;kamiue GYHKIUH

Beccens.
o0

4.230. /e‘ZtJn(t)dt (Rex > 0, n — uenoe 4ucio).

0
Y kazaHue. Bocroak3oBatbhea HWHTerpalbHbIM NIpEACTaBJICHUEM IIpe-

ubmymeﬁ 3agai U UBMEHUTDb TNMOPAAOR MHTErpUpOBaHUA.

4.231. 1) /Jo(at) cosbtdt; 2) /Jo(at) sinbtdt (a u b -— mono-
0

0
HUTEJbHbIE ‘mcna) .

x
intv/z? — a?
4.232. /cosb SmIVE =2 gr (¢t > |b]).
J st == (> 1)

Y raszaunue. Bocnonb3oBaTbeca TeM, 4TO

smut [t _ \/_t 1 gt/ 4z)
u J1/2 (ut) = 2 2mC/ 23/2 dz

1

(cMm. 3apgauy 4.228), 1 UBMEHUTb MOPALOK MHTErpUPOBaHUA.

AcuMnToTHYeCcKOe MOBegeHUeE MHTeraHOB3)

4.233. Ilyctb aHanuTuyeckaa ¢yHruua o(z) nmeer cnea ot C)
AU KOHEYHOEe YHCI0 0COGbIX TOYEK, IpHYeM Bce OHM —- IOJMIOCHI, U
¢(2) = 0 npu z = oo u Rez < a. O603HaUNM

1
_ /ezt
e
&}
Haittu tlim f(t). PaccMoTpeTh pasiuuHble CIyyad PaclofoeHus no-
hade el
JI0COB OTHOCUTENIBHO MHHMMOI1 OCH.
Y rasanue. BocnonssosaTsea aemmoit Mopaauna (cM. sanauy 3.17).

4.234. llyctb aHanuTHyecKana GyHKUMA @(z) nMeer cneBa oT Cy Ko-
HEeYHOe YHeio 0coGhix Touek u ¢(z) — 0 npu 2 — oo U Rez < a.

3) Ilo noBony 3apgay 9TOro UMKAA, @ Takse MO BONPOCY NPUMEHEHHA acHUMITO-
THYECKUX OUEHOK W APYrMX MeTOOB WX NONYyHeHWA CM., Hanpumep, [3, ra. V, §3];
Oyrc B. A, Jlesun B. . DyHKUUM KOMNIEKCHOTO NMEPEeMEHHOro U HeKOTOpble MX
npunoxeHua — M.: l'octexuspar, 1951. — I'n. IV; Esrpagos M. A. Acumnrornyec-
KHe OleHKHU M ueabte GpyHkuuu. — M.: Pusmarrus, 1962.
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JokasaTh, 4To MpH GONLIIMX 3HAYEHUAX ¢ UMeeT MECTO aCHMITOTH-
4eCKoe PaBeHCTBO u y
3 /e p(z)dz ~ Zres [e**p(2)],

&

rge cymMma GepeTcA 10 BCeM 0COOLIM TOYKaM go(z) C HeoTpHLUAaTeNLHOM
JedCTBUTENbHON YacThIo.

Hpumevanune. Oyuruun f(t) u F(t) acumnmomuuecku pasHol
) _
npu t — oo (f(t) ~ F(t)), ecan tl_lgl() o) = 1.

4.235. UccrepoBaTh acuMnTOTHYECKOe NIOBedeHe nipu ¢ — 00 QyHK-

1u zt
1 e*tdz
f(t) = —*27”'0/ Zaray (Rea>0)
1

4.236. HaliTu acuMnToTHYeckoe BblpazieHHe Npu t — 00 yHRUUH
VzZiaz

= /(Z_m dz (w>0, a>0),

V22 + 20z

e vz2+2az>0npu z > 0.

YkazaHue. 3aMeHUTb KOHTYp Cj KOHTYpOM, M300pajieHHbIM Ha
puc. 26, U fokasaTb, YTO MHTErpaibl MO AyraM OKPYMHOCTH W 10 OT-
pUllaTeNbHON YacTH JeHCTBUTENbHOM OCH CTPEMATCA K HYIIO NIpU t — 00.

(o]

Pag E -(i% Ha3bIBAETCA (ACUMNIMOMUYECKUM pa3rolceHuem GyHk-
n=0 o k
. k Cn| _ -
yuu f(z) npu z — 00, eciu zll)ngoz [f(z) - E ;;] =0(k=0,1,2,..).

n=0
(OTctopa He crelyeT cXoAMMoOCTb paja.)

PaCCManVIBa}OT YacTO TaKMe acHMITOTUYeCKHEe pa3NioMeHus 6osee

obwero Bupa. IycTs {gn(2)} — npousBonbHasA noclenoBaTeNLHOCTD
GyHKRUMHA Takafl, 4To lim In1(2) 0, a {u,(2z)} — nocnenoBaTeaLHOCTS,
00
yIOBIETBOPAIOWAA YCIOBUAM
lim #nti2) _ g fim |42 5 g
z—00  q(z ’ z—r00| gn(2)
oo
Pan Z Cnpin(z) HA3LIBAGTCA ACUMRMOMUYECKUM PAIAOHEHUCM PYHK-
n=0
(e 0]
yuu f(z):
=) F2) ~ Y catinl2),
n=0
ecau ¢ = k=0,1,2,..).
i - Seum3] =0 (=012
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YacTo B KauecTBe MoclefoBaTeALHOCTH {un(2)} BbIGUpaloT nocremo-
BaTenbHOCTh {1/2%"}, rie oy, — MONOMUTeNbHbIe NeHCTBUTENbLHbIE YHC-
718, MOHOTOHHO CTPeMALIHECH K 00.

4.237. lIOHasaTb yro npu = > 0
L_2 4 e )
/1+t2 = + e ()P

z  z3 @ 5 Z2n+l

Y kaszauue. BocnoanzoBaTbea pPaBeHCTBOM

1 (_1)n+1t2n+2
— =1t -+ (-
1+ e DT
U OLIGHHUTb OCTaTOUYHBIM UjeH.
4.238. JlokasaTh, uto npu z > 0
Ter—t 1 1, 2
/ t dt~;~ﬁ+x o (=1)" x"“+“'

z
YKazaHue. I/IHTerHpOBaTL o 4yacTAM M OHEHUTL OCTaToRK.

4.239*. HoxasaTb, uto npu z > 0
Tez—t it (1 12 (n—1)!
/ - ~ - E+?+F+"'+“+"')’

n

-z
rie rnoj UHTerpajoM NOHUMAaeTCA ero rijaBHOe 3HayeHHe.
4.240. Jloxkasarh, uTo npu ,IleﬁCTBMTeJIbeIX 3Ha4YEHUAX T

Te @n) 1
n
t—1x \/_Z 2np! Z2n+1’

—00
rge nog MHTErpaloM MOHNMAaETCA €ro rjaBHOoe 3HadyeHHe.

4.241. Jloka3ath, 4TO npn NeHCTBUTEbHBIX 3HAYCHUAX T

a——t

O/t__z dtN_”Z (a—%—n)iﬂ (@> -1 B>0),

rge npu = > 0 mnox I/IHTeraJIOM [NOHMMaeTCA ero rilaBHoe 3HadeHHue.

4.242*. Jlokas3aTb, 4TO
[ g VT o2 (1 1  1-3 1-3-5
z“dt~:t—z—(—— 13 139 )
/e 7 ¢ 52 38 T 3ip T Taig T )

npuueM 3HakM + WaH — GepyTcsi COOTBETCTBEHHO ToMy, Oyner Rez >
> 0 unmu Rez < 0. Ecniu Rez = 0, To cnaraemoe nepea ckoGKONR MOMHO
ONYCTHTD.

4.243. HaliTy acuMnTOTHYECKOE pasiokeHine (pyHKUUM

) = s [ V28 (50

2m 22 4+ w?
<

HaiiTu Tarme pasnomenue f(t) npu manom ¢.
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Yxaszanue. 3ameHuTh C); KOHTYpPOM, YKasaHHLIM Ha puc. 28. IIna

ooe_"’t\/fdz

nonry4eHua acUMIITOTHYECKOro pasioMxeHUA HHTerpana
z? 4 w?
Y ~
T~ /@ Yy
2]

- 7

) i L= MN\Y
— 0 /] Tz — —J/ =

wl T | ?

—_—

¥ RO)
o
Puc. 28 Puc. 29

BOCNONb30BaThCA YKa3daHMeM K 3agade 4.237. Ilpu manom t cneayer Cy

BEIOpaTh Tak, YTOObl « Oblio Gofblie w, U Pa3JOKHUTh B pALQ.

22 + w?
4.244. [loka3aTb, 4TO

1 et . n (4n)! ( 1 )4"+1

Er_ic/ Ty @ s (=) ~ Z(“ Gl
1

4.245. Haittu acuMnTornqecxoe pasioxenre QyHKINUU

e*tdz 3/2
2m/ z(1 + 2%/2) ("% >0 nmpu z>0).

HonyuuTs tarme npuﬁnnmeHnyo dopmyay aas f(t) npu maiom t.
Yrasauue. Ina moayuyeHus acCUMITOTUYECKOrO panIO}KeHPIH 3aMe-

HuTh C] KOHTYPOM, YKasaHHbIM Ha puc. 29, rie z; = —-2- + \2/_, 2 =
1

=-3- %ﬁ IIpu manom t abeuuccy npamoit C) clenyeT B3ATh Godbile

eAMHULBL

§ 5. Pacnpegenenue Hyxaeli. O6pameHue pAAoOB
Teopema Pyme

B 3apauax 4.246-4.247, noan3yack Teopemoit Pyie, HailTu Konnyect-
BO Nemalux BHYTPH Kpyra |z| < 1 KopHeii JaHHBIX ypaBHeHUH.

4.246. 2° — 226422 -82-2=0.
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4.247. 225 — 234322 —24+8=0. 4.248. 2" -5z + 22 -2 =0.

4.249. Jlokasath, YTO eciid BO Bcex TouKax KOHTypa C cnpaBefluBo
HepaBeHCTBO

laxz*| > lag + a1z + ... + ar_1 2" + ag 12T + o+ an2”,
TO MHOTOWIEH ag + a1 + ... + @, 2™ umeeT k Hyneit BHyTpu KorTypa C,
ecny Touka 2 = 0 e#UT BHYTPH 3TOr'0 KOHTYpa, ¥ He UMeeT HyJeill, ecin
OHa JeUT BHe KoHTypa C.

4.250. Cronnko KopHelt ypaBHeHusa 2% —5z+1=0 Haxonourca: B
kpyre |z| < 1; B koasue 1< |z| <27

4.251. Cronbko KopHeji ypaBHeHus z* — 8z + 10 = 0 HaxoguTca: B
Kpyre |z| < 1; B konbue 1< |z| < 37

4.252. Cronbko KOpHeH UMeeT B KpyTe |z| < 1 ypaBHeHue

2"+ oz’ oz +ay =0,
ecint |agl > |og| + |ae] +1 (n — HaTypansHoe umcio)?

4.253. Cronbro KopHeil uMeeT B Kpyre |z| < 1 ypaBHeHue z = ¢(z),
ecau npu |z| € 1 ¢yHruua @(z) aHaiuTH4HA W YyIOBJETBOpAET Hepa-
BEHCTBY |¢(2)] < 17

4.254. CronbKo KOpHell nmeeT B Kpyre |z| < 1 ypaBHenue

e?—4z"+1=0 (n — HaTypaabHoe uucio)?

4.255. CrombKO KOpHelt UMeeT B KpyTe |z| < R ypaBHeHue e = az™
(n — HaTypaabHoe uucio), ecau |a| > eft/R™ ?

4.256. lorasarb, 4TO ypaBHeHHe z = A — e~ % (A > 1) umeer B npa-
BOI MONYIIOCKOCTH eAMHCTBEHHBIH (M IPUTOM JeHCTBUTENbHbII) KOPEHb.

4.257*. JlokasaTb, 4TO, KaKk Gbl Mano HHU OblL10 p > 0, npu gocra-

1
TOYHO GoAbIIOM 73 Bee Hyau pyHKuuu fo(z) =1+ p + 5 + ... T

HaxoIATcA B Kpyre |z| < p.
4.258. [lokasaTk, 4To ecau p < 1, To MHOroud/eH
Po(2) =1422+4+32%2+ ...+ nz"!
TIpy JOCTaTO4HO GoMbIIOM 11 He UMeeT KopHeli B Kpyre |z| < p.
Y kazaHue. Bocrnonb3opaThea MeTOAOM pelueHus 3agauu 4.257.

Opunuun aprymenTa

4.259. Qyuruua ¢(z) mepomopdHa B o6aacT G 1 aHaINTHYHA Ha ee
rpanute C. JlokasaTh clegylolline yTBep#AeHUA:

1) ecn |¢(z)| < 1 Ha C, To yncno HaxoaamuxcA B o6aactu G KopHei
ypaBheHus {z) = 1 paBHO uncly moAOCOB pyHRUMK ¢(z) B obnactu G;

2) ecau |p(z)| > 1 Ha C, To uKca0 HaxoAAmuxcA B o6aact G KopHeit
ypasHeHHs p(z) = 1 paBHO uncay Hyaelt dyHKUMH @(z) B obaactu G

3) yTBepiiaeHua 1) u 2) ocTalOTCA cHpaBelJMBLIMH, €CIH YypaBHe-
Hue p(z) =1 samenuTh ypaBHeHueM @(z)=a, npuuyeM |a| > 1 B cay-
yae 1) u |a] <1 B cayuvae 2).

7 J.W. Boakosbickuit u np.
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~

4.260. IlycTb HY OOMH U3 HYJefi MHOroyJ/eHa
Pu(2) =2"+a12" 1 + ... +an
He JIeKUT Ha MHUMOH OCH.

Jlokas3aTb, 4TO KOrla TOYKa z npoberaer cBepxy BHM3 MHHUMYIO OChb,
npupaieHde aprymenta P, (z) paBHo kw, rae k — uesnoe 4ucio TOH ke
YeTHOCTH, YTO U n, npuyeM |k| < n.

Jlokasats, uTo npu 3TOM MHOrouneH P,(z) uMeer B npapoii nonymioc-
KocTH (n + k)/2 Hyaeit.

Yrazauwue. [IpeacraButs P, (2) B Bue

Pa() =2"(14+ 2+ ..+ 22)

¥ TPUMEHHThL MPUHUMI aprymMeHTa K moaykpyry lz| < R, Rez > 0,
NpH JocTaToyHo GonbuioMm R.

4.261. HaiiTy KonrvecTBO KOpHell MHoro4jieHa
25+ 25 +62% + 528+ 822+ 42+ 1
B NPaBoil MONIYIIOCKOCTH.
4.262. HaiiTu Konu4ecTBO KOpHEN YpaBHEHUA
42234322 4242=0
B NpaBoif MOMYTIOCKOCTH Y B IIepBOM KBaApaHTe.
4.263. CronbKO KOpHell B Kax oM KBaJpaHTe UMeeT ypaBHeHUe
22" —322+322—z2+1=07

4.264. B rakux KBagpaHTax JeMaT KOpHM ypaBHEHUSA
: 2422 +422+224+3=07

4.265. JlokazaTh, YTO YHCIO KOpHe ypaBHEHUA
2" a4 g2 =0

(a n B — pefictBuTennHble yucna, a #0, B # 0; n — HaTypanbHoe
YHC/0), MMEIOIHX MOJOMUTENbHYIO AeHCTBUTENLHYIO 4acTh, paBHO 7,
ecn n yeTHoe. Ecny e n HeuyeTHoe, TO 4YMCIO MX paBHO n — 1,
ecima>0,un+1, ecan a<0.

Yrasauue. PaccmoTpers npupamenne arg (22" + az?*~! + 32),
KOrjla TOYKa 2z ONMChIBaeT TpaHULly NpaBoro Nnoiaykpyra GolbUioro pa-
auyca.

Ecau ros¢¢uiuenTsl MHOro4NeHa
P(z)=z2"+a12" '+ ... +an-12+a, )

3aBUCAT HelpepLIBHO OT AEeHCTBUTENbHLIX NapaMeTpoB «, B, To AaA To-
ro, yto6bl HalTH 3aBUCUMOCTb uKcia HyJdell Pp(z), pacnonoseHHBIX B
NpaBoil MOAYIIOCKOCTH, OT NapaMeTPoB, MOMHO MOCTYNAaTh CledyIOIMUM
o6pa3oM (MCXOAA M3 TOrO, YTO KasAblii HylJb HENMpPEPbIBHO 3aBUCUT OT
K03} HUHMEHTOB MHOTOU/IEHA).

HMocTpouTs B nockocTH a, B nuunu P, (it) =0 (7 — melicTBuTens-
HbIA napameTp), T. €. JMHHM, AJA TOYEK KOTOPBIX CPelM KOpHeit MHoro-



¢ 5. Pacnpedeaenue nyaed. OOpawenue padoe 99

YlleHa MMEIOTCA YUCTO MHMMble KOpHM (MAH HYNb). DTH AMHUU JEAT
IJIOCKOCTb ¢, 3 Ha 06/1acTH, B KaM{A0M M3 KOTOPLIX YMCIO HyJdeHd P,.(z)
C NMOJOKUTENbHON AeHCTBUTENLHON YacTbhIO NOCTOAHHO. ITO YHUCIO MOMK-
HO HaiTH, B3AB NPOU3BOJbHYIO TOYKY COOTBeTCTBYIOwWweH ob6aacTu u
NPUMEHMB K Hell, HanpuMep, MeToa U3 3agauu 4.260.

B 3apgauax 4.266-4.268 onpegenuTh 061acTH INIOCKOCTH @, 3, B KOTo-
PBIX YHMCJIO KOPHEl COOTBeTCTBYIOIEero MHoro4leHa P(z), uMerowux no-
JIOKUTEIbHYIO NeHCTBUTENbHYIO YacTh, MOCTOSAHHO; HAUTU ANA Kam o
061aCTH 3TO YUCIO M.

4.266. P(z) = 2% + 02? + az + 8.

4.267. P(z) =2+ az? + Bz + 1.

4.268. P(z) =2+ (a+ B)2? + (a — B)z + a.

4.269. Mycts  f(2) = Pu(2) + Qm(z)e™*", roe 7 > 0; Pp(z) u
Qm(z) — B3aUMHO NpPOCThIe MHOTOY/IEHBI, IpUYeM 1 > m U f(z) He UMe-
eT HyJelf Ha MHUMO# ocy; N — uKciao Hy:ieit MHoroulena P, (z) B nipaBoit
nosynaockocT. Jokasarte, 4To AaA TOro, yTobel GyHKUMA f(z) He uMena
HyJeil B IpaBoit MOMyNJIOCKOCTH, HEOOXOOUMO U I0CTATOYHO, YTOGLI TOY-
_Qnm(2)

Pn(z)
TOYRY w = 1, B TO BpeMs Kak ToOYKa z 06XOMUT CHU3Y BBEpX BCIO MHUMYIO
ock {ecnn Pp,(z) uMeeT Hy/lM Ha MHUMOH OCH, TO NPH ABUHEHUN TOYKHU Z
no 3To#t ocu cienyer Hyau P, (z) 06X0OUTh CHpaBa 110 NOMYOKPYHOCTAM
10CTaTOYHO MajblIX PajnycCoB).

Ka w = e” "% obxoguna N pa3 B NONOKUTENLHOM HanpaBleHUH

B 3apgauax 4.270-4.272, nonb3ysacb TeopeMoii 3agauu 4.269, HaiiTH 06-
71acT¥ B MpocTpaHCcTBe KodhdUIHEHTOB a, b (T. e. B miockoctu a, b),
O/ KOTOPbIX BCe HYNIM COOTBETCTBYIOIMX GYHRUMI NemaT B 1eBoi mo-
JYMJOCKOCTH, nosarad, uto 7 > 0, a M b — pelicTBUTeNbHblE YHCIa.

4.270. z+a+be 75 4.271. 22 + az + be" T,

4.272. 2? + (az + b)e 7%,
4.273. C nomomsio TeopeMbl Pylne fgokasaThb, UTO eciy (yHKUUA
w = f(z) B OKPECTHOCTU TOUKU 2o UMEET Pa3ioeHue

f)=wo+c(z—20)F+... (&t #0, k21),

TO NPHU JocTaTouyHo ManoMm 7 > 0 cymecTByeT Takoe p > 0, uTo no6oe
3HaueHHe w # wp U3 KpyKa |w — wg| < p NPUHMMAEETCA B TOYHOCTH
k pa3 B KpysKe |z — 29| < 7, ¥ IPUTOM B Pa3iMYHbIX TOYKaX.

4.274. Tloap3yAck pesyabTaTOM NpeAbIAYyIlueit 3aja4yy, JOKa3aTh, YTO
aHaJUTHYecKana pyHRUUA obnanaeT CBOMCTBOM coxpaHeHHA 061acTH.

4.275. Monb3ysack pe3yaLTaToM IpeAblAyllell 3ajauu, A0Ka3aTh AA
aHaIUTHYECKON (YHKUMM NPUHLMI MakcUMyMa monyis. [lokasaThb, 4To
3TOT NPHUHLMUI CIpaBe[JiuB Al NPOU3BOMLHBIX HenpephIBHBIX 0To6panie-
Hul w = f(z), coxpaHaoWUX 061aCTh.

7*
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4.276. JoxrasaTb, YTO eciy B ycioBuAx 3agauu 4.273 k =1, T. e.
f'(20) #0, To dyHKUMA f(2) ycTaHaBIMBaeT B3aMMHO OJHO3HAYHOE U KOH-
(GOpMHOe COOTBETCTBUE MeMmAY HEeKOTOpOoil OOHOCBA3HOM OKpecT-
HOCTBIO TOYKH 2p K KPYHKOM |w — wy| < p.

Yrazanue. PaccMoTpeTh B Kpyske |\w— wo| < p dyHKUMIO 2z =
= fH(w).

4.277. JlokasaTb, YTO ecld B YycloBuUAX 3agauu 4.273 k > 1, TO
byuruua w = f(z) oTobpasaer B3auMHO OJHO3HAYHO HEKOTOPYIO OJHO-
CBA3HYIO OKPECTHOCTb TOYKHM 2g Ha k-NUCTHBIA KpPYr ¢ LUEHTPOM B TOY-
Ke wg.

4.278. PacnpocTpaHUTb TeopeMbl, NOKa3aHHble B 3ajadax 4.276-
4.277, na cnyvaii, Korja To4yka zo AIBIAETCA MPOCTBIM MM KPaTHbIM MO-
mocom ¢yusuun f(z).

4.279. JorasaTb, 4TO eclu pasnomeHre ¢yHxuun f(z) B OKpecTHOC-
Ty 6eCKOHEeYHO yAaleHHOH! TO‘XKH uMeeT BU

f(z) = Ao+ +—+ +A’°+

TO HEKOTOpasd OKPECTHOCTb ﬁeCROHe‘{HO ynaneHHoﬁ TOUKU MOREeT ObITh
B3aMMHO OJHO3HAYHO M KOH(OPMHO oToOpaskeHa Ha OJHOJMCTHBIA KDYT,
ecin Ay # 0, u Ha k-TUcTHBIN, eci A; = Ay = ... = Ap_1 =0u Ay #0.

OGpaweHue pAfoB

4.280. Ilycte F(2) = 2z —a — wf(z), npudeM ¢oyuxuus f(z) aHaau-
TU4YHa B Touke z = a. [loab3yAck Teopemoit Pyiue, nokasaTth, yTo npu
AOCTaTOYHO MaioM |w| cymecTByeT Kpyr K ¢ ueHTpoM B Touke 2 = a, B
KOTOpOM ¢yHKUMA F'(z) MMeeT TonbKo ofuH Hyab (npoctoit). llokasats
Takxe, yto ecay f(a) # 0, To NpU COOTBETCTBYIOWEM BLIGOpe 3Haue-
HUA w J06afd TOYKA U3 HEKOTOPOHl OKPECTHOCTM TOYKM 2 = a4 MOKET
crath Hyldem ¢yHKuMu F(z).

4.281. Iyctb z = z(w) — oxHO3HAUHAA QYHKUMA, ONpeleleHHas Npu
HOCTAaTOYHO MaloM |w| ypaBHeHueM z —a — wf(z) = 0, dyuruua f(z)
aHalUTH4YHA B Touke 2z = a U f(a) # 0. JokasaTb, 4T0 [ia BCAKON QYHK-
win $(z), aHanuTHYECKOH B TOYKE z = @, NPU AOCTATOYHO MaioM |w|
MMEET MeCTO paslloKeHHe

@(2) — n
T—wi@) +z T n{ (a)[f(a)]"}.

Yraszanue. Eciu 0603Ha'~lHTb uyepe3 C OKpy#HOCTL Kpyra K,
B KOTOpDOM YpaBHEHHE 2z — a — W f (2) = 0 uMeeT TONBKO OOUH KOpeHb
(cM. samauy 4.280), To
P(z)  _ / 0 ___4¢
1-wf'(z) 2miJ) (—a—-wf(l()
Paznoxuts nanee nonmeerpaanylo (pyﬂmumo B PAJ IO CTENeHAM W
M OLeHNUTbL OCTATOYHBLIN YJIeH.
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4.282. Ionbsyack 0603Ha'~IEHHHMH npem:myulei«'l 3afayy, OOKas3aThb
n
¢opmyny Jlarpanma ®(z) = ®(a) + Z w' e {®'(a)[f(a)]"}.

Honyuuts otcioga, B qacmocm pasnomeﬂne camoll GYHKUUM z =
= z(w) B pan Teitnopa.

Y kaszanue. [Ipumennts Kk dyurunn ®(z)[1 — wf'(2)] pewenue npe-
ObIAYylIeil 3afa4u.

4.283. PasnomxuTh B pAL N0 CTENEHAM w KamAYIO U3 BeTBell QyHK-
uun z(w), onpegeneHHol ypaBHeHHeM w = 2z + z2 (1A omHo#t BeTBH
2(0) = 0, mas gpyro#t z(0) = -2).

4.284. Pa3nomuTh B pAL 1O CTENeHAM w BeTBb GyHRUMU 2z = z(w),
:0;, pas voropoit 2(0) = a.

z
oTpefieleHHON ypaBHeHNeM w = 2 =

4.285. Hcxoaa us onpepenenus noauHomos Jlesannpa P,(z), ¢ no-

1

MOIIbIO NPOU3BOAAlIell PyHKUUU (cm. 3agauy 3.108) no-

V1—2z2t 4+t
Kas3aTh, 4To Pp(2) = 14 (2 - 1)
’ TATST gnpl dan ’
Yrazaunue. B ycnoBusax 3amauu 4.284 NPUMEHHT dopmyany JlarpaH-
1 122

#a kK oyHKkunn @(z) = =

V1= 2aw + w? 22 —2az+1

4.286. Oyuruua z = z(w) onpejeieHa B 0KPECTHOCTH TOYKU w = 0
pPaBEeHCTBOM w = ze~ %%. Pa3nokuTh B pAA M0 CTENEHAM w:

1) z(w); 2) et*(W),
4.287. Pa3nomuThb N0 CTENEHAM w QYHKUHIO z = z(w), OnpeneneH-

HYIO B OKPECTHOCTH To4ukM w = 0 ypaBHenueM Keniepa
z—a=wsinz (a#0,£mr, £27,...).

4.288*. OnpegenuTb paguyc CXOOAUMOCTHU MOJYYEHHOro B NMpeablay-
weit 3ajave pasnomenus z(w) B claydae, Korga a = 7/2.

4.289. Jloraszath cnesnytomee o6o6imenue Teopemsl Jarpauma. llyctsb
f(2) 1 p(z) — PpyusuuM, aHaTUTHYECKUEe B OKPECTHOCTH TOYKN a, C —
OKPYHOCTb C IEHTPOM B TOUKE @ paauyca 7 Takaf, UTo BO BCeX ee ToYKax

laf(z) + Bp(2)] <.
Ecnn ®(¢) — ananutuyeckas GyHKLUUA eJUHCTBEHHOIO KOPHA ypas-
Henus 2z —a — af(z) — By(z) =0, To
2(Q) = #(a) + 3 2 LT (@ @) f(@)) @),

rje CyMMHpOBaHre paclpOCTpaHeHO Ha Bee m U n, kpome m = n = 0.



I'TABA V

PA3JIIMYHBIE ®YHKIIMOHAJIBHBIE PHIBI.
HUHTETPAJBI, 3ABUCAINIHUE OT ITAPAMETPA

§ 1. dyHk1HOHANAbLHBIE PAJLI

B sagauax 5.1-5.10 HaiiTH 0o6macTH CXOOQUMOCTH )IaHHbIX pALOB.

2

ac " 1 /2 m z(z+n)
5.1.T§<z +2nzn). 5'2‘Z(H+z_n)' 5.3. Z[ ]

o6 1 o on
5.4.2&‘“”. 5.5. ZS‘“"Z. 5.6. Z( " s D FT

n=0 n=0

o0 n

o n
z <
5.8.21_Zn. 5.9. Z1+ —. 5.10. ; (e ew

n=1 n=0

anz

5.11%. llokazaTb, 4TO eciu paAl Zan cxoauTcA, TO PAO Z
n=1 o0 n=1
CXOAUTCA Beromy, riae |z| # 1; ecau me pan Zan PACXORUTCA, TO

n=1
[e5s)

o0
n
anz
pPAX E 1iz" CXOAMTCH B Kpyre CXOAUMOCTH pAfAa E anz™ u pac-

n=1

XOoOuTCA BHE 3TOI0 Kpyra.
[o}

n
5.12. 1) Pa3nosuTb B pAL NO CTeNeHAM z CyMMy pAna Z

anz”
1— 20’

HalTH pajinyc CXOAMMOCTU NONYUYEHHOro pAja. n=1
[e.0]

n
2) Howrasatb, uto mpu |z| < 1 Z(p(n)l_z_zn = (1_zz)2, rae

©{(n) — KOIMYECTBO TeX HATYpalbHbIX YKCel, MEHbLIUX 71, KOTOpLIE B3a-
HMHO MpPOCTLI C 7.

YraszaHune. Bocrnonb3oBaThbcA M3BECTHBIM B TEOPHUM YHCEN COOTHO-
HIeHHEM E ¢(n) =m, rie n npoberaer 3HaueHHs BCeX JelarTeNell YKC-
jJa m, BKIovyad 1 u m.

o0 o0
1 1
5.13. Pagnomuts pyHruuio ((z) = Z —== Z e*"" (dsema-dymx-
n=1 n=1
yua Pumana) B pan Teiinopa B 0KpecTHOCTH TOYKH z = 2 U HaliTH pa-
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ANYC ero CXoadMMoCTH.

B 3amauax 5.14-5.17 HaiiTu cyMMBI gaHHBIX pAnoB (|z| # 1).
o0
1 1
5.14. Zl (1+z" B 1+z"-1)'
n=

n
z
5.15. z_: T ) YKaszauue. YMHOMUTEL YUCIUTENb U

3HaMeHaTeb Ha (1-2z).
(e}

5.16. Z—n-—z— 5.17. Z
o | ((E5)
k=0

5.18. JorazaTh npeioseHUA: o
1) nna paBHOMepHO# CXOAMMOCTH pARa an(z) Ha MHOMecTBe E
HeoOX0JUMO M LOCTaTOYHO, YTO6BI AJA moG%?é € > 0 cyuecTBoBalo
Takoe uncio N = N(g), uro ana Bcex n > N, Bcex z € E u a060-
n+p
ro HaTypalbLHOIro YMCia p BbIAOIHANIOCH HepaBeHCTBO ’ Z fe(z \

9n.--'L

2) U3 paBHOMEpPHON CXOAUMOCTH PANa Z[fn(z)l Ha MﬂomeCTBe E

n=1
cilefyeT paBHOMEpHafA CXOOUMOCTb Ha 3TOM K€ MHOMeCTBe psana
o0

an(z).

5.19. HaiiTu MHoxecTBa, Ha KOTOPLIX paBHOMEPHO CXOAATCA AaHHbIe
NOCAeA0BATENbHOCTH:

D{m=h 2= o (5

5.20. JorasaThb: AJa TOro YToObI NOCAEN0BATEILHOCTh HEMpPEePbIBHbIX
dbyurumit {f,(z)} paBHOMepHO cxoamMiach Ha OrpaHUYEHHOM 3a8MKHYTOM
MHoxecTBe E, He06XOAMMO M [NOCTATOYHO, YTOGbI 3Ta NOC/IEJOBATEb-
HOCTb CXOQMJAch BO BCeX TOYKAX 3TOCO MHOMECTBA M YTOBbI OHA CXO-
AMUIach HeNpepbIBHO BO BCeX NpelelbHbIX TOYKax MHomectsa E, T. e.
4TOGLI A/ BCAKOM NOCNeN0BaTENbHOCTH TOYER Zp,, IPUHALIeKAUX MHO-
mecTBY E M cxofsmuxca K Touke zg,

nli_{Tolo fn(zn) = f(20).

B 3agauax 5.21-5.25 HaliTii MHOMKECTBa, HAa KOTOPLIX PaBHOMEPHO CXO-
OATCA AaHHbIE PAIbBI.

o o0

1 n 1 ~nz

5.21. 3 (a4 o). 522 ) e
n=1 n=0
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0 oo, o .
5.23. ) _e*"". 5.24. % T 5253
n=1 n=1

n=1

5.26. Joxkasark, 4TO pAA Z —:7 PaBHOMEPHO CXOAUTCA B 3aMKHY-
n=1
TOM Kpyre |z| < 1. Byler nu cxomuThca paBHOMepHo B Kpyre [z| < 1
PAili, NOAYYEHHbI! NOUJEHHBIM nu(ptpepeﬂunposanuem?
n—1
5.27. [oka3aThb, 4TO PAL Z __ CXOOUTCA paBHOMEPHO B JIIO-

606t KoHEeUHO#H YacTu nnocxocm, n3 KOTopoﬁ ylalneHbl KpyTU CKOJIb yrof-
HO Manoro paguyca p ¢ leHTpaMH B Toukax z =0, —1, -2, ...

JlokasaTb TaKke, YTO 3TOT PAA HU B OfHOI TOUKe He cXxoquTcA abco-
JIIOTHO. oo

— 2
5.28. ﬂoxaaaTb YTO PAA E =— CXO0AuTCA paBHOMEDHO B UHTEDPBa-
n
=1

ne (—1,0), B 5TOM e MHTepBaje CXOJUTCA, HO .He paB-

HOMEpHO. (Tame 06pa30M pAl Z “— B unrepsaine (—1,0) Hens3a ma-

n=1
MOpUPOBaTh CXOAAIIMMCAH YHUCIOBbIM pﬂﬂOM‘)

Opumeuyanue. Hacroawuil npumep nokasniBaeT, 4TO AOCTATO Y-
HbIfi npu3Hak paBHOMepHoi cxoaumocTy BeffepiiTpacca He sABagercs
HeOﬁXOIII/IMbIM

5.29. 1) Pax Z s Z)n cXoIuTCA aGCOMIOTHO NpH |z| > 0, |arg 2| €
n—O

< 7/4 (2TH 3HaYeHHUA 2z He UCUEPNbIBAIOT Bcell 061acTy abCcoqIOTHON CX0-
AMMOCTH, KOTOpas, Kak JEerkKo BUAETb, COCTOUT W3 TOYKM z = ( M BHeI-
HOCTH neMHucKaThl |1 + 22| = 1).

llorasats, 4yTO pAg B yKasaHHOJ 06JacTH CXOAUTCH HEPaBHOMEPHO.

MpuMevyaHue. ITO MOKA3LIBAET, YTO Aaxe U3 a6COMIOTHON CXOIM-
MOCTH pAfa B 3aMKHYTOH 067aCTH He cliedyer DaBHOMEPHaS CXOLHMOCTS.

1)"z
HOMEpHO U aGeoloTHO, HO He a6CoMOTHO paBHOMepHO (1' e. pal U3 Mo-
Ayneil He CXONUTCA PaBHOMEPHO).

2) lorasaThb, 4TO B 3TOH ke 061aCTH pAX Z CXOAUTCA paB-

x>
5.30. JokazaTh, 4TO ecid pAR Z | fn(2)| cxomuTca paBHOMepHO BO

n=1
BCAKOIl 3aMKHyTOl o6nacTH, BHYTpeHHel no OTHoWIeHHIO K obGnactu G,
o0

TO 3TUM #Ke CBOHCTBOM 061afaeT U pal Z |£5.(2)]-
n=1
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§ 2. Paant Mupuxael)

Pan Bupa E ane_’\"z, roe a, — KOMILIEKCHbIe KO3()(PULIHEeHThI
n=1
U A, — HOJOMUTEIbHbIe YHUC/IA, YAOBIETBOPAIOIINE YCIOBUAM

A<MA<.. U lim A, = o0,

n—oo

Ha3biBaeTCcA pm?oJu ,Z[upume C MOJOUTEJbHBIMU NOKa3aTejlAMHU.

5.31. Horasath, uTo ecnu pax Jupuxie cXoouTcA B TOUYKE 2o = Zp +
+ 1Yo, TO OH CXOJUTCA BO BceX TOUKax noaymaockoctd Re z > Re 2z, npu-
YeM CXOAMMOCTb PaBHOMepHa B KamaoM yrie |arg(z — zp)| € 6 < 7/2.

Ywkazanue. llpumenuts npeobpasopanue AGen K cymme

q q
§ ane—/\nz — § :ane—/\nzoe—)\ﬂ(z-—zo)

M BOCIONbL30BaTheA HepaBeHCTBOM (a < b, z = z + iy)

le=o7 — =t = lz./be—zt dt{ < %(e—az — e,

5.32. HowkasaTb, 4To ecau pAn Jupuxie cxogurcsa abCoMOTHO B ToYKe
2 = zg, TO OH cXoauTCA abCOMIOTHO ¥ PABHOMEPHO B nodymniaockocty Re z 2
> Re 20.

U3 TeopeM, chopMyaupoBaHHBIX B 3amavax 5.31 u 5.32, cieqyert, 4To
o6aacTbio cxogumoctd paga lupuxiae (ecaiy TakeBas CyECTBYeT) AB-
AfeTCA NOMYIIIOCKOCTb Rez > z,. (2, 2 —o0), a o6nacTbio abconoTHOM
CXOOMMOCTH (ecny TaKkoBaA CYIeCTBYeT) — MOMYIIOCKOCTb Rez > z,
(za = —00), npuueM pag aubGo CXOAUTCA aGCOMIOTHO Ha Bcel MpsMON
Rez = x,, 1u6o He cxoguTcA aGCOMIOTHO HU B OAHOM TOYKe 3TOi mps-
Moii. Yucna x. ¥ x, Ha3bLIBAIOT COOTBETCTBEHHO afcuyuccoll crodumocmu
W abcyuccoll abcomomuoll cxodumocmu paga Jupuxae.

B sanavax 5.33-5.39 maiiTu abGcuucchbl CXORUMOCTH () M abCLHCCHI
abcoMIOTHON CXOAMMOCTU (ma) JaHHbIX pAJOB.
[ee)

3 2 s 10"
5.33. Z e 5.34. % % g~zininn.

n=2

5.35. Z l)n e—?lnlnn £ a6 Z( 1 ne—zlnlnn

=2

o0
5.37. Z(-l)“e—“"". 5.38. Z e*nn. 5.39. ) eem

n=1 n=0

1) Mo nosony npuBoamMMoOre UMKAa 3ajay CM., Hanpumep, {2, ra. IV, § 2].
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. In +— Inja
5.40. Jlokazatb, yTo ecnu  lim ——~O TO Z.=2,= lim —I—l'—l
nooe An n—oo  An
— Inn
5.41. JokasaTb, yTo ecan  lim —— =1, T0 zq — T < L.
n-+00 An

B 3apauax 5.42-5.46 nccnepoBaTh ¢XOOUMOCTh pAfa JlUpHXxJe Ha rpa-
HULe nonynnocxocm CXOOUMOCTH.

5.42. Z n ~zlnn 5.43. Z —zlnn
_ _ _ (- 1[\/_]
5.44.2;6 o, 5.45.27«3 . 5.46. Z
n=1

n=1

Yrkazanue. CM. 3anauy 3.64.

B 3apavax 5.47, 5.48 paccmaTpuBaioTca paabl Jlupuxie ¢ KOMIIEKC-
HbIMM TOKAa3aTefAMHU.

5.47. Ilycts uMcna A, yAOBIETBOPAIOT YCIOBHUAM
Inn w— lnlan|
u lim

lim — =0
n—+00 An nooo  |An|
Jorazatb, yto ecin « < arg A\, < B, To pan Jupuxie cxoautca ab-
CONIOTHO BO BCAKOH TOYKE z = & + iy, AIA KOTOPOi IIPU BCexX ¢ U3 [a, f]
MMeeT MeCTO HEePaBEeHCTBO I cos¢ —y sing —k > 0, U pacxoguTca B
TOYKe, /il KOTOPOi NpH BceX ¢ u3 [, ] UMeeT MecTo Z €Osp — ysing —
—k<0

5.48. Jlan npousBonbHblit pag Aupuxie Zan

n=1
k(p,0) = Tm k() = lim k(p, ),
k—oo  |Ang| a—0
rae {ny} — nocaegoBaTeALHOCTL BCEX WHAEKCOB, Af KOTOPBIX ¢ — & <
Largh,, Sp+a (ecnmv He cymecTByeT TaKkoil HNOANOCIELOBATENLHOC-
TH {nn}, uto lim argl, = ¢, TO creayer nonoxuTh k(p) = ~o00).
m—r oo

=k < .

~Anz lyceTh

+— Injan,|

. Inn
Hokazath, uto ecit lim —— =0, To pAR cXoAUTCA aGCONOTHO BHYT-
n—oo Ap

pu obnactu G, TOUKM 2z = Z + 1y KOTOPOiA NpU JIOGOM @ YIOBIETBOPAIOT
YCIOBHIO Z cOSp — ysing — k() > 0, u pacxoauTcsa BO BCAKON TO4YKe,
nexateit pHe G.

§ 3. UHTerpaasl, 3aBUCHILHe OT NapaMeTpa

CxopuMocTb HMHTerpaljos

5.49. JlokasaTb Teopemy: nycTh C — MpocToit KOHTYD (3aMKHYTBIH
MAN He3aMKHYTHIN), UMelomuil KoHeunyto AIuHy, u f(7T,z) — dyHKruus,
aHaNMTHUYeCKas M0 NEepEeMEeHHON z M HelpepbIBHAafA 1o T AJA BCeX 2 U3 He-
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KoTopolt obaactu D u mAA Bcex TOYER T, NpUHajjexaumux KoHTypy C;
Torfa GYHKUMUA, NpelcTaBleHHana uHTerpaioM F(z) = /f(r,z) dr, ecTb
aHajuTUYeckad QYHKLUUA MO NepeMeHHON z U c

F'(z) = [fi(r,2)dr.
C

Ecau unTerpan /f(r, 2) dT HeCOGCTBEHHBIH, T. €. €C/H MOAbIHTEr pajib-
¢
Hadg QYHKIUA UMeeT Pa3pbIBbl [IPU KaKUX-IMO0 U30IMPOBAHHbBIX 3HAYEHH-
AX 7 € C' WIM KOHTYD MHTErpUpPOBaHUSA CONEPMUT GeCKOHEYHO yaaleH-
HYIO TOUYKY, TO ONpefieJeHHe CXOAMMOCTH W PaBHOMEpHON CXOAMMOCTH
TaKoOro MHTEerpasa COBEPINEHHO &HANOIMYHO COOTBETCTBYIOWIUM ONpee-
JEHHAM, U3BECTHbIM U3 Kypca MaTeMaTMUeckoro aHalusa.

5.50. JlokasaTh: Q1A pABHOMEpPHOH CXOAKMOCTH MHTErpaa /f(r, z)dr
o)

Ha MHOMecTBe F [10 OTHOWEHUIO K Kakoh-mn6o Touyke Ty 7 oo KoHTypa C
HeoOX0AUMO U A0CTAaTOYHO, YTOOL! A4 atoboro € > 0 cyuecTBoBano yuc-

1o §(e) Takoe, 4TO
’ /f(T,Z)dT’ <e€
Co

IJIA BCeX TOYeK z U3 MHoskecTBa F U mia Bcakoil ayru C, woutypa C,
aemaiielt B 0-OKPECTHOCTH TOUKH Tp U He cofeprkailielf 3Ty TOUKY HHU
BHYTpPHU ceBf, HU HA KOHLAX.

5.51. CoopmynupoBaTh U [0Ka3aTh aHAJOTMYHBIH KpUTEpPUil paBHO-
MEpHOit CXOAMMOCTH MHTerpala, eciu 79 = 0. PaceMorpeTs ciyuan, Kor-
na KoHTyp C HeorpaHuueH: B OOHY CTOPOHY; B 00e CTOPOHBI.

5.52. Jorasare, 4to eciu | f(7, z)| < |¢(7)| AnsA Bcex Touyek z U3 MHo-

mectBa F u ecin /lzp('r,z)[dr CXOJMUTCA, TO UHTErpas /f(T,z)dT cxo-
¢ &
JUTCA PaBHOMepHO Ha MHo#ecTBe F.

5.53. Myctb f(7,2) — OyHKUHA, aHANUTHYECKaA 110 z U HElpepbIB-
Hafg Mo 7 AJA TOYEK 2, NPUHAMJeKalliX HeKoTopoit obaactu D, U To-
yeK 7, NpuHamiemamux woHTypy C, 3a HCKIlOYeHMEM HeKOTOPBIX HU30-
JMPOBaHHBIX €ro TOYeK, Ile YCIOBUA, HallomeHHble Ha dyuruuio f(7,2),
HapyIIaoTea WM [UIA BCeX TOYeK 2z, MM TOALKO AJIA HEKOTOPbIX.

JlokasaTh, 4TO eciii HecOGCTBEeHHbIH UHTerpan

F(z) = / F(r,2)dr
C

paBHOMEDHO CXOAMTCA BHYTpPH obnactu D (T. e. BO BCAKOH 3aMKHY-
Toft mogo6nactu obnactu D), To yHruua F(z) ananutudeckas u
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NpUYeM NOCHEAHUIM HHTerpal CXOQUTCA paBHOMEPHO BHyTpu D.

B 3zapauax 5.54~5.61 HaitTH MHOMecTBa, Ha KOTOPbIX PAaBHOMEPHO CX0-
OATCA yKa3aHHble UHTErpaibl.
oQ

o0
5.54. I‘(z):/t“le“tdt (t*=1 = els=-DInt) 5 55, /e“”zdt.
0

75 t 70cost 7sin tz
5.56. [Z-dt. 5.57. [Z"dt. 5.58. dt
0 t 0 t

tZ
c—Hoo c+iooezt
5.59. / L at (c#£0). 5.60. / dt (c#0).
c—100 [
c+ioco
5.61. ZTdt (c#£0, 2t =etln?),
c—ioo

Huterpan Jlannaca

WuTerpan Buna

Jeswa 1)
0

rae ¢yurnua f(t) uarerpupyema Ha orpeske [0,a] npu a06oM M0N0#HU-
TeJILHOM a < 00, Ha3blBaeTCA unmezpaion Jdanaaca.

5.62. [lokasaTb cieayiolliye NpealoHeHns:

1) ecan unrerpan (1) cxXooMTCA B TOYKe 2z = Zg, TO OH CXOAUTCA
B noayniockoctu Rez > Rezp, mpuueM CXoAMMOCTL paBHOMEpHA
B yrie |arg(z — zo)| < 6 < 7/2;

2) ecin unTerpan (1) cXoauTCA abCOMIOTHO MPHU 2 = 29, TO OH CXOAUTCA
abCcoMIOTHO U paBHOMepHO B noaymiockocTH Re z > Re zg;

lnIf(t)l

nynnocm)cm { Rez > B v paBHOMepHO BO BCAKOH monynnockocTH Rez >
> B+¢€ (e > 0) (noctpoutsh npumep uHTerpana Jannaca, cxogawerocs
abCco/TIOTHO BO Beeil MIOCKOCTH, MJA KOToporo 8 = 0o);

In|f(¢)]
t

3) ecin 1 = f3, 1o unTerpan (1) cxoauTca aGCoOMOTHO B Io-

4) ecniu lim
t—o0
B OIHOM TouKe noaymiockocTy Re z < a.

= o, To unTerpai (1) He cX0AMTCA aGCONIOTHO HU

U3 TeopeM, chopMynupoBaHHBIX B 3agave 5.62, crenyert, yro obaac-
TAMH CXOZMMOCTHM ¥ abGCOMIOTHOM cxoguMocTH WHTerpaia Jlamaaca (ec-
aY TakWe OGNACTH CYWECTBYIOT) ABIAIOTCA NMOAynaockocTd Rez > z. u
Re z > z,; uncio x, Ha3bIBAIOT abcyuccoli cxodumocmu, a T, — abeyuccot
a6coaomuoil cxodumocmu uHTerpana Jlannaca.
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(o]
B zapauax 5.63-5.69 Haiitu z. W z, ANA MHTerpana /e‘“f(t) dt,
rae f(t) — 3anaHHag GyHKUHMA. 0
5.63. f(t) =1. 5.64. f(t) =e~t'. 5.65. f(t) =t

5.66. f(t) =
et npu 0<t<Inln3u Inln2k <t<Inln(2k+1)
= (k=2,3,..),
—e=" mpu Inln(2k+1)<t<lnln(2k+2) (k=1,2,...).
5.67. f(t) =
e/ mpu 0<t<Inln3u Inln2k <t <Inln(2k+1)
= (k=2,3,.),
—e®/2 mpn Inln(2k+1) <t <Inln(2k+2) (k=1,2,..).
5.68. f(t) =
| e nmpu 0<t<Inln3wu Inln2k <t<lnln(2k + 1)
! = (k = 2737"')7
—e mpu Inin(2k+1) <t <Inln(2k+2) (k=1,2,..).

[ e mpu In(2k-1)<t<In2k (k=1,2,..),
5.69. f(t) = { et mpu 2k <t<In(k+1) (k=1,2.).

B zapmauax 5.70-5.73 ucciaemoBarb CXOAMMOCTb HMHTerpajos Jlannaca
<

/e"th(t) dt Ha rpaHuue NONYIIOCKOCTH CXOQUMOCTH.

0
5.70. f(t)=1. 5.71. f(t)=0 npn 0<t<1, f(t) =1/t npm
t> 1.

5.72. f(t)=0 mpn 0Kt <, f(t)=1/t npu t> 1.

5.73. f(t)=0 npu t=0, f(t)=1 mpu 0<t<l,anput>1
f(t) onpenenserca crexyowMUM 06pazoMm:
£ {f(t) +1, eemn  (2k—1)2 <t+1<(2k)3%,

k=1,2.)
ft) =1, ecnn (k)2 <t+1< (2k+1)? )
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FTABA VI

BECKOHEYHBIE IIPOU3BEIJIEHUAA.
HEJIBIE U MEPOMOPOHBIE ®YHRKIHUHN

§ 1. BeckoHe4yHble NMPOU3BEACHUA

B 3agauax 6.1-6.7 nokasaTh ykasaHHbie PABEHCTBRA.

6.1. ﬁ(l—%):% 6.2. ﬁ(HTnlﬁT):z'

H;Z n?—4 1 1
6.3. H3n2—1:Z 6.4. H( n(n+1) 3
n=
00 4 L
n"—1 2 (—.1)’“'}_
65. [ 55 =3 6.6.H[1+———n—— =1
n=2 n=1
ket El/n C C . “ 1
6.7. H Ty =e”,raee” = nlirr;o (Z i In n) — HNOCTOAHHAsA
n=1 k=1
Jitnepa
o' sin
6.8. Jlokasarh, uTO H cos o = —

n=1
Yrkasanue. CHavana [OKasaTb TOMAECTBO Sing = 2F sin -2% e

k
@
X H €08 o
n=1
6.9. Ilonb3ysack peulenneM 3anauu 6.8, JokasaThb, 4TO
2 2 2 b

%\/2+\/§\ﬁ+1/z+\/§m‘§'

2n 2n )

6.10*. 3= (
0%. llorasats popmyay Banmica - H 2n—12n+1

n=1

6.11. JorazaTb, 4TO ecilM, Kak 0ObIYHO, CUUTaTh —7 < argp, < T,
o0

To 6ecKOHeyHoe npousBeaeHHe H Pn CXOOMTCA M PAaCXOAUTCA OQHOBpe-
st n=1

MEHHO C pAJoOM Z Inp,.

n=1
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6.12. BoiacHUTB, COXPaHUTCA MU YTBEpAEHHe U3 npedblaylueil 3a-
Ja4yu, eciiv YCJAOBUTLCA, YTO: ’

1) 0 argp, <2m; 2)a<argp, S a+27 (—2r <a <0).
6.13. JoxasaThb, uTo AnA aGCOMIOTHOH CXOAMMOCTH GecKOHEYHOro
o0

NpoM3BeeHUA H(l-{-an) (T. e. abCoMIOTHON CXOAMMOCTH pAna
oo o0

n=1
E In(1+ an)> HeoOX0AMMO M J0CTaTO4YHO, YTo6bI pAa Z a, cXoauicda
n=1 n=1
abCcoIOTHO.

oo oo
6.14. IlponsBenenus Hpn u H gn cxopatca. HccaepoBaTh cxonu-

MOCTb Npou3BefeHuit: ") n=t

D [[@n+a) 2 [[@n—an)i 3) [] paani 9 ][ % :
n=1 n=1 n=1 n—1

B 3apauax 6.15-6.19 uccnenoBaTh Ha CXOAMMOCTB U a6CONAIOTHYIO

CXOOAUMOCTE JaHHble NPpOU3BEREHUS.
o)

—1)n+1 s yn
6.15. [] [1+(—nl—]. 6.16. 1;[111( n"

n=1
6.17. ﬁ 1+ (—%Til] (p>0). 6.18. ﬁ (1+2) w>0.
n=1 n=1

fo o] (e}
6.19. H COS Zn,, €CIY U3BECTHO, YTO PAA E |2n]? cxoauTea.
n=1 n=1

6.20. okrasaTb, YTO BHYTPH eIUHHYHOIr0 Kpyra

o 1

2™y
]:[0(1+z )—1__2,
e

NpousBeienye CXoauTca abCcolOTHO.

B zapauax 6.21--6.29 naiiT o6nacTy CXOAMMOCTH NPON3BEAEHUI.

o0 o0 4 0 22
6.21. gl(l ~2").  6.22. J;[l (1 + 2—n).oo 6.23. nl;[l (1 —2 n—)
—n n
6.24. ,,I:I2 [1-(1-2) "] 6. nl;[l [1+(1+3)" ="

) 00 sin(z/n) 00
Z amz/n) Z)e—z/n
6.26. [JcosZ. 627 J] . 628, II (1 + n)e :
n=1 n=1 n=1
[o0) (o0}
6.29. H(l + ¢p2), ecu U3BECTHO, YTO DAL Z len| cxommTen.

n=1 n=1
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6.30. JoxasaTb, YTO NpOU3BEJEHHE
o0
(_1)n+1 .
H[l"‘T] (’I’L —zlnn)
n=1
cXoAuTCA B noaymiockoctd Re > 1/2 un cxomurtcsi aBCoMOTHO B nomy-
niockoctd Rez > 1.

6.31. {fn(2)} — mnocnegoBaTeALHOCTL (QYHKUMI, aHATUTHUYECKUX B
obnactu G, npuvem Bce 3TH QYHKUUM, 38 UCKIIOYEHHEM KOHEYHOTO KX
4ycaa, He ofpallaloTcA B HyIb B 06aactu G. Jlokasarts, 4To ecian | fr(2)] €

o

< @y 414 BeexX z € G, IpUYeM @, He 3aBUCUT OT Z, U PAL E &y, CXOOUT-

=0 n=1

cfl, To pyuruma F(z) = H[l + fn(2)] ABNAETCA aHANMTHYECKOH B 06-
nactu G. n=1

B 3agauax 6.32-6.35 BLIACHAIOTCA HEKOTOpble CBOWCTBA TraMMa-
(GhYHRKIMY, BLITEKalOLINe U3 ee ONpeleleHus Kak Ipefena GeCKOHEYHOro
nponsBenenua (cM., HanpuMep, [2, ra. VII, § 4] uau [3, ra. VII, § 1)).

6.32. JorasaTb, 4TO Npou3BegeHHe
= +1)* +1V
n n n afl
F(z+1)=H ( ) ( ) =
zZ+n n n

n=1
CXoAMTCA abCOMIOTHO BO BCell IIOCKOCTH, KpOMe 3HaYeHUI 2, paBHbBIX Lie-
JAbIM OTpULATeNbHBIM YMcClIaM, U NpeacTaBiadgeT QYHKIMIO, aHalUTHYeC-
KYIO BO Bcell IINIOCKOCTH, KpoMe Touek z = —1, —2, ...

6.33. llorkasatb dopmyiny ditnepa

—_ 1 n!nz z . _zlnn
L) = e r ey ="

M TOKas3aTh, YTO:
1) (2 + 1) = 2T (2);
2) I'(m+1) = m!, ecin m — HaTypanbHOe YUCIO.

6.34. [okasaTb, UTO

T nle+f+n) _ Tla+DI(B+1) L
5@ = Tarpeny . @712
6.35. Jlorasate dopmyny Beitepmrpacca

L _cs I Z\e—z/n
I‘(z-i—l)_e ;!;4[1(1_*_11)6 ’

rge C — nocrosiHHasa Jiliepa.
Yrazanue. BocnonbsoBaThes pemenuemM 3agauu 6.7.
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6.36*. Mlyctb p1, P2, -y Pn, -.. — TOCIEAOBATENLHOCTh BCEX rnpoc-
(o 0]

ThIX uucen (py = 2, po = 3, p3 = 5, ...), a {(s) = Zn"s (n=% =
n=1

= e~*I"") — nzera-pynkumsa Pumana, aHanuTHueckad B MOJYIIOCKOC-
T Res > 1 (cM. 3agauy 5.23). JokasaTb, YTo:
o0

D¢ =1/ T -p7";
n=1
2) ¢oyuruua ((s) He UMeeT Hylleil B MOaymnaockocTu Res > 1.

IIpumeuyanue. Uccnepopanuio azera-QyHKLUMU MOCBAlleHa oOUIUp-
HaAa aurteparypa. CM., Hanpumep, MoHorpadmio: Turtumapm E. K.
Teopus azeta-pyuruuu Pumana. — M.: WJI, 1953.

oo
1
6.37*. llokasaTb, YTO AL E —, rae {p,} — nociemoBaTeNbLHOCTD
DPn
=1

NMPOCTLIX YHCeT, pacXoduTCH.

§ 2. PasnoxeHue B pAAb! NpocThiX Apobeil ¥ B GecKoHeUHbIe
npousseaeHua. CyMMUpoBaHHe PAJOB

6.38. llycrs f(z) — mepomopdHas $YHKUUA ¢ OPOCTLIMHU MOIIOCA-
MU B TOYKaX Q1,Qas,...,0n, ..., IpuueM 0 < |a;| € laz| € ..., lim a, = 0.
n—0o0

O6o3HaunM 4Yepes A, BblueT QYHKUMU f(z) OTHOCHTENLHO MOJIOCA ajp
(n=1,2,...). JonycTuM, 4TO CyIIECTBYeT OCAEIOBATEIbHOCTh 3a8MKHY-
ThIX KOHTYPOB Cpp,, YIOBIECTBOPAIOUIMX CIAEAYIOUNM YCIOBUAM:

1) C,, He TIPOXOOAT HU Yepe3 OJHY U3 TOYER G;

2) ramaslit KoHTYp C), comepUuTCA BHYTPH KOHTYPaA Crt1;

3) MHHMMaAbHOe paccToAHWe OoT KoHTypa C, 10 Hayala KOOpAMHAT
(o6osHaumM ero 4epes R,,) HeOorpaHMUYEHHO BO3pacTaeT MpU m — O0;

4) orHoweHue pauHel L, koutypa C), K R, ocraercd orpaHu4YeH-
HbIM, T. €. Ly, = O(R,,);

5) max |f(2)| = o(Ry,) (3T0 ycnoBue, 04eBHIHO, BLINOMHAECTCH, €CIH

z m

¢yukuua f(z) orpannyena Ha Bcex koHTypax Cp,).
JlorasaTb, 4TO IIPH 3TUX YCIOBHAX MMEET MeCTO pasiiomeHue (yHK-
uun f(z) Ha npocreiiune gpobu

o0
1 1
1) = O+ A=+ =),
Z— an an
n=1
NpUYEM CXOAMMOCTD pAna O6yfeT paBHOMEPHOH BO BCAKON 3aMKHYTOH 006-
1acTH, He COfepkallell TOUeK G, €CIM M0J 3HAKOM CYMMbI CrPYNINPO-
BaTh clJaraeMble, OTHOCAUIMECA K IMONIOCAaM, 3aKMIO4eHHbIM Memay Cr,

M Cmt1 (m=1,2,..).

8 JI.H. BonkosbIckuii U ap.
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Y kazanue. [IpuMeHUTb TeopeMy O BhideTax K HHTeErpany

1 [ fQd¢
i J TC—2)

Y TepeiiTH K npefeny IpH m — 0o.
IIpumeuvanne. OTHOCUTENLHO pA3IMYHbIX 0606ieHHI chopMyIu-
pOBaHHOI1 TeopeMbl cM., Hanpumep, [1, ra. VIII, o. 4].

B 3amavax 6.39-6.46 noxazaTb CipaBeANMBOCTL Pa3/NOMEHUH.

[ o] o0
1 2z 1 1 (-1D)"2z
6.39. ctgz = - + Z S 6.40. — =~ 4 Zl g
n=
6.41. tgz = .
82 = [(Qn—l ] 5
=1 -z
> "(2n — 1)
n—
6.42. cos z WZ ) [(Zn—l)w]
n=1 g2 — | ————"
2
- 22 1 = (=1)"2z
- 2
z z = 22*
645 oy =1- 54 ) g
n=1
6.46. 577 sin? z Z_ (z-nﬂ')2
6.47. llycts f(2) — uenaa GyHRUMA ¢ NPOCTHIMM HYJIAMH B TOU-
Kax Qr,az,...,0n,..., OpuueMm 0 < |a1] € |a2| € ..., lim a, = 0. Ho-
n—oo

MycTHM, YTO CyliecTBYeT cucTeMa koHTypoB {C,}, yaoBieTBopsiouasn
ycaoBuaMm 1)-4) 3agaun 6.38, Ha KOTOPBIX

)| _
f(2)

ﬂORa3aTb, 4YTO BO BCel MJIOCKOCTU MMeEET MECTO Pa3jioMeHHe

1) = 1@ OO T (1= 2)etlon
n=1 n

= 0o(Rm)-

26Cm

B 3apauax 6.48-6.54 gokasarb chpaBejIMBOCTL Pa3NOHEHUN.

6.48. sinz = z H (1 -~ nz;)
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6.49. cosz = H{ [ 2n+1)ﬂ,)]2}
6.50. shz = zH (1+ Wz)

6.51. chz = ﬁ {1 + [(2n+1)ﬂ]2}

n=0

6.52. ¢ — 1= ze*/? H( e )

6.53. %% — ebz — (a—b) ze(a+b z/2 ﬁ [ (a — b)*2? j|

4n2x?

4

- =22 2 ).
6.54. chz —cosz ,;[;[1 (1 + )

4ntmt

6.55. [Iycts f(2) — MepomMopdHaa GyHKUMA, MMelollaf KoHeYHoe
YHUCJIO MMOJIOCOB a1,@2, ..., Gmy, HE COBIAJAIOWIMX HU C OJHOH U3 TOYERK
z = 0,%1,%2,... lokaszaTb, 4TO ec/lU CyHIeCTBYeT IOCAeJ0BaTelLHOCTh
KkoHTYpoB {C,}, crAruBalomunxca K 6eCKOHEUHO yaaleHHoil TouKe, NpH-

yem
lim /f z)ctgmzdz =0, v (1)

n—oo

i fin) = —WZres z) Ctg 2] =a -

n=—0oo
6.56. [lokasaTh, 4TO eclid B YCJAOBUAX Npeablayllell 3agauun TpeboBa-
. z)dz
nue (1) 3ameneHo ycnoBueM lim ﬁ—)— =0,7
n—oQ sin 7z
o>

Cn
3 (1)) = 3 res [—Jfﬁ—z] -
n=-—oo k=1 F=ak

B zapauax 6.57-6.64 naiiTu cymMMBI pAOoB, Mpeanojarasd 4ucio a Ta-
KHM, YTO HH OOMH U3 3HaMeHarteneil He 06paH.IaETCH B HYJb.

oo D
1 1
6.57. n;mm. 6.5 Z (Hn 6.59. ;m
oo o
1 — n (_1)71
6.60. > ———;. 6.61 Z‘ oy az' 6.62. > TRV
n=0 n=0 n=0

oo
1
6.63. Z; o (k — HaTypalbHOe YHCIo).
n=

8*
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Yrkaszaunue. CHavana OokasaThk, 4To ecau z = 0 — moatoc QyHK-
J

udu f(z), To Qopmyna aas
CyYMMBI pAfa 43 3agauu 6.53
0CTaeTCA ClpaBelJUuBOM, eCiln
B ee JeBOM 4acTH CyMMMpO-
\ BaHue pPacnpocTpaHeHo Ha Bce
3Ha4yeHHUA n OT —00 RO +00,
kpoMme 3HaueHuA n = 0. Ilpu
ctgnz]
Z2k =0
yA06HO BOCIONL30BaThCA pas-
noxeHdeM U3 3agaud 3.102.

6.64. Z nnsmbn

T BbIUMCIEHUM res [

a? —n?
(-7 <b< 7).
Puc. 30
Ykazanue. Bocnonbso-
BaThCA HUHTErpaloM / zetds (Cn, — woHTYp u3 3agauu 6.56)
P (a®> - 2Y)sinwz " yP e

n

6.65. HokaszaTb, 4yTO

© V3/2
Z < (n? - 3) /——-4n_ / (B—zf)t\g/;—rET dr + = ctg[ (2 .—\/;—3')]

_zctgmzdz
Yrkazanue. BocnoansoBaTbca HHTErpaioM
(22 - 3)v4z2 -

rae Cp — KOHTYp, OrpaHHYMBAIOIIUl YKa3aHHYIO Ha pnc. 30 nByCBA3HYIO
obnacTh.

§ 3. XapakTepUCTHKH pocTa LeabiX GyHRIui ')

[lycts f(2) — uenas ¢yunuua u M(r) = maxlf(z)[. Yucio p =
- _ Tm Inln M(r)

=00 nr

Ha3bIBaeTCA NOPACKOM uenou Q)yﬂﬂunu. Ecniu 0 <

In M(r)

< p < 00, TO uKcao o = lim HasbIBaeTcA munom dyHkuuu. Ec-

™00
mm o = 0, dbysruua f(z) HasbiBaeTCA QyHRUUEH MUNUMAAbHO20 MUNG,

eciM o = oo, ¢ysHruuA f(z) HaspiBaeTcA GYHKLUMEHR MAKCUMAALHO20
muna; ecin 0 < o < oo, ¢yHruua f(z) HasplBaeTcA ¢yHKUHeN
HOPMAAbHO20 Muna.

1y Mo nosony 3agau sToro naparpada cm.: lesun B. fl. Pacnpenenensne KopHe#n
ueabix dyHuuui.— M.: Focrexuanat, 1956; a Takse (2, ra. VII, § 1].
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6.66. [JokasaTh cieayiolive yTBepHJeHHUA.

1) Ecan p# 00 U 0 7# 00 — COOTBETCTBEHHO MOPANOK U THN (YHK-
unu f(z), To paa moGoro € > 0 MOMKHO yKasaTb Takoe uucio R(e),
uto npu r > R cnpaBennuBbl HepaBeHCTBA

pte 3
M(ry<e™ ", M(r)<eloter

MozKHO TaK#e yKasaTh TakHe nociefoBaTenbHocT yncen {r, } u {r. },

CXofALMecs K 6eCKOHEUYHOCTH, MIA KOTOPBIX

M(ry) >e™ " u M(rl) > e’
2) Ecau m18 HeKOTOpOro HaTypanbHOro 4yucaa k

0 < Tm M)

rooo  rk

< oo,

. M(r)
10 f(2) — nonunom crenenu k (sHaumut, cymectByer lim — .
T—00 T

YrazaHue. Bocnonb3oBaThed HepaBeHCTBaMH Romu ana roadpdu-

LIMEHTOB cTenexHoro paga f(z) = E cn2"

3) Ecnu f(z) — uenas tpaHcuenneHTHaa GyHKUMA, TO

lim RMT) _ o

rooo  Inr
B 3apgauax 6.67-6.79 onpelenuTh NOPAAKU U TUIBI YKa3aHHbLIX QYHK-

uuit (n — HaTypanbHOE Y¥clo).

6.67. coz" + 12" L+ ...+ cn. 6.68.e%" (a>0). 6.69. 2"
6.70. 22¢2 — 3. 6.71.¢5 — 32",  6.72.e(279°. 6.73.sinz.
6.74.chz. 6.75.¢e*cosz. 6.76. cos/z.

sl n
6.77%. Z (_275—1”:)' (m — HaTypanbHOe HHUCIO).
n=0

1
6.78. ¢ .  6.79. /e“‘zdt.
0

6.80. Lenan ¢pyuruua f(z) umeer nopagok p u i ¢ (0 < o < 00).
Jlorasatb, uro ¢yuxuua P(z)f(z) + Q(z), roe P(z) u Q(z) -— mobble
MHOTOY/IeHb], UMeeT TaKe NOPALJOK p U TUI 0.

6.81. Ilensie dyuruuu fi1(2) u fa(z) UMEIOT NOPAAKU, COOTBETCTBEH-
HO paBHbIE p1 U pa, IpUUEM p1 # p2. UTO MOKHO cKa3aThb O mopsAjke p*
dynrunit fi(z)f2(2) u f1(2) + f2(2)?

6.82. Henbie ¢yusunu fi(z) u fo{z) ogHoro u toro e nopAaxa p
MMeIOT THUIIbI, COOTBETCTBEHHO PaBHLIE 01 U 02, IPHYEM 01 7 0.

YTo MOMKHO CKa3aTb O nopAake p* U THUMe o* QyHRUMIA:

1) fi(2)fa(2);  2) fu(2) + f2(2)?
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6.83. Ilensie ¢pyuruuu fi(z) u fo(z) UMeIOT OAMH M TOT e MopA-
LOK p ¥ OOMH M TOT #e TUN . YTO MOMHO CKazaThb O MOPAAKE p* U TH-

ne o* QyHKUHUA:
1) fi(2)f2(2);  2) f1(2) + f2(2)?

6.84*. f(z) = [] (I*XZZ)’ A >0 (n=1,2.),
n=1
>0, im — = f < co. Horasats, uro f{z) — uenas GYHKUUA 0EPBOro
< p.

. n
Iim — =a >

n—co An
NopAJKa, NpUYeM THI ¢ 3TO# QYHKLUUH TaKOB, UTO 7o K
), 2k — HaTypainL-

X3
6.85. f(z) =[] (1——) A >0 (R=1,2,..
nx=l
Hoe uuciao. lokasaTh YTBepHAeHHUA
lim — = 0, 10 f(2) — uenas (pyHKUHMA, pacTylwas He

1) ecau
) n—oo )\n
6ricTpee, 4eM cpyHRuMﬂ nopﬂ)ma k v MMHMMaNLHOrO THNa

2yecmn lim — =00 u E — < o0, To f(2) — hyHruusa, pacty-
n—co An )\

LlaA He Me[/leHHee, deM q)y}muun nopanka k M MakcMMalbHOro THIIA

Yrazauue. BocnoabsopaThea MeTomOM pelieHMA Mpefbiaylieil 3a-

nayu.
6.86*.

npyu audhepeHUHPOBAHHUN QYHKLHUU
Pemnrs 3agaun 6.87-6.94, ocHoBbIBafAchk Ha clelyolllell TeopeMe

eciy pasjiozieHye Lelod (YHKUHU B CTeneHHOi pax umeeT Bua f(z)

JlokasaTh, 4TO NOPAJOK U THI HeNoH GYHKUUK He U3MEHAIOTCA

= E Cn2™, TO NOPAAOK p U THI o 3TOM GYHKUUU ONpefelfAldTCA pa-

o
n=0
BEHCTBaMu ,
ninn v 1 n
= lim i (oep)t/? = nh_)ngo (n /e \/[cn[).

n-yo0 In |1/c

6.87. JloxkazaTh, UTO uenaﬂ dyHKUUA
A2)" (450, a>0)

fz) = Z {an + T{an+1)

MMeeT MOpAJoK p = 1/a uTHn o= Al/e
Ywrazanue. Bocnonb3oBarbea ¢popMynoit CTUPIUHTa
1

Fon +1) = (geﬂ)an\/%rom [1 + O(;)].
B sapavax 6.88-6.94 HaitTH nHoOpAAKM M TUNBI OAHHBIX QYHKUUM
oo o0
6.88. f(z) = 3 (%)n 6.89. f(z)= Y (‘i‘nﬁ)"/az" (a > 0).
1 n=1

n=
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6.90. f(z ):i( 1 )"/“z" (@>0). 6.91. f(z) = Ze—"
=2

nlnn
00 o0
6.92. f(z) =)~z —w (@>0). 6.93. f(z)=)_ —Chn\./ﬁ 2"
n=1 n=0 '

© (_1)71221’1

6.94. Z~VJV(Z) = Z m (V > "‘17 J,,(Z) - (pyHKHHﬂ
n=0

Beccenn v-ro nopanka).
Ecau p — nopanok uenoit ¢pynrunu f(z) (0 < p < 0o), 10 dyHKUMA

In|f(re’)| .
h(¢) = Tim ——— Ha3bIBaeTCA undurampucoll pocta pyurunu f(z).
r—o0 T

B sanadyax 6.95-6.101 maiiTy nopAmok p U uHouxaTpucy h(y) coort-
BeTcTByoLEeHd QyHKUKH.
6.95. e*. 6.96.e%+2%2. 6.97.sinz. 6.98. cosz.
sin /z
6.101. .
10 7

6.102. llenan ¢yuruusa f(z) umeer unnuxarpucy h{yp), a P(z) —
MHorowied. Kakosa nuauratpuca h*(¢) GyHrumm:

1) f(z) + P(2);  2) f(2)P(2)?

6.103. P(z) — npousBoabHbIA MHorouseH. IlpuBecTu Npumep Lenoi
dyuruun f(z) (KOHEUYHOro ¥ He PaBHOrO HYIIO NOpAjKa), MHAMKaTpHca
roTopoit h{yp) B HeKkoTopoM MHTepBale paBHa HyJO, TOTAa Kak HHIUKAT-
prca dyHruuu f{z) + P(z) B aTOM e uHTepBaie OTpUlaTelLHa.

6.99.chz. 6.100.¢*"




FITABA VII

HHTETPAJIBI THUIIA KOIUHW. HWHTEI'PAJILHBIE
OOPMVYIbl IIYACCOHA U IIIBAPIIA

§ 1. UuTerpansl Tuna Komu

1 /@(C)dc
2m -z’
& ¢
rae C' — raagkuii KoHTYp ') (3aMKHYTHIA WIKM HesaMEHYThIH) 1 ¢(() —
($yHKUMA, HenpepbIBHAsA Ha KoHTYpe C, 3a UCKIIOYEHUEM, ObITb MOJKET,

KOHEUHOro 4YMcia To4ek, I'le OHa MMeeT UHTEerpHpyeMbifi pa3pblB, Ha3bl-
BaeTca unmeepasom muna Kowu. @yuruus ¢(() Ha3biBaeTCA €ro naom-

Huterpan Buma

Hocmbio, a —- adpom. Uurerpan tuna Kowu npexncrasnfer GyHK-

unio F(z), aHaluTHYeCKYIO B Kasjoll obnacTy, He colepskauleii TOYek
rkoutypa C. [Ipu atom

FO(z) = 217:1 %_ (1)
C

yets p(¢) nHa kouType C ynoBieTBopseT ycioBuio Junmuna nopsanka o
(0 < a £ 1) (roporro, p(¢) € Lipa), T. e.

le(G) — (G| < Kkl — Gl
rae Touku (7 U (, npuHamiematr koutypy C, a k — nocrtosHHaa. Torga,
ecJIy To4YKa KOHTYpa (o He ABIAETCH ero KOHUOM, CYILIeCTBYET CUH2YAAD-
Hblll uHmezpan
() = 5 [0,
2wt ) ¢ — o
c

ompejenfeMbiil KaKk riaBHOe 3HayeHHUe MHTerpana Tulla Kowwu.

IJTo riaBHOE 3HAUEHHE MOKHO BhIpasuTh yepes 0ObIYHbIN HecoBCTBEeH-
HbIF MHTerpa:n no gopmyne

1) Hoa rnankum KOHTYpOM Mbl MOApasyMeBaeM NpocTyio (T. e. 6e3 Touek camo-
nepecevyernn) NMHUIO C HeMpepbIBHO MeHAIOWeiCA KacaTeNbHON U He UMeouyio To-
Jex BO3BpaTa. BnpoueM, ycCloBMA, HalomeHHble Ha KoHTYp C, MOTyT 6bITb 3Hauu-
TenbHo pacuipensl. CMm.: llpusanos U. . Ppanuunbie cBoOiCTBA aHanUTUUECKUX
pyurunit,— 2-e wag.— M.: 'TTJI, 1950.—— DI'a. III. Mo#Ho Takae paccmMaTpHBaTh
CJI0Hble KOHTYPbl, COCTOALINE M3 KOHEUHOrD YUC/la KOHTYPOB YKa3aHHOrO THNA.
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rie ToYku a ¥ b — KoHUbI KOHTYpa C, ecay OH He3aMKHYT. OHO3HayHaA
BeTBb Lin BbI6upaeTcA Tak, YTO B ciyuae 3aMKHYToro Kourtypa (a = b)
YyJleH ¢ norapu$mMom ucuesaeT, ¥ ¢GopMmyaa IPpUHUMAET BUA

w({) ~ (o) 1 1
F(¢) = 27”0 —CTZO—‘K +3 ©(Co)- (2

Ecan oGosHauuTh uepes F1((o) u F~((o) mpenenbHble 3Ha4YEHUA HH-
terpana tuna Kowwu F(z) npu z — {p cooTBeTcTBeHHO caeBa oT C' u
cnpaBa or C, To no popmynam Coxouroro

F* () = F() + 5 0(6),  F~(G0) = F(Go) = 39(G0)y  (3)

Han
F(Go) = 5 [F* () + F (@), FH(G) = F~(Go) = 0lGo). (&)

Eciu woutyp C 3aMKHYTBIf U TNOpPANOK ero o6xoma OGBIYHBIN,
to F*T({) — npeneabHbie snavenun oyHsuuu F71(z), onpepenenHoit
BHYTDpHU KoHTypa (o6racts D), a F~({) — ¢yuruun F~(z), onpe-
feneHHoi BHe KoHTypa (o6nactb D7)2). (CM., nanpumep, [2, ra. III,
§ 3) nau [3, ra. IIL, § 3).)

7.1. JokasaTh, 4TO eciu C ~— 3aMKHYTbIH KOHTYP U IJIOTHOCTb MH-

Terpana tuna Komu &(z =5 / (O) dC MoeT ObITh NMpeAcTaBieHa

b e Q) = p*() + o (0), Phe ¢*(C) 1 $=(C) — rpamHse ana-
YyeHHuda (pyHR[[VlF{, aHaMUTUHYECKUX COOTBETCTBEHHO BHYTPU U BHE KOHTY-

pa C, To
(2) = 9T (2), ¥7(2) = —¢(2) + ¢ (00).

Mpumeuanue. Ecau B ycioBuu 3ajauyu ofHa M3 OGYHKUMHA @~
win ot TomecTBeHHO paBHa Hymo, To UHTerpan Tuna Komw obpailaer-
cA B uMHTerpan KollM COOTBETCTBEHHO [nfi BHYTpPEHHEN WM BHELIHeH
obaacreit.

7.2. Nycts C — 3aMkHyTelil KouTyp. Haittu F¥(z) u F~(2), ecin
MJI0THOCTHL MHTerpana tuna Komwn — ykasaHHas ¢yHKHMA (n — HaTy-
paibHOE YMCIIO):

D p(Q) == 2) Q)= gy (amayTpn O)
3) ¢(¢) = r=gys (amhe O).

7.3. Haiitu F*+(2) u F~(2), ecan:
1) dynrumusa ¢(¢) — rpaHuyHoe 3HayeHne QYHKUMHU, aHATUTUYECKOM

2) K sToMy e Ciyualo OTHOCHTCA M TOT, KOTJla KOHTYp — GeckoHeyHaa AMHuA,
JeldAllas MI0CKOCTb Ha 1Be o6aacTH.
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B D7 Bcioay, 3a HCKIIOYEHHEM KOHEUHOrO YHC/a TOYEK ay, M€ OHA MMeeT
HOJIOCHI;

2) oyuruna o(¢) — rpaHu4Hoe 3HaueHue QYHKUMH, aHATUTHUECKON
B D~ Bcioay, 3a HCKIIOYeHHEM KOHEUHOro Yucia ToYek ag, rie OHa UMeeT
noJock! (Cpefu a; MOMeT ObITb ¥ TOYKA Z = 00).

7.4. Haiitu F*(z) u F~(z), ecan

it —CH
‘p(C) - 4-4_3(2_4 42*4

u C — orpy:kHocts [(| = 3/2.
7.5. Haittu F*(z) u F~(z), ecin p({) =ctg{ u C — okpy#s-

Hocts |(] = 5.

Cz

S u C — peiicTBU-

7.6. Haittu F*(2) u F~(z), ecn () =
TelbHaA och, poberaemas cleBa Halpaso.

IIpumeuvanue. llog unrterpanom tuna Koy, B3ATHIM M0 JeHCTBU-

oo
N _ 1 e(7)
tenbHoit ocu F(z) = 3 -2 dr chaegyeT NOHWMaTh €ro FlaBHOE
e — 2
-
3HayeHMe, eciy OH B OGBIYHOM CMBIC/IE PACXOAUTCA.
7.7. Halitu F*(2) u F~(z), a Takme npegennuble auadenus F*(()
Ha KoHType uHTerpuposaHusa C, eciu C — oxpysHocTh || = R,
o0

a ()= % + Z(an cosné + b, sinnf) — paBHOMepPHO cxOAAWMIACA PAL
n=1
®ypbe aeitcTBUTeNbHON GyHEIMY 1)(0) = p(Re ).
7.8. 1) Ilyets C — okpymsHocts |[{| = 7/2 u f({) — dyHKuud, aHa-
autnyeckas B kpyre [(| < w/2. Haiitu ¢pyHRuuMHM, onpeneiseMble HHTEr-

paiamu . p
I(z) = /f(c g ((-2)ds, D)= 5 [E%
C

B 00aacTAX, TOUKM z KOTOPbIX 006MafaloT TeM CBOMCTBOM, UTO HU OJHa U3
To4ek z + kn (k — uenoe uucio) He jgemut Ha C.

2) PewnTh 3anayu, copmyaupoBaHHble B N. 1), B NpedNnoNoAeHUH,
4yT0 C — OKPYMHOCTB || = 7.

7.9. llycte C' — otpesor [—1,1], npoGeraemplit cleBa HalpaBo, U
¢(¢) = 1. Haittu F(z) pue C, npenenbubie anauyenus FE(¢) u rnasHoe
3Havenne F'(¢) na C. Bbrqucnurb B yacTHocTH, F(%i), F£(0) u F(0).

7.10. Ilycts C' — noayokpysuocts |[¢| = R, 0 < arg{ < m (naua-
J10 B 'roqke R) u ¢(¢) = 1. Haitu F(z) Bre C, npefeibHble 3Haye-
uua F*(¢) u rnapHoe anauenne F(() na C. BblumcauTh, B wacTHoC-
T™H, F(0), F‘*(zR) u F(iR). Haiitu Taxme F'(0).
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7.11. llycts C — nonyokpy#suocts || =R, —7 < arg{ < 0 (Ha-
yaio B Touke R) U ¢({) = 1. Haittu F(z) Bue C, npefeibHble 3Hade-
uua F*(¢) na C, F(0) u F'(0).

7.12. Myctb naoTHocTh uHTerpada tuna Kowm ¢(¢) = 1/¢". Haii-

™™ F(z) Bae C, eciu koutyp C — yKasaHHafA JUHUA:
1) rpanuna roabua r < |z| < R;
2) npamasa Im({ = 7, npoGeraemas cieBa HampaBo;
3) rpanuua nonocs! |Im z| < 7
4) monyokpymHocTh [(| = R 0 < arg( < 7 (wavano B Touke R);
5) nonyokpyuocTs || = R, —7 < arg( < 0 (Hauano B Touke R).
B nn. 4) u 5) naittu npenennnble 3uadenua F*(() ua C u BbIuMC-
autb F(0).

B sapgauax 7.13-7.18 naiitn F(z) BHe C, npexanonaras, YTo KOH-
typ C — nyra, coeauHAOWang TOUYKK a U b, a ¢(¢) — ykasaHHaa QyHK-
M.

7.13. 0(C)=1. T.14.¢(C) =

7.15.1) () =C™  2) 9(Q) = Y cnl"™ — uenan pyuxuun.

n=0

7.16. o(¢) =

7AT. 0(Q) = oo

Y KaszaHue. Bocroab3oBaThbcAl paBeHCTBOM

2O _ el —wlz) | #(2)
(—z ¢—=z (-z

7.18. Haiitu F*(z), F~(z) u npegenbHble sHauvenuna F*((), ecau
C — orpymHocts |C] = R, ¢(¢) — norapupmuueckas yHRUNA, OIpe-
[eneHHaA YCIOBUAMU:

1)) =In¢(=InR+ip, —n<p<gnw

2) () =Ln¢=InR+ip, 0<p <27

Yrasanue. PaccMoTpeTb KOHTYp, COCTOAMMUNA U3 OKPYMHOCTH
|z] = R ¢ paspesom no pagnycy [~R,0] B mepom ciyuae u [0, R] — Bo
BTOPOM.

Mpumeuanue. Eciv He puKcnpoBaTh 3apaHee BeTBU jorapuma, a
TpeboBaTh ee HENpPepbIBHOrO IPOJOJMEHNA BAONL KOHTYpa UHTErpUpOBa-
HUsA, TO UHTerpai 6y[eT 3aBUCETb OT BbIGOpa HayalbHOM TOUKM UHTErpH-

poBaHuA.
7.19. Haittu F*(2), F~(z) npenensHble snavyenua F*(() na C, ec-

am () =In ZE_I’ a Koutyp C:
1) oxpymuocts |[¢(| =R (R > 1);

(z0 ¢ C). BeruucnuTh, B yacTHoctH, F(zp).
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2) npamaa Im( = 1, mpoGeraemas cieBa Halpago.

7.20. Haittu F(z) n npegensHsle shauenns F*(() na C, ecan ¢(¢) =
=In CCTI’ a kouTyp C — nonyorpysHocts [{|=R(R>1),0<arg( <7
(Hauano B Touke R).

7.21. Haittn ft(z) u F~(2), ecn ¢(¢) = /C (0 < arg/{ < 7) u
C — oxrpysHoctb |(] = 1.

B sagauax 7.22-7.24 maittu F*(z), ecan C — 3aMKHYTbIit KOHTYD,
TOURH @ W b Je;kaT BHYTPU Hero, a ¢(¢) — 0fHO3HaYHAA BETBb MHOIO-
3HauHOM (hyHKUMH, onpeleleHlas BHe pa3pe3a, COeAMHAIONIEro TOYKH @
1 b u nemawero BHyTpU KoHTypa C.

7.22. o(¢) = Ln g:‘; (Lu1 = 0).

7.23. 9(0) =\ /T3 (plo0) = +1).

Yrkaganue. A OTbICKAHWUA HHTErpasa Mo KOHTYpPY, OKpyalo-
1leMy paspes, pasloUTh f%% B PAA MO CTENEeHAM %

¢

7.24. 9(() = (- ¢ -0t (2D =),
C ~-b (=00

7.25. Haiitu F*(z), ecan woutyp C B3aMKHYTbIH, TOYKa a NpH-
{—a
¢(—b
(Lnl = 0) — onHo3Ha4HaA BeTBh, ONpefelieHHas BHe pa3pe3a, coefuHA-
Iolero ToYKkM a U b u nepecekalomero KOHTYp C' B ofHOI Touke (p.

Hagnemut obaactu DV, Touka b — ofnacth D~ u (¢) = Ln

Yraszanue. [Ipucoepunutsh & C paspes Buoab ayru (pa, eciu z Je-
AMT B o6nactd DV, u Bronb (ob, ecnu z nemut B obaractu D™,

7.26. JorasaTh cnpaBeRauBOCTE paBeHcTB (0 < A < 1):

/ t \* dt s z \*
1) 0/(1 —t) t—2z sin)\ﬂ{1~ (z—l) } (= ¢ [0,1]);
/ t \* dt T T \* A\
2) 0/(1—t) t—r sin,\n[l” (1—7) €08 ”] (m € (0,1).
Ykasanue. lnsa noaydeHus nepBoit HopMyJisl pacCMOTpeTh MHTET-
pan Kouu —1—/(—4—)/\ d¢ rue ( S )’\ — ¢YHKLUA, OQHO3HAY-
27ric ¢(—~1/) (=2’ ¢-1 ’
Hafl B IIOCKOCTH C MPAMOJMHeNRHbIM paspe3oM [0, 1] u paBHaa 1 ua oo, a
C — rpaHnuua ABycBssHo#t o6aactu: Kpyra |(| < R (R > 1) ¢ paspesom
no otpesky [0, 1]. Bropasa ¢opMyna nonyyaeTrca U3 nepBoit NIpH NOMOUIHN
topmyn Coxoukoro.
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7.27. Bbl‘lI/ICJ'IV[Tb CHHTYJIADHBIN MHTerpan

1-tt*+3
1+t t—

(-l<z<1).

7.28. Haritu uHTErpansi:
1 -1 dt
/1 - (2 ¢ [0,1)); /1 ——tT(re(O,l)).

7.29 PaccMoTpuM cHHTYNfIpHbBIH MHTErpan

F(z,t0) = QM/(T_tO =3 (v=a+ib, 0<a<]l),

rae C — payra, coefuHAIOWAn TOYKU a U b, tg — TOYKa 3TOH OyTrH U
(1 — to)” — OoOHO3HAYHaf BETBb B [UIOCKOCTH C Paspe3oM, COeINHAIOLNM
TOYKM to ¥ oo. Ecau Touka #p coBmagaer ¢ ogHMM M3 KoHuos ayru C,
TO GyeM CYHTaTh, YTO paspesd NPOXOAUT M0 BceMy KoHTYpY C; ecau e
TOYKa to BHYTPEHHSA, TO pas3pe3 NpoBoauM o ayre (o,b) xoHTypa C.
JlokasaTb crelyiolde yTBEpHACHHUA.
1) B okpecTHOCTH TOYKH a

Fra)= -2 (z—a) "+ Fi(z) (2¢0),
F(t,a)= “EIT(t—a) "+ Fi(t) (t€O),

rae Fj(z) — ¢yHKuMA, aHalMTHYECKasA B OKPECTHOCTH TOYKH a.

2¢sinyw

Y kaszaHue. PaccMoTpeTh pa3HOCTh
dr e

— 1 —
Fi(z) = '2‘7;&/(7 —a)Y(r—2) Z2isinqyw

ym

(z=a)™”

¥, noab3yAck dopmyaamu CoxoLKoro, fokasath, yro Fj(z) Gyaer ananu-
THYecKoH QYHKLIMEH B OKPECTHOCTH TOYKHU a.

2) B okpecrHOCTH TOYKH b

F(zb) = - (z =) + Fy(z) (2¢O,

2 ¢sinym
F(t,b) = _Ctgl?“ (t—b)~" +F(t) (te0),

rae Fp(z) — dyHEUMA, aHanUTHYECKad B OKPECTHOCTH TOYKH b.

3) B orkpecTHOCTH BHyTpeHHel TOUKH ¢y KoHTypa C

F(z,t0) = (z — to)™" + F3(z) cnesa ot C,
F(z,ty) = F4(z) cnpabaor C,

F(t,to) = -;-(t-— t0)~7 + Fy(t), ecamte C,

roe F5(z), Fy(2) u F5(z) aHanuTUYHBI B OKPECTHOCTH TOYKH tp.



126 I'a. VII. Humezpaaw muna Kowu. Humezpaavnvie gopmyant

7.30. BoiAcHHTL MoBefeHMe HHTerpana Tuna Koty

1 ¢ d¢
— [ In—>_
2mi / ~-1¢—
mc ¢ (-2
BGaM3N Toyek z = —R u 2z = R, ecmu C — noayokpysHocts |(] = R

(R > 1), nesxamas B BepxHel NonymiockocT (Hayaio B Touke R).

Yxkasauue. CMm. zagauy 7.20.

IDpumeuanue. O noegeuuu uHrTerpanoB tuna Kowwu B6IU3U oco-
6ot auHun cM.: MycxeanwBuau H. U. CunrynspHble MHTerpajibHble
ypaBHenua.— M.: @uamarrus, 1962.— I'a. I; Taxos . [I. KpaeBbie
sagaun.— M.: @usmarrus, 1963.— I'n. L

§ 2. Huterpan upuxie, rapmMoHnyeckue GyHKIINH,
aorapudmMuUyeckuit noTeHuuan v ¢pyHknua I'puHa

Uurerpan
D(u) = //(uﬁ +ul)dzdy
G

Ha3bIBaeTcA uxnmezpaiom Jupurae, a UHTErpan

D(u,v) = //(uzvz + uyvy) dz dy
G

-— COOTBeTCTBYIOILell eMy Ouaurelrnol gopmoi.

7.31. JlokasaTb clenyiouue cBoficTBa uurterpana [Jupuxie v coor-
BeTCcTBYOUEN eMy OUAMHENHON (HOpMBbI:

1) D(u) = //(uf + —i—u?‘,) dedy (z=z+iy=re®);
G

2) D(u) w D(u,v) “HBAPUAHTHbLI OTHOCHTENLHO KOHPOPMHBIX 0TOG-
parkenuit o6nactu G;

3) D?(u,v) < D(u)D(v) (3HaK paBeHCTBa UMeeT MECTO TOJbKO B CIy-
yae u/v = const);

4) ecnu pyuruua f(z) = u + tv anaauTUyHa B o6aactu G, TO

D(u) = D() = D(f) = [[1f'(2) dwdy.
G
KakoBo B aToM ciyuae reoMeTpudeckoe 3Hadenue D(f)?

7.32. Hoabsysack gopmynoi I'puna
//vAudzdy + D(u,v) = /v Z—st
G C

(n — BHewHsaA HopManb; A — onepaTop Jlaniaca), no0KasaTh cleayolye
CBOMCTBa rapMOHHYECKUX GYHKUNH @, U), Us (v — OYHKUHA, CONPAMEH-
Hafl K u):
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1)D(u)=cfug:l'—lds:!udv; -—ds—/dv—

3)ecan u; =us Ha C, 10 uy :uz B G;
6u1 aug
4)ectu — = — Ha C, To u; —ug =const B G.
) on on ’ ! 2
7.33. JokasaThb, YTO eclii u rapMOHU4YHa B Kpyre |z| < R u Hemnpe-

pbIBHA B 3aMKHYTOM prre |z| < R, To
9 _
u(0) = o / u(Re*)df = RZ // (re*)r dr dp.
|z|<R

Yrkaszauue. U3 paBencrsa /6_ ds = 0 cnegyer, 4yTo MHTerpan
n

Udgﬁ He 3aBUCUT OT T; HAUTU 3TO 3HAYEHUEe C MOMOILUbIO Ipefeib-

z|=r
Horo nepexofa npu r — 0, a 3aTeM COBepUIUTb NpeRenbHbIA Nepexon
npu r = R.

7.34. UnTterpann! Buaa

//p T dedn, /p(( 7 14cl, fy(g)é‘?ﬁmlg_izﬂdq
C

(¢ =€&+1in, n — Hopmanb K C) Ha3bIBAIOTCA COOTBETCTBEHHO s02apud-
MUYECKUM NOMEHUUAAOM, A02ADPUPMUHECKUM NOMEHUUALOM NPOCINOZ0
CA0A U A02aPUPMUNECKUM NOMEHYUAAOM 0B80LIHO20 CAOA.

[IpoBepuTh cileqyiolide paBeHCTBa:

1
21 In—, ecau |z| > R, ,
1) 2i/1n ~_dg=4 U (¢ = Re®);
" 16 ==l In &, ecmu lz| <R

In —1-, ecnd |z| > R,

2)7r_11¥ // an—i—z_ldgdn: lnl+l[1—(%§>2], ectn |z| < R

I{I<R R 2
3) /1/(() 5‘% ]d(| / v(¢)darg (¢ — z) (HopMmank n 6epeTca
o] c

clieBa [0 OTHOIUCHUIO K oﬁxony Cy;

@, ecin Imz >0, o
/a € {—cp, ecin Imz < 0, rae ¢ (0<p<m)

yroil, NoJ KOTOPLIM BUJeH OTpe3ok (—a,a) U3 ToukH z (a > 0).

Oynryuei puna obnactn G nna 3anauu Hdupuxne g(z,y,&,n) (ko-
potko, ¢(z,(), z = z+1iy, ( = &€+ in) HaspiBaeTCA rapMoHUYecKad
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byHRUMA ofenX map nepeMeHHLIX T, Yy U &, 1, paBHaf HYJIO Ha I'paHULE
o6aactu (G, UMetoman 0co6eHHOCTb npu z = ¢, MpUYeM

9{(z,{) =In |_Z_-1-"_C—| + rapmoHudeckas GyHKLUA.

OyuruuA I'piHa cuMMeTpuYHa OTHOCHTENLHO CBOMX apryMeHToB, T. e.
9(2,¢) = g({, 2) (cm., nanpumep, [2, ra. VI, § 1]).

7.35. ChopmyrupoBaTh 3agady Jupuxie A1 rapMOHHUYECKON QYHK-
UMM, S3KBUBaleHTHYIO oTbickaHNO Gyuruuu I'puna g(z, ().

7.36. Ilycts dyuruua w = f(z, () koHbopMHO 0TOGpamaeT 0AHOCBA3-
Hy10 #opaaHoBy obnactb G Ha kpyT |w| < 1 Tak, uro f((,{) =0 (( € G).
HorazaTh CoOTHOIIEHUA

9(2,¢) = ~In|f(z, Q). e
f(2,0) = e(otih) (2)

rae h{z,() — rapMmoHudeckas GyHKUuA, conpaxeHHad ¢ g(z, ().

7.37. Moaesysacs cooTHoweHnueM (1) sagaum 7.36, HAHTH QYHKUHIO
Tputa g(z,¢) pas caegyiomux obiacrei:
1) naa kpyra [z| < R; 2) ana noaymiockoctd Imz > 0;

3) nns noaocer 0 < Imz < 1.

7.38. lokazaTe cregylouue yTBepMaeHua (n — BHyTPeHHAS HOp-
Mailb, ¥, — OKPYMHOCTh |z — (| = r):
1) ecnu u(z) HenpepbiBHa B6aM3U 2 = (, TO

; 9g(2,¢) — .
11_% u(r) - ds = 2nu(z);
Ir

2) ecaun u(z) HenpepbIBHO AU depeHUrpyeMa BOMU3U z = {, TO

. Oulz) , _ o
lim /g(z,é) 5 45 =0;
Ir

3) ecin u(z) rapmonnuna B G M HenpepblBHO AnddepeHUMpyeMa
Ha C, To

u(¢) = 2—17;/u(z) Q%li)ds (z € G).
c

YKasanune. B popmyne

[ [ -s3)e

Ir

COBepIUMTH NpefeabHbIN nepexon npu r — 0.
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§ 3. Hurerpan llyaccona, popmyna IllIsapna,
rapMoHu4eckaa Mepa

Ecmn peitcreurenshan ¢oynruua u(¢) = u(R,0) onpenenena ¥ Ky-
COYHO HempepbIBHa Ha okpysHocTH ( = Re? (0 < 6 < 27), To un-
meepaa yaccona 5

s R2 _ 1‘2

1
u(z) = ulr,¢) = 270/“(12’ o e pir® O

onpenenseT B kpyre |z| < R (z = re*¥) rapMoHudecKyo QyHKLMIO, HMeEIO-
Ly10 B TOYKax HenpepblBHOCTH u(() rpaHU4Hble 3HauYeHus, paBHbie u(():

lim u(z) = u(¢)

(z — ¢ no mo6siM HekacaTelbHbIM MyTAM). CooTBeTCTBYIOWAA HYHKUUA
f(2) =u + v, ananutuyeckas B Kpyre |z| < R, onpenensetca no dopmy-
se Ilsapya:

2m
_ 1 (+2z .
f(2) = 5 0/ u(¢) g 40 +iv(0)
(v(0) — npousBoabHOE AEHCTBUTEILHOE YUCIO).

7.39. IIORa3aTb cnelyiolire yTBep*AeHUA:

7,2

27r R? —2chos (9 @) +7r?
2) U(T’ @) — u(R,b) =

2 R2 _ T2

1
271'/ [u(R,6) — u(R, 60)] R? —2Rrcos (6 — ) + r? do;

3) ecin |u(R,0) — u(R, Bo)| <e maa |6 —6| <a, TO

dr =1,

R*—r?
R?2 — 2Rrcos (0 — ¢) + 12

[ (B8 —u(R,60)] <
{f—bol<a
4)ecan [0 -6 >a u |p— 6| < /2, ToO

R? —2Rrcos (8 — p) + r? > 4Rrsin? (—Z-;
5) ecmu | — 6] < @/2 ¥ BbIMOAHEHBI yCnOBHA M. 3), TO

M(R? —r?)
lu(r, p) — u(R,60)| <&+ — A

2
rie A =4rRrsin®§, M = / lu(R, 8) — u(R, 6o)| d6.
0

9 JI.H. BoakoBobIckuil 1 Hp.
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7.40. JokasaTk, yTo ecin ( = Re®, z=re*, 10
¢4z _ (R*—r®) +i2Rrsin(p - 0)
(-2  R!—=2Rrcos(§—¢)+r12 °
[lone3yack AoKA3aHHLIM PaBEHCTBOM, MOMYUMTBH CledylollMe pasio-
HEHUA:

+Z( ) (an cosny + by, sinnyp),

n=1

oo .
=v(0) + Z (%) (—bn cosnyp + a, sinnep),
n=1

f2)=F0)+ > caz™  £(0) = u(0) +iv(0),
n=1

rie
2m 2w
an = %/U(R, f)cosnbdd, b, = %/u(R, #) sinnd da,
0 ) . 0
— —Wn _ —inf
¢ = g = —Em Ofu(R,G)e de.

7.41. JlokazaTb, 4TO OJA rapMOHMYecKo# ¢yHKUMM u(2z) MHTerpan

Hupuxne
D(u) = // (u2 + ul) dxdy_ﬂZn(a +b2)
lz|<R

(ko3 dULMEHTHI a,, U b, ONpenesieHbl B npe,uhmymef/‘l 3afaue).

IIpu 3TOoM 06e YacTH paBeHCTBA ONHOBPEMEHHO MOTYT ofpallaTheA B
0eCKOHEYHOCTh.

Yraszanue. [lepefiTH K noaApHbIM KoopauHataM (T,¢) W NOKa3aTh,
yto ecu r < R, To

// (u2 +uy)dzdy—1rz ( ) (a2 +b2).

|zi<r

7.42. JlokasaTb, YTO OJA HelpepbIBHOM QYHKUMU

w .
u(R, 9) = Z smnrzlle

uHterpan Jupuxne onpenenser rapﬁ&lmqecxylo B Kpyre |z| < R ¢yHE-
uuio u(z) ¢ rpaHMYHBIMM 3HayeHuaMH u(R,6) u 6ecKOHeYHbIM HHTErpa-
som Jdupuxiae D(u) = oo.

7.43. C nomoubio MHTerpana IlyaccoHa peumMTb BHEWIHIOIO 3ajayy
HMupuxae ana kpyra |z| < R: Habitu ¢ynruMio u(z), rapMOHUYECKYIO B
obnactu |z| > R, peryiafapHyIo Ha 6eCKOHeYHOCTH H MMEIOLIYIO 3aaHHbIe
rpanuyHble 3nadenud u(¢) Ha oxpysHuoctu || = R. Onpenennth 3Haue-
Hue u(0o).

Ykazanue. CoenaTh sameny z; = R%/z.
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7.44. Jlokasath, uto a1s |z| > R ¢opmyna IllBapua (cM. BBegeHue
K § 3) onpepeasieT aHamuTHueckylo ¢yHrunio f1(z) = ui(z) + v (2),
peryJAapHyIO Ha 6€CKOHEYHOCTH, U UMEIOT MECTO Pas/oMKeHHA:

7@ =1(E) = TO- 322, con= R,

n=1

ui(z) = *{u(O) + i (-?) n(an cosnyp + by sin ngo)},
n=1

0 n
v1(z) = —v(0) + Z (-?) (=byn cosny + ay sinny),
n=1

rae an, b,, ¢, ompenensiorca Tak e, Kar B 3agave 7.40. Ilpu sTom

Re f1(¢) = —Re f(¢) = —u(¢), Imfi(¢) =Im f(().
Yrasanue. B gpopmyne llIsapua naa |z| > R chienath 3ameny z =
= R?/%; u Bocnonb3oBathea TeM, uto ( = R?/{ na okpymHocty (] = R.

B zapgauax 7.45-7.50 uatitu ¢yuwumu f(z) (|z| < R) n fr(2) ({z| >
R), onpepensiemble dhopmyioit lIeapua, ecan u(¢) — 3anaHHasA GyHKUHUA.

7.45. 1) u(() = Re[p(C) + (O] 2) u(¢) = Im[p(¢) +¥(Q)];

rae p(z) — ¢yHKuMA, aHanuTHYeckan npu |2| < R, a¢¥(z) — npu |z} > R.

7.46. w(¢) = Re¢™.  T.47. u(C) = Re 4_1""

7.48. u(() = Re In C—f—l (R>1).

7.49. u(¢) = Re C—El- (ecnu ¢>1, To CE—1>o; R>1).

7.50. u(¢{) =Re In(.

7.51. Jlokazatb, uto ¢opmyny [IBaplia moxHO 3anucaTh B BHUAE

fo=21 [ LL_TFE.
I¢|=R

+ z 2 1
YraszaHue. Bocnons3oBaTbCA paBeHCTBOM ¢ =

C-2) ¢~z ¢

7.52. loayuuts ¢opmynsl, aHanoruuubie wuHTerpany Ilyaccona
n ¢opmyne lllpapua ana BepxHeit noaymnockoctd Imz > 0, 1. e. Bblpa-
3UTh TrapMOHHMYecKylo ¢yHKUMIO u(z) W aHaNIUTHUYECKYiO (YHKIMIO
f(2) = u(z) + iv(z) uepes u(t) (—oo0 < t < 00).

YkaszaHue. BocnoabsoBatbea KOHGOPMHBIM OTOOpaM€HHEM IOMY-
IUIOCKOCTH Ha KpYT.

7.53. BuiBectu gopmyny llIBapua ana nonockt 0 < Imz < 1.

YraszaHue. Bocnonb3oBaTbcA KOHQOPMHBIM 0TOGpaMeHHeM MOA0ChI
Ha MOJYINIOCKOCTh.

9*
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T'apmonuseckoti mepoil w(z,c, G) rpaHUYHON OyTM « B TOYKE Z OT-
HocuTenbHO o6nactd G Ha3bIBaeTCA OrpaHHYeHHas, rapMoHHYeckas B G
GYHKUMA, paBHaA 1 Bo BHYTPEHHUX TOYKax Ayru a U 0 — BO BHyTpeH-
HHUX TOYKax OCTalbHON 4acTH rpaHuusl. [apMonnyeckasa mepa w(z, a, G)
VHBapUaHTHa OTHOCHUTENbHO KOHGQOPMHBIX 0TOOpameHU .

B sagauax 7.54-7.57 obnacte G — Kpyr |z| < 1 n w(z,8,,6;) — rap-
MoHMyeckan Mepa nyru o = (6;,60:): w=e%? 6; <8< 6s.
7.54. Honb3yack unterpanom IlyaccoHa, JokasaThb, 4TO

02

1 1—72
w(z,01,62) = %9 1—2rcos(f—p)+r2 a9,
1
B yactHoctH, w(0,01,602) = (62 — 601)/27.
dw(z,61,0)
. dé
HOM 3HaveHuu 6 (z = re'¥ — nepeMeHHad TOYKa).

7.55. Hality nuHuu ypoBHA QYHKUUU npu PUKCUPOBAH-

Y razaune. JorazaTb, 4TO
dw _ 1 |w' =z
dd " 2 lw—2z|’
rie w' — KoHell XOpAbl, BbIXOAAIIEH U3 w M NpOXoaAlleit yepes z.

7.56. O6o3HayuM Yyepe3 w' KOHEL XODAbI, BLIXOAANIEH U3 TOYKH W U
npoxoaAuwei yepea Touky z. lycrs o — nyra (61,62), a a'(z) — noy-
ra, onucbiBaemMan TouKoll w', KorAa w npoGeraetr Oyry «. JokasaTb, 4To
AIMHA AyTH ¢ (z) paBHa 27w(z, 61, 02).

7.57. Haitru auHUM ypOBHA rapMoHudeckodt Mepb! w(z,81,62) ny-
ru (61,8:). Honbaysck 3TUM, AOKA3aThL, YTO WHTErpal:, ONpefeldAlommy
rapMoHHYecKylo Mepy (cM. 3anavy 7.54), nefCTBUTENbHO UMEET NpeAeb-
Hble 3HaveHun 1 Ha (0;,02) u 0 — Ha JononHeHuu (paccMaTpUBAIOTCA
BHYTpeHHHe TOYKH AYT).

7.58. Ing nonynaockoctd Imz > 0 onpeneauTh rapMOHUYECKYIO
Mepy w(z,a,b) orpesra (a,b), ayuya (~o0,b) u ayva (a,o0), RaroBo
reoMeTpUyecKoe 3HaYeHUe STUX rapMoHHYecKuXx Mep?

7.59. Haittn rapmonnyecryio mMepy cropoHd yria 0 < argz < 7.

7.60. Iaa nonykpyra |z| < R, Imz > (0 HailTu rapMoHUYeCKHe Me-
pbl guaMetTpa A ¥ NOnyoKpysHOCTH [, a Takme AMHUM YPOBHA 3THUX
rapMOHHYECKHX Mep.

7.61. HaiiTu rapMoHMUYeCKylO Mepy IpaHH4YHOI NONyokpyxHocTn I
obaactu |z| > R, Imz > 0. '

7.62. HaiiTu rapMonnyeckyio Mepy rpaHHYHO# okpy#HocTy I' o6aac-
™ |2z] > R, 0<argz < 2.
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7.63. HaitT rapMOHHYeCKYIO Mepy MPaHH4HBIX OKpYAHOCTel KOJb-

B 3amauyax 7.63-8.1 o6nactb G orpaHnyeHa ClO#HBIM KOHTypoMm I,
COCTOAIIIMM M3 N MPOCThIX, raagkux Koutypos I, (v =1, 2, ..., n). 06xox
KOHTYPOB NPOMCXOAUT B MOJOMUTEIbHOM HampaBleHUU MO OTHOLIEHUIO
K obnactu G; HOpMalnb n — BHYTDPEHHsfl 110 OTHOUWEHUIO K obnactu G.
Hepuodom ananutuyeckoit B G ¢yHKuuu mo I', HaseiBaeTcA MHTerpan

/ df (2).

Ty

7.64%). llokasaTb, uTo ecau rapMoHuueckas (yHKUUA u(z) OHOS-
HayHa B G, ToO nepuon aHanuTHUeckolt ¢yHruuu f(z) = u{z) + iv(z)

Boib I',, paBeH —z/ 2 ds.

7.65. Jloka3aTb, 4To A4 KOMILIeKCcHON ¢yHKUuU 'puna g+ th o6-
nactu G (g(z,() — ¢yuruua I'puna obnactu G, h(z,() — conpaeH-
Hasg K g rapMoHuueckas QyHKUMA) nepuon BAoAb I, paBeH —2miw,(z),
rae wy,(z) — rapmonnuyeckas Mepa I', oTHocutensHo o6nactu G. Hoka-

n

3aTh, 4TO Zw,,(() =1.

v=1
YKazaHue. FapMOHquCHaH B G (I)yHKLIl/IH ’U.(C) gonycCraeT npen-

cTaBileHde B Buge u({) = %/u(z)?% ds (cM. 3anauy 7.38).

7.66. Bripasuth yepes w,(z) orpaHMYeHHYIO, rapMoHUYecKylO B G
¢dyHELMIO u(2), UMEIOWYIO IOCTOAHHbIE 3HadeHuA ¢, Ha '), (v =1,2,...,n).

7.67. [lorazate, 4yTo miA GyHKUuH v(z), CONPAMKEHHON C OYHKRLHEH
u(z), ORHO3HAYHOI U rapMoHuueckoil B G, nepuoasl p, BHoas ', gomyc-

aw,,(z)
KalOT NpeicTaBieHue p, = — / u(z) ds.

7.68. IlycTb w,(z) — compsiseHHadA K w,(z) rapMoHuyeckasd QyHK-
UMA U Py, — Nepuof dyHKkuuu w,(2) = w,(z) + i@, (2) Booab I'y.

1) lokasaTb, YTO puy =pyu (B, ¥ =1,2,..,n).
Y kasaHue. Bocnonb3oBaTbeca mpeacTaBieHneM

Ow
Duv = — 27r/w“ S ds.

%) K 3anauam 7.64-7.70 cm. nonoaHenue HIuddepa k uuure: Ky panr P. Ilpun-
uun Jupuxne, koHPopMHble 0TOGpadeHHA U MUHKMalbHble NOBepXHOCTH. — M.: [Noc-
Texusaart, 1953.
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n
2) Joka3zaTb, 4TO Zpi“’ =1 (u=12,...,n).
v=1
7.69. Ilyctb ¢, (v = 1,2,...,n) — npousBoabHble AefiCTBUTEIbHbIE
uucHa.
1) llokasats, uTo eciu p,,, — 4YuciIa, onpejeleHHble B 3agade 7.68, To
n

KBafipaTHuHafA dpopMa E PupCuCy 2 0, NprudeM paBEeHCTBO UMeeT MecTO

v,u=1 .
JUlbL TOrJa, KOrAa BCe ¢, PaBHbI Memay coboii. n
Ywrazauue. K rapmonndeckoit pyHruuu w(z) = Zc,,w,,(z) npu-
v=1 .
MeHUTH dopmyny D(w) = —/wg—“i ds (cm. sagauy 7.32; 3HaK M3MeHeH
n

. r
Ha 06paTHbIH, TOTOMY YTO Tefllepb 7. — BHYTPEHHAA HOPMAlb).

2) HorasatTb, 4yTo KBagpaTU4HaA (popma E PyuCyCy ABIAETCA TO-

v,u=1
JOAUTENLHO ONpeAeeHHOM, T. . OHa MOJOMHUTENbHA AJIA BCEX CHCTEM
3HavueHu# {c,}, HCKIOYAA ¢ = ¢y = ... = ¢p—1 = 0.

7.70. JlokasaTb, 4TO CUCTEMa ypaBHeHHt

n—1
ZpuuA/_t :Bll (/1: 1,2,...,71-—1)
v=1

(A, — Heu3BecTHble) MMeeT eJMHCTBEHHOE pelleHHe A No6bIx B,,.

llonb3ysacs 3TuM, OKa3aTh, 4TO OJA Jo6oi rapmMoHuyeckoit B G GyHK-
uuu u(z), Boobue roBopA, HEOAHO3HAYHOM, MOAHO NOJOGPATh MOCTOAH-
Hble A;, As, ..., Ap_1 Tar, yTO6LI rapMoHuyeckaa QyHKIUA

n—1
ui(2) = u(2) + Y _ Ao, (2)
v=1

6bli1a ogHo3HayHa B G.



I''TABA VII

AHAINTHYECKOE IPOIOREHMHE.
OCOBEHHOCTH MHOIO3HAYHOI'O XAPAKTEPA.
PUMAHOBBI IIOBEPXHOCTH

§ 1. AHanHUTHYeCKOe MPOJOIMEeHHe

(o]

8.1. ®dyuruua f(z) = Z z™ pasnoseHa B pan Teiinopa B oKkpecT-
n=0

Hoct Toukd z = a (Ja}] < 1). Ilpu Kakux 3HAUEHUAX a 3TO pasnoHe-

HUeE T03BOJIAET aHATUTHYECKU NMPOROIMUTL GyHKuuo f(2)?
o0

n
8.2. Cymma crenenHoro psga f(z) = Z fn— pasnoeHa B pan Teit-
n=1
nopa B OKPEeCTHOCTH Touky z = —1/2. KakoBa o6nacTh, B KoTopylo GyaeT
TakuM 06pa3oM npopoixena ¢pyHwkuusa f(z)7?
o Zn
8.3. NlorasaTb, uto ¢yHkuua f(z) = Z(—l)"“; MO?KeT ObITh
n=1

npojoaeHa Ha 66apyIo 061acTh NOCPEJCTBOM pAfa
-z (1-=2)? _ (1-2)° _

1
n2== 222 3.2

8.4. Crenensble paabl

AO=Y5 u pE =i+ 3
n=1 n=1

He UMeIOT HUKaKoH obieit o61acT cxoaumocTu. JlokasaTh TeM He MeHee,
yto ¢yHRUMM f1(z) M f2(z) ABAAIOTCA aHANIUTHYECKUM MPOJONMKEHHEM

Apyr Apyra.
8.5. JlokasaThb, 4YTO GyHKUMH, ONpefeJeHHble pAJaMu
1 (1-az (- a)?2? _
1-2 (1-2)? (1-2)p3 ™7
ABIAKOTCA aHaAIUTHUYECKUM IIPpOJOJIHEHeM Npyr apyra.

l+az+a%2?+.. u

8.6. IlycThb creneHHoit pan
f(z)=ap+a1z+ ... +a2" + ...

uMeeT paanyc cxogumoct R = 1. lIpousBens 3ameHy nepeMeHHOH 2z =
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z
=15z npuBegeM 920 K BUAY
—_— — - = e n b g
f(z) = f(1 +z) F(Z)=co+aZ+..+cZ™ +

0603Ha4yMB paguyc CXOJHMOCTH II0Iy4eHHOro psaga depes p, OOKa-
3aTh CleyIOliHe yTBep#AeHUA:

1) p > 1/2, npuuem ecnu Touka z = —1 ABAfAeTCA 0co60# And QYHK-
uny f(z), To p=1/2;

1
2) ecnu 5 <p< 1, To paBectBO f{2)=F(Z)= F(l—z—) NO3BOJIA-
-2z
eT aHATNTHYECKH NMPOAOIKUTL GYHKIHIO f(z) B 061acTh, BHELIHIOW /A
Z

1-~ z{ = A
3) ecin p =1, TO ykasaHHOe B 1. 2) paBeHCTBO aHATUTUYECKH MpO-

momkaer GpyHkuuio f(z) B moaynaockoceTs Rez < 1/2;
4) ecmn p > 1, To dynxuuaA f(z) aHaauTMYeCky NPOJOMMKUMAE B 06-

Kpyra |z| < 1 ¥ BHYTPeHHIOI IJIfl OKPYKHOCTH ANOMIOHHA l

z
JacTh, BHEUIHIOW AJA OKPYMHOCTHU Arnonnonun —1 ’ = p.
-z

o0

8.7. llorasarb, uTo creneHHolt paa f(z) = ZzQ" npejcTaBiafer
(byHKLMIO, aHANMMTUUYECKYIO B Kpyre |2| < 1 u urrixx-eoxomy}o OKpY#HOCTh
|z] = 1 cBoeit ecrecTBeHHOI rpaHunedt (T. e. f(z) ABaAeTcA (yHKUMeH,
He TIPONO/IKMMOI! 38 NPefebl efUHNYHOIO KpyTa).

Ykasanue. Hombayfch TommectBoM f(z) = 22 + 24+ ...+ 22 +
+ £(2*"), nokasatsb, uTo 1A MOBOH Toukk Buga ¢ = /1 (k — HaTypaib-
Hoe uncno) f(t{) > o0 mpu t—-1 (0<t<1).

B 3zagauyax 8.8, 8.9 nokazaTh 4To QYHKUMH, NpeACTaBleHHbIE YKa-
3aHHBIMH CTENeHHbIMU pANaMH, He MPOJONKMMBI 3a Npejeinbl eJHHUY-
HOro Kpyra.

o0
8.8. f(z) = Z P
n=0
Yxkazanue. Ecan p M ¢ — B3auMHO NpocThle Lelble YUCia U 1L 2 g,

, n!
TO (1"62”’”/‘1) =0,

2 n!
n=0 717

IIpumMeuanue. B 3agavax 8.7-8.9 paccMoTpeHbl 4acTHble ClIydau
obuiell TeopeMbl Agamapa o npomnycKax.

Ecnu HoMepa OTAHYHBIX OT HYJIA KO3((QUUUEHTOB CTENEHHOro pAla

8.9. f(2) =

o0
f(z) = E anz" 06pasyloT IoclefoBaTEIbHOCTH N1,7M2,..., B KOTO-

n=0
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poit ngyr > (1 +a)ng, roe « >0, TO rpaHuna Kpyra CXoAHMOCTH
pAja ecTb ecTecTBeHHas rpaHuua ¢pyHruud f(z).

o0
8.10. JokasaTb, YTO pAX Z (1 —1z"+1 ~ 3 _12") B o6nacTax |z| <
n=0

< 1 u |z| > 1 npeacraBasieT ABe aHaauTH4Yeckue GYHKUWM, He ABIA-
[olIMecs aHaIMTHYeCKUM NPOJOJZKeHHeM APYT Apyra (CM. Take 3aja-
4u 5.14-5.17).
8.11. Ilycte  f(2) u (z) — npou3BOMbHBIE Uedble GYHKLUHUH a
n—1

o]
—_— n -_—
S(z) = }: (i m zn - i+§"‘1)' JlorasaTh, YTO BbIpaieHHe

n= 1 1
B(z) = S [f(2) + 9(2)] + 5 SR (2) — 9(2)]
npeacTapaneT B obnactu |z| < 1 ¢dyuruuo f(z), a B obaacty [z > 1 —
byHELHO ©(2).
8.12. 1) JloraszaTb, 4TO eciu o — AeHCTBUTENLHOE UppalHoHANLHOE

o
4yueldo, TO pAA Z ﬁ—(;—_l—egm——m—) npejcrasifeT B obnactAX |z| < 1
n=1

U |z| > 1 ananuruyeckue QYHKUMH, LA KaA0H M3 KOTOPBIX OKpY: -
HOCTh |z| = 1 sBAAeTcs ecTecTBeHHOM rpaHune.

Yraszauue. JlokasaTh, 4TO CyMMa pPAfa HEOT pAHUYCHHO BO3PACTAET
npu z — e2'™3T pronn pagMyca-BEKTOPA.

NpuMeyanne. [IpuBenenHan 3afaua ABIAETCA YACTHBIM CIydaeMm
creayouleit obieil Teo peMbl.

llycty L — KpuBas, 3aMKHYTaf UM Pa30MKHYTas, UMelollas B Ka-

° o0

IOM TOYKe ollpefielieHHbIi paguyc KpUBU3HbL. Ecau pas Z Cr, @BCOMIOTHO
n=1

CXOOUTCH, @ TOUKU Q1,Q3,...,Gn,... BCE NEMAT HA KpUBOi L u pacnpe-

JlefeHbl Ha Heil Tak, YTo Ha mo6oii KOHeYHoH ayre KpuBoit L Bceraa co-
o0

npesa-

Cn
HepAUTCcAa UX 6ecKoHeYHoe MHOECTBO, TO pAO F(Z) = Z
an — 2

n=1
cTaBifAeT YHKLUMIO, aHAIUTUYECKYIO B 1100011 obiacTy, He cojepskalieit
TouyeKk KpuBOH L, W JiA KOTOpo# 3Ta KpuBas ABAAETCA 0ocoGol MuHMe
(em. 'y pca. Kype MaTemaTuyeckoro aHanusa, T. 2, ra. XVI).
2) NoxasaTb, 4TO ecn¥ o — NEHCTBUTE/NbHOE palMOHAILHOe YMCIO,
TO AR 1. 1) npefcTaBAfeT pPaliUOHANLHYIO QYHKIMIO.

8.13. llorasaTh, 4TO pAf
oo

1
E : (TLZ — ezlnn)
nf+n .
n=1
cxogutca npu Rez > 1, u ero cymma umeer npamyio Rez = 1 cpoeit
€CTeCTBEHHOH rpaHuIeil.
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8.14. JokasaTb, uTo ¢yHruua f(z Z e~ ™% aHanMTMUHA NpU
Rez > 0 u umeer npamyio Rez =0 CBoeI‘/‘( eCTeCTBeHHoﬁ rpaHuueit.
8.15. JokaszaTh, 4TO QYHKUUIO f(z), onpefeneHHylo B NOAYII0CKOC-
t™@ Rez >0 pagom Hdupuxne f(z Za e ™? rge a, = (~1)"+,

Aok—1 =2k, Ao =2k+e 2 (k= 1,2, ), MO#HO aHAMTUTHYECKH NpO-
DORUTh B MOMYMIOCKOCTh Rez > —1.

—2k
Yrazauue. 3anucath f(z) B Buge f(z E (1 —e” )e‘:"k"
—2k
H)

U [loKas3aTb, YTO B J1060#1 KOHeYyHOH obaacTH }1 — ez

rae M — mocToaHHas MJIA paccMaTpHBaeMoi 06iacTH.

Ipumeuanue. IllpuBeneHHan 3ajauya NokasbIBaeT, YTO Ha NPAMOM,
orpaHu4MBaloLiel! MoNyNAOCKOCTb CXOAMMOCTH, cyMMa psaja Jlupuxie Mo-
KeT He UMeTb 0CcoObIX TOUEeK.

8.16*. dyukuuio f(s), onpeneneHHy}o B noaymiockoctd Res > 0

¢ nomomkio uHTerpana Jlannaca f(s) = /e stetsinel dt, mpomonMTE
0
aHaINTHYECKH B MONYIIOCKOCTL Res > —1.

8.17. 'amma-byHKUUA Oilnepa onpefeifeTcd B MNOMYMIOCKOCTU
o

Rez >0 nocpeactsom unterpana I'(z) = /e‘ttz‘1 dt (t*~1 =elz=1nt),
)

[lpuMeHss K MpaBoif YaCTH 3TOr0 paBeHCTBA MHTEr PUPOBaHUE IO YacTAM,

NoKasaThb, uTo dyHKUMUA ['(z) aHaTUTHUYECKH IPONOIKAETCA Ha BCIO MIOC-

KOCTh Kak MepoMopbHas ¢yHKLIUA ¢ NPOCThIMU nomocamu 0, —1, -2, ...

..,—N,..., IPUYeM BbIYET OTHOCHUTENBHO Nolioca —n paBeH (—1)"/nl.
8.18. IlokasaTsk, uTo I'-QyHRUUIO MOMKHO aﬂanmmqecxn NPOJOMMHUTE
o0
(_ ~tyz~1
npu nomouu gopmyast I'(z) = ——+/ 7 dt.
p bopmyasr ['(z) Egn,(Hn
n=

1
YrasaHue. 3aMeHUTHL B HHTerpalne /e‘ttz_1 dt dyHrRUMIO €~
0

tee

pazfoeHueM B CTEeNeHHOMN psAfl.

8.19. B 3apaue 3.26 6bl10 goxasaHo, yrto mpu 0 <z < 1
(oo}

o0
/tw‘1 costdt = I'(z) cos %, /t’“'_l sintdt = I'(z) sin 7r2_x
0 i

B kakux obnacTAX naockocTu z GYAYT CHpaBeliIMBbI yRasaHHbIE
dopMmy1?
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8.20. NokasaTsb, uTo I'(2) MOKHO NPOJONAHUTL Ha BCIO 06/1acTh ee cy-
1leCTBOBaHUA NpH NoMolH GOpMYJibI

[(z) = ———i—/@f"’(—w)z‘1 dw ((~w)*~! = elz=Din(=w)y

2sinwz
C

rae koHTYyp C COCTOMT M3 pa3pe3a HO MOJOMUTENbHONW YacTH AeHCTBH-
TeNbHOH OCH, NIpHYeM 06X0A Hayala KoOpAUHaT COBeplliaeTCA NPOTUB Ya-
COBOI1 CTpeNKH.

8.21. Ilycts ((z) — nsera-pyHxuusa Pumana (cMm. 3agauy 5.13)

o0
1
((z) = Z v (Rez > 1).
n=1
1 o
HokaszaTh, uto npu Rez > 1 = f’_—/ dw, U NOJYYUTh
0

ev

OTCIOfla aHaTUTHYECKOe NpofoneHne GpyHruuu ((z) Ha BCIO MIOCKOCTb,

UCKIIOYaAs TOYRY 2z = 1; BbIACHUTL XapakTep OCOGEHHOCTU (YHK-
uuu {(z) B Touke z = 1.

YKrazanue. IIJIH AHAIMTUYECKOTO TPOJOIMEHNS PaccCMOTpeTh WH-

(= W)z
Terpan / dw, rae C — wKoHTyp 3agauu 8.20.

8.22*. Iycrs ¢yuruua f(z) pasnomena B cTenedHoil pan f(z) =

= E anz™, uMmeomuil paguyc cxogumoctd R = 1. 0603HayuM ue-

o0
pes p(z) cymmy pata p(z) = 3 2
n=0
conpaMeHHas o Bopemto ¢ dyHkunet f(z), — aBaserca uenoi; cMm. 3a-
nauy 3.150).
HoxazaTb, yto npu |z| < 1 KMMeeT MecTo PaBEeHCTBO
[e o]
/ e~to(zt)dt = f(z).

0
[S’s]

HorazaThk Takme, 4TOo QYyHRIUA /e_tga(zt) dt ocylulecTBifieT aHalu-

0
THYecKoe npopoiskeHue ¢yHruun f(z) B obiacts G, onpeiensemyio
cregylowM o6pa3oM: 4epe3 KamkAylo 0coBylo Touky ¢yHRuuM [(z)
IIPOBOAMTCA IpAMafd, NepNeHAUKYAAPHag K OTpPesky, COelUHAIOmEeMY
3Ty TOYKY C HadalioM KoopiuHaT; G — BbIMyKJaa o061acTh, cogepialan
KpYT |z| < 1, rpaHMulia KOTOPOl COCTOMT M3 TOUEK ONMUCAHHLIX MPAMBIX;
ec/i KOMU4eCTBO 5THX NPAMBIX KOHEYHO, To G — MHOroyroibHUK (Me-
Toa npopoixenus Bopens).
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8.23. IposBeputh MeTox npojonxeHuna Bopens anA cregyromux pfi-
AOB:

1) iz"; 2) ZzQ", 3) Zz“"
n=0 n=0

©(¢) d¢

27rzC (—=z

NPOCTO 3aMKHY ThI KOHTYD U () — dhyHKuMsA, HenpepbiBHaA Baoab C.
JlokasaTb: uT0OB! OfHa M3 (yHkuuit F*(z) u F~(z) (cm. c. 127) Gbuia
aHaIMTHYECKUM TIpOJoJIzeHreM Apyroit yepes ayry v € C, Heo6x0dUMO
M focTaToyHo, YTobe! f(z) =0 Ha ayre 4.

8.24. Mycts B unrerpane tuna Komu F(z) =

8.25. Nlokasath, 4To ecnu GpyHRuMa () He ABAAETCA aHaIMTHYeC-
Koit!) HM B omHOH Touke mpocToit HesaMmKkHyToH myru C, TO Bce TOY-
1oreQd
2mc (—=z

Yrasanue. Hcexoputs u3 dopmya Coxolkoro mis npelelbHbIX 3Ha-
YeHUH uHTerpasia tuna Kowu.

8.26. IlycTb v — 06x0NMMBIN B 0J0KUTEILHOM HalpaBleHHH Ipoc-
TOH 3aMKHYTbIH KOHTYD, COCTOAILMI U3 OYT 7Y, Y2 C OOLIMMH KOHEYHBIMHU
vy TOYKaMH z; M 2y (puc. 31), Gt —
o6aacTb BHyTpu v, G~ — obaacTb
BHe v. IllycTs, nanee,
p(¢) d¢
N 2 F(z)= ( ) ,

-z

&u nyru C ocolble ana unTerpana tuna Kouwm

J
ree () =a, ectm ( €Em,
g e 9O =b e (€ (amb—
KOMILIEKCHbIE NOCTOAHHbBIE).
Puc. 31 Hatitu dynruuu FH(z) u F~(2)
¥ MPOJIO/IKUTE aHanuTHdeckn pyHsumio F~(2) B obracts GT:
a) uepes ayry 7i; 6) 4epes ayry 7z.

8.27. llycte G — nBycBA3HaA 061aCTh, OrpaHUYeHHaA BHYTPEHHUM
KOHTYPOM <y 1 BHewHUM I, U ¢(z) — QyHRUMA, aHATUTHYECKAA B 3aMK-
HyToit obnacty G + v + T

HorasaThb, uTo ByHKLMUSA

_ ‘P(C)
w(z) 27” = d¢
aHaJUTHYeCKH NMPOOOoJMHUME BO BCIO BHEIIHOCTE KOHTYpa Y, a q.)yHRI.II/IH
SO(C)
p(2) + 5— 2m d¢

1) To ecth we cymecTsyer aHanuTHueckoil gyHxumu, cosnafatomeii ¢ ¢(¢) Ha
KaKkol-nTubo ayre, npuHannexameit C.



$ 2. Ocobbie moyuku mno203HawH020 Tapakmepa. Pumanoev nosepriocmu 141

— BO BCIO BHYTpeHHocTh koHTypa I'. O6xon KoHTypoB v u I' coBepua-
eTcA MPOTHB YacoBO# CTPEIKH.

§ 2. Oco6ble TOYKM MHOrO3HAaYyHOr0 XapakTepa.
PuMaHOBbI NOBEPXHOCTH ?)

H3zonuposannas Touka BeTBJCHHUA z = a NopAaka k — 1 dyHkuun w(z)
(k — warypanbHoe uucao, k > 2) XapakTepusyeTcs TeM, 4TO UMeeTCH
BeTBb w(z), goNycKalollag B OKPECTHOCTH TOYKH z = a NpelcTaBieHue

wzicn(z—a)"/k (a # o0)
MM %
w= chz“"/" (a = o0).

Ecan numib KoOHe4YHOe 4UCI0 K03 @PUUHUEHTOB ¢, C OTpULATE]IbHbI-
MM MHJEKCaMM OTJIMYHO OT HYJf, TO Touka z = a (WiM z = 00) Ha-
3bIBaeTCA anzebfpauieckoll mourol semeaenus (a. T.B.). B nporusHoM cay-
Yyae COOTBETCTBYIOIAA TOYKA HA3bIBAETCA MPOHCUCHOEHMHOL MOYKOLl
eemeaenus (CyWeCTBEHHO 0coBaf TOUKA MHOTO3HAUHOrO XapaKkTepa).

Han oauoit M Toil #e TOYKOR z-TIOCKOCTU GYHKUMA w(z) MOMET
HMeTh He Gojlee CUETHOTO MHOKECTBA pa3lW4HBIX alrefpanyeckux MU
TPaHCUEHAEHTHLIX TOYEK BETBJIEHHWA, MNPABHJIBHBIX TOYEK MU 0COGBIX
TOYeK OJHO3HA4YHOro xapakTepa. Ha pHMaHOBOH NOBEPXHOCTH (HYHK-
uun w(z) Haj z-IJOCKOCTBIO TaKHe TOYKM HMEIOT B3aHMHO He Mnepece-
Kalol[1ecs OKPECTHOCTH.

B ramgoi Takoii OKPECTHOCTH w ABJAETCA OQHO3HAYHON GYyHRKUMeEH

JOKaJbHOI'O napamMerpa t: 00
w = E cnt™,
n=—N

tz{(z—-a')l/k ((1#()0),

27Uk (a= ).

rage

K soeapufmuyeckum mourxam eemeneHusa (N.T.B.) OTHOCATCA TOUKU
Z=a 1UIH 2 = 00, 1A KOTOPbIX KaKaa-11ubo BeTBb w(z) AoNyckaeT Heorpa-
HMYeHHOe aHalUTHuYeckoe npojonzeHHe B obaacth 0 < |z —a| <
< r (coorBetcTBeHHO R < |z| < 00) M Tam GeckoneuHo3HauHa. Taras
BeTBb w(z) B OKPECTHOCTH 1.T.B. CTAHOBUTCA OJHO3HAYHOHM aHaNIUTH-
yeckoll QyHKUMeH npu Nepexofe K mapamerpy t = Ln(z —a), Ret < p
(coorBercTBenno t = Lnz, Ret > p). CreayeT umerb B BUAY, YTO Ha

2) K sromy naparpady cm. (1, ra. VIII}; Tony6es B. B. Jlekuyun no aHa-
AuTHYeckoit Teopuu AuddepeHuUanbHbIX ypaBHeHuit.— M.: Tloctexmspar, 1951;
HeBaunauHHa P. Yaubopmusauua. — M.: HJI, 1955.
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pHMaHOBO# NOBEPXHOCTH Hax ONHOH M TOM ae TOYKOH 2z, HapAdy C pas-
JAYHBIMHU 1. T.B., MOT'YT HaXxOAMThcA U Jpyrue TOYKH OAHO3HAYHOIO
¥ MHOrO3Ha4yHOro XapakTepa.

8.28. BoiAcHuTb, NMpU KAKMX 3HAMEHUAX 2 3HaveHMA w(z) Ha Beex
JIUCTax ee pUMaHOBOI [MOBEPXHOCTU HaA z-TIJOCKOCTbIO OAMHAKOBBI, €ClIH:

w=(22-9)z; 2)w=sinz+ (22 +4)Lnz;

3) w=sinz+ (22 +4)?Lnz.

OauHaKoBBI 1M B TeX #e TOYKaXx szHaveHus w'(z)?

8.29. Y6eauTtbca B TOM, YTO ANA KamaoiH U3 QYyHRUMH:

) w=2yz, 2)w=2Lnz, w0) =0,
B Touke 2z = () cylecTByeT fiepBas MpOU3BOAHaA, NPUTOM OAMHAKOBaA
A78 Bcex BeTBelt, a KOHeUHaa BTOpas NPOM3BOLHAA He CyUeCTBYeT.

B sapauax 8.30-8.38 kampyio u3 ykasaHHbIX ¢yHruuh w(z) pasio-
MUTb B PAJ M0 CTeNeHAM JIOKaJbHOro napaMerpa t B OKpECTHOCTH Bcex
TOYEeK ee pHMaHOBOM MOBEPXHOCTH, DACMOAOKEHHBIX Hal AaHHBIMU
Z-TOYKAMH; yKa3aTh 06iacTy CXOAMMOCTH TONYYEHHBIX PAIOB.

8.30.w;-17\/1——2___;—z, z=1, z=2.

83l.w=+Vz—-1-2, 2z=1, z=5, z=oo.
832. w=V14++vz—-1, z=1, 2=2, z=o00.
833. w=+V1++z—~1, z=1, 2=2, z=o00.
8.34. w=+/(Vz-a)(v/z—b), z=00 (a#b).

8.35.w=el/VZ 2=0. 8.36.w= Sm‘/z, z=0.

22
8.37.w=ctg¥z, 2=0. 8.38. w=1+/sinz, z=0.

B sapauvax 8.39-8.45 TpeGyeTcA HaliTM TOYKH 2-MIOCKOCTH, Haj KO-
TOpPbIMY MMeeTca XOTA Obl ogHa ocofasA TOUYKa 3aJaHHON MHOro3HauHoM
(GyHRUMM, U yRa3aTh XapaKkTep BceX TOYEK PUMAHOBOI MOBEPXHOCTH, Je-
MMalMX Hal Kaxaoid M3 TaKUX TOYEK z-IJIOCKOCTH.

. 1 . 1 1
8.39. sin ——-\/2_—:;_—1- 8.40. sin -1—_*_—\/;: 8.41. r.
1++z
1
8.42. . .43. 3 - 2.
2. o 843.3/Vit VI

8.44. tg (iLnz). 8.45.tg (% Ln z).

Ecmn ¢pynruua w = f(z) ogHo3HauHa, a o6paTHas eif ¢yHruua z(w)
MHOrO3HauHa, To0 A oNpeleneHuA aarefpauyecKUX TOYEK BeTBJAGHHUA
byHrUMM z(w) HysHO HaiiTH Hyau f'(z), KpaTHble nomocs! f(z) u uc-
cllefloBaTh rnosejeHye f(z) Ha GeckoHedHocTH. IIpu 3ToM Touke zg # oo
COOTBETCTBYeT a.T.B. k — 1 mopsanra ¢pyHkuun z(w), ecliv B OKpecTHOC-
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TH zo pasnoxeHue JlopaHa ¢pyHkuuu f(z) UMeeT BUR

fZ)=wo+ Y cn(z = 20)" (ck #0)

n=k
WM .

)= 3 enlz—20)" (cok #0),
n=—k

Eciu Zp = 00, TO YKa3aHHble pa3/IOKeHUA AOJHHBI UMEThL BUI

flz)= _Z cnz™  (ck #0)
7 n=k

f(z) =wo + —Z: cnz™  (c—p #0).

n=-—k

B 3apauax 8.46-8.52 onpepenutsh ocoGenHoctd z(w), ecan w — OaH-
HasAg QYHKLUA.

8.46. w=2(1—-2). 8.47T.w=23-3z. 8.48.w=——.
(14 2)?

2 —
8.49.w=( z ) 8.50.w=2=% (0<a<1)

1-2 22
8.51. w = P,(z) (MHoro4ieH n-ii crenexu).
8.52. w = R(z) (pauuoHanbHas GyHKUHA).
B 3apauax 8.53-8.61 uccienoBaTh oToOGpaskeHHe, OCYyUIeCTBISEMOe
¢dyHKUMeRt w(z), NOCTPOMTL DPUMAaHOBY MOBepXHocTh R Halg w-minoc-

KOCTBIO U pa3bUTb z-MIOCKOCTh HAa 06JAacTH, COOTBETCTBYIOUIME JTUCTaM
uu noaynuctaM R.

n
8.53. w = (1 + %) . PaccmoTpeTb npegennHbIfl cayyait n — oo.

z—a\" 1 1 z
8.54. w = (Z—-b) . 8.55. w = §(Z+;). 8.56. w = (1_—2)2
e L), e ; -
8.57. w= 3 (Z + zn). Haittu Taxme rpynny JUHeWHbIX Hpe06pa

30BaHMUil, OTHOCHTENbHO KOTOPbIX (YHKUMA w WHBapUaHTHA, U BbIAC-
HUTb, KaKkue npeobpa3oBaHMA PHMaHOBOI IIOBEPXHOCTH COOTBETCTBYIOT
npeo6pa30BaHUAM ['pPYIIILI.

z z" 1 2"
8.58. w = '(—1-_;7;1—)-2- 8.59. w=2- 7. 8.60. w = ;-’r?.
8.61. w =T,(z) = 2111—__1 cos (narccosz), n > 1 (Th(2) — noanHOMBI

Yebuiiena).

B zapgauax 8.62-8.65 HaiiTy ocoGeHHOCTH OYHKUMM, 06paTHBIX K NaH-
HbIM.
8.62. w = e'/*, 8.63.w = (*~1/2) (t — komnnencuoe uncio).
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8.64. w =cosz+sinz. 8.65.w = §l—:—f

B 3amauvax 8.66-8.74 mocTpouTh pHUMAHOBB! MOBEPXHOCTH Haj
W-TIOCKOCTBIO.

8.66. w =cosz. 8.67.w =sinz. 8.68.w =tgz.
8.69. w=ctgz. 8.70.w=chz. 8.71.w=shz.
8.72. w=thz. 8.73. w=cthz. 8.74. w =12+ €*.

8.75. CuuTas U3BECTHOM PUMAHOBY NOBEPXHOCTh Haj w-IIOCKOCTLIO
pauuoHanbol OyHRUMM w = R(z), NoCTPoUTL pUMaHOBEI HOBEPXHOCTH
dyHrumit z(w), ecnn:

1) w = R(e*); 2) w= R(sinz).

B 3apavax 8.76-8.81 nocTpouTh PUMAHOBLI NOBEPXHOCTH YKa3aHHBIX
pyHurunit (Hag z-NI0CKOCTHIO).

8.76. 1) w=/(z—a)(z=b); 2) w=+/(z—a)(z-b)(z~-c)

n
H z—ak (OTLle.HbHO paccMQTpeThb Ciay4daud 4YeTHOro u

HEYETHOI'o n).

B77. N w=+yz—a; 2)w=<(z—a)(z-0b);

3) w= /(2 —a)(z - b)(z - c); 4)w=13/f[(z—ak)a n > 3.
k=1

8.78. w = V(z—a) (z=b)(z~c), n>3.

8.79. w—f‘/( s+Vz—c 8.80.w=yz-1

8.81. m = +/sinz.

B 3apauvax 8.82-8.87 uccaenoBatk oToGpameHUA M MOCTPOUTL pHMa-
HOBBI NOBEPXHOCTH AAA anreGpandeckux ¢yHruui w(z) u z(w).

8.82. w? + 2% = 1.

8.83. w? =

naum 8.506.

(1 - Yrazanue. BocrnoansoBaThes pelleHrueM 3a-
— 2)2

8.84. w? + 2% —3wz = 0. VYwasauue. BocmoanzoBaThes napa-
3t 3t
METPHYECKUM IpesIC = =
PHUCCKHM NPEACTABICHHEM 2 = Tz, W= 170

23

8.85. w? = Yrasaunue. Bocnoab3oBaThcs nmapaMeTpuuec-
t? 2

—_— W= .

1+¢2’ 1+142

—Z

KUM 1fipeacraBiedieM z =
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p2ltz -1
8.86. w? . Yrxazanwue. Ilonokuts 2 = —=, w =
, 1-2 t?+1
t"—1
2+1
n
8.87. w™ z Ykaszanue. PaccMOTpeTb OTAEILHO Cly-

= m-
Yyay YeTHOr0 U HEYETHOTOo .
Ecau z = a — oco6as Touka 1A oiHo# u3 BeTBel f(2) dyHrUUM w(z),
TO o6aacmbio Heonpedeaennocmu f(z) B ToUKe z = q Ha3bIBAaeTCA MHOMie-
CTBO NpefeNbHLIX 3HaueHni f(z), mony4aeMbIX U3 ee 3HaUYeHUI B OKpeCT-
HOCTH z = a Haj |z —a| < r npu r — 0. Jag a. T. B. ¥ moaocoB 06J1aCTh
Heollpe/IeIeHHOCTH COCTOUT U3 OOHOM TOYKU. Ecnu ¢yHRUMA OQHO3HAYHA
U TOYKA ¢ — U30NUPOBaHHaA CyUeCTBEHHO 0coban TouKa, To, [0 TeopeMe
Coxolikoro, 06/1a8CTb HEONpeeleHHOCTH MOKPLIBAET BCIO MIOCKOCTh (CM.
Takme 3anayy 4.76). Ina TpaHCUEHAEHTHLIX U JOrapudMUUYECKUX TOUEK
: BETBIEHUA, a8 TaK#e [JA HeM30MUPOBaHHBIX OCOOGLIX TOYeK 061acTh He-
: OTpEeIeNeHHOCTY MO#AET UMeTh 0ollee CIOMHYIO CTPYKTYPY (CM. KHUTY:
Il'onyo6es B. B. Jlekuun no aHanutuyeckoil Teopuu audbepeHuuanbybIx
ypaBHenuit.— M.: [ocrexusnar, 1951.— I'n. I, § 7).

B 3zapauax 8.88-8.99 onpemenutk ocobGeHHOCTH (YHKUUI, a Tarme
HaliTH 06.JacTy HeoNpeleleHHOCTH B TPAHCLUEHAEHTHbIX U Jorapudmu-
YECKUX TOYKAX BETBJICHUA.

z 8.88. w = (\6/2)
n
8.89. w = <'{‘/E) (n,m — HaTypanbHble yucaa).

— ol/(V3-1) . _ sinyz = vz
8.90. w=e . 891.w T 8.92. w = tg1+\/_

8.93. w = e"2)" (n — yenoe lmcno) 8.94. w=z"=etlnz,
8.95. w =sinLnz. 8.96. w——Ln1 897.w=2z+Lnz.

—Z

8.98. w = %Arcsin z. 899%.w= ; + Arctg z.

B 3apmauyax 8.100-8.103 nocTpoUTk pUMaHOBbLI NOBEPXHOCTH 3a0aHHBIX
hYyHKUUHA.

8.100. w = 2% (@ — KOMIUIEKCHOE YHUCI0).
8.101. w = Ln|[(z — a){(z — b)].

8.102. w = Ln[(z —a)(2 — b)(z — ¢)]. 8.103. w =Lnsinz.

I

8.104. Ilycts ¢ = p(z) — oaHo3HaYHaA WX MHOrO3HaYHaA aHANUTH-
yeckafd ¢yHKUUA, R, , — ee pMMaHOBa NOBEPXHOCTb Haj 2Z-MJIOCKOCThIO

u w = f({) — onHo3HauHaA aHaNMUTHYeCKasA. GYHKUUA C 06NACTLIO OI-
peneiieHUA G(. B kaknx obnacrax Ha R, , Ka#joe U3 yKa3aHHBIX BbIpa-
KEHUIt:

10 JI.H. BoakoBbicKHMii U Op.
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1) w(z) = flp(2)], 2) w(z) = f(2) +(2), 3) w(z) = f(2)e(2),
omnpefeifeT eMHYIO aHATUTHIECKYIO DYHKUUIO?

PaccmoTpeTb, B 4acTHOCTH, ciyuvait, Korga ¢ — aireGpandeckas
unu obpatHaa K MepoMopdHoit, a f — paudoHalbHasA WIM TpaHCLEH-
JeHTHafA MepoMopdHaa GyHKIUUA.

B zapauax 8.105-9.2 BLIACHUTDH, KakWe U3 yKa3aHHbIX GYHKOMHA w(z)
pacnagaloTci Ha pasjiMyHble aHalUTHYecKue QYHKLHM, a KakHe — HeT;
OnpefenuTh Tak#e UX 0COGEHHOCTH M TaM, I'le YKasaHo, HOCTPOUThL PH-
MaHOBbI NIOBEPXHOCTH (1 ¥ M — HaTypaibHble YUCia).

8.105. w = V22 (cpaBHuTb ¢ (/2)?).

8.106. w = v/z% (cpasuuth ¢ ({/z)4).

8.107. w = ¥/z™ (cpasuuth ¢ (/2)™).

8.108. w = {/er. 8.109.w = {/sinz. 8.110. w = Lnzt.

8.111. w =Lne*. 8.112. w=1Ln(z-1/z).

8.113. w = Ln(e* —1). IocTpouTb pUMaHOBY NOBEPXHOCTh.

8.114. w = Ln sinz. IocTpouTh pMMaHOBY MOBEPXHOCTh.

8.115. w = Lntgz. IlocTpouTh pUMaHOBY NMOBEPXHOCTb.

8.116. w = Arccos (cos z) (cpaBHuTh ¢ cos (Arccos z)).

8.117. w = Arctg (tgz) (cpaBuuTh c tg (Arctgz)).

8.118. 1) w = (2™)™ (ry, ro — pauuoHanbHbele yuciaa). CpaBHUTH
¢ (z")™. PaceMoTpeTh, B YAaCTHOCTH, T1 = 3 2= 3

Dw=2"2"; 3)w=2z"+ 2™

8119w = zVY1—-2 8.120w= Y Yz-1

z

8.121. w= \4/5\/; T

8.122. w= ¥Lnz. IocTpouTb pUMaHOBY NMOBEPXHOCT.

8.123. w =LnLnz. TocTpouTb puMaHOBY NOBEPXHOCT.

8.124. w = [Ln(z — 1)]%.

8.125. w = {/Arcsin z. TlocTponTh prMaHOBY NOBEPXHOCTb.

8.126. w = ArcsinLn 2. [locTpouTh pUMAaHOBY MOBEPXHOCTE.

55

8.127. w=1Ln ({‘/E - 1). locTpouTs pUMAaHOBY NOBEPXHOCTD.

1oy i B
8.128. w =Ln T vi 8.129. w = Arc51n1+z.

8.130. w = Ln z* (o — AeiicTBUTENLHOE YHCIIO).

8.131. w =+/z + Lnz. IlocTponTh pUMaHOBY MOBEPXHOCTD.
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8.132. w=Lnz+Lnz. 8.133. w = Arcsinz + Arccos z.

8.134. w = Arctgz + Arcctgz. 8.135. w = Arthz — Arcthz.

8.136. IlocTpouTh pHMaHOBY MoOBepxHOCTh GyHKuuMu w = (Lnz)!
M HccllefoBaTh MHOMECTBA MpelelbHbIX 3HAYEHUI w 1A OJHOH J1.T.B.
Haj Touro#t z = 0, monyyaeMble npu:

1)r—0, p=const; 2)r =0, a<p <G

3) r =const, ¢ = +o0; 4)7r =0, ¢ — *oo.

8.137. Hyctb x(z) — ooHO3HaUHAA aHanUTHYecKasd QyHKUUA B KPY-
re |z| < 1, HUre He MPOJOMAKMMAA 33 OKPYHHOCTD |2| = 1.

BbIACHUTL, NPU KaKUX 3HAYEHUAX a yKa3aHHble QyHRUWM pacraja-
IOTCA Ha pasnuyHble aHaTUTHUYecKue GyHKUUY, a MPY KAKUX He pacnaja-
IoTCA:

Dw=x(z)+¥z—q; 2)w=x(z)Ln(z—a);

3)w=x(a+2z"); 4)w=x(a+e?).

8.138. BnisicHUTh BONpoc O pacnageHuy GyHRUMIL:

Hw=C~a, 2)w=Ln((-a),
roe ( = x"1(2), a x — dynxuua u3 sagauu 8.137.

8.139. HccnepoBath noBefeHHe OTAENbHbIX AHAMTUTUYECKUX GYHK-
LM, onpeaenfieMblX paBEHCTBaMU:

1) w=x(2)(Lnz), 2) w=x(z)[Ln(z -},
rae x(z) — ¢yHruusa uz 3agaud 8.137. Haiitu, B wacTHocTH, 06jaacTH

HeonpeaeNeHHOCTH B OKPECTHOCTH 1. T. B.
Y raszauue. Bocnonb3oBaTbecA pemenueM 3anauu 8.136.

8.140. Hycre f(z) — uenas Gyuruus.
[ocTpoUTh PUMAHOBLI TIOBEPXHOCTU PYHKLMIMA:

D) w=+/f(2); 2)w=DLnf(z);

3) w =[f(2)]* (¢ — wppauuoHaILHOE YKUCIO).

oo
8.141. IlocTpouTh pUMAaHOBY NMOBEPXHOCTL QYHKUUUN w = 1/ Z 2.
2 n=1

oo n
8.142. Ilyets  f(2) = z + z (—2—;1;—1)(%;2_*_—2) Iloctponth pHMa-
n=1

HOBbI [TOBEPXHOCTHU QYyHKLMUI:
DNw=+/f(z); 2)w=Lnf(z); 3)w= Lnf(%) +Lnf(%).

Yxasauwue. lIpeasaputensHo noxasaThb, 4To (yHRuMA f(z) omHo-
nucTHE B Kpyre |z| <1 W MMeeT ORPY#HOCTEL |z| =1 cBoelt ecTecTBeH-
HOIi rpaHHULel.

10*



I'TABA IX
KOH®OPMHBIE OTOBPAMKEHHUA (IIPOJOJIKEHHE)

§ 1. ®opmyaa Kpucroddeaa-1llpapual)

OBo3HaunM yepe3 P orpaHW4eHHbI! MHOTOYTOJNLHUK B w-TIOCKOC-
TH, Ax (k= 1,2,...,n) — ero BepwnHbl, PacnonoxeHHble B NOPALKE N0~
JOKUTENbHOro 06xona P OTHOCHTENBbHO ero BHYTPEHHOCTH, U QT — €ro

n
BHYTPEHHUE YIJIbI (Z ar =n-— 2). Oynkuna w = f(z), orobpasaio-
k=1
IafA BEepXHIOW noayniaockocTh Imz > 0 Ha BHYTpPeHHOCTb MHOIOYTO/b-
HuKa P, onpeznensgerca no ¢opmyne Kpucrodpdens—Isapua

zZ n
w:f(z):C/H(z—-ak)""’_ldz—%-Cl, (1)
0 k=1
rpe —o0 <a; <ag <...<ap <00 — TOUYKHU HA OCH T, COOTBETCTBYIOMNUE
BepwnHaMm Ay, Aa, ..., An, MHoroyroabuuka P; C u Cp — KOMILIeKCHbIe
TIOCTOAHHBIE.

B ¢opmyny (1) BXxomAT nonJekaliye onpeleneHHIo TOMKH ap — 06-
pasbl 3aljaHHbIX BepliH Ap MHoroyroibHuka u nocroaunsie C u Cj.
U3 n Touek ar TPH MOKHO BbIGpaTh NPOM3BONLHO, TaK Kak APOGHO-
JMHeHHbIM Npeobpa3oBaHieM BepXHeil MOMYMIOCKOCTH Ha Ce6A UX MOMHO
nepeBecTy B TPH 3ajaHHble TOUKM. OnpegeseHyte OCTANLHBIX L — 3 TOYER
M KOMIIeKCcHbIX nocToAHHbIX C' n Cq (Bceron + 1 geficTBUTEABbHBIX
NapaMeTpoB) NPeACcTaBAAeT IMaBHYIO TPYAHOCTb TIPY MPaKTHYECKOM HC-
nonb3oBaHuy Gopmyast (1). B npuHunIe HeM3BECTHbIE NAPAMETPLI MOTYT
ObITh HallfleHbl U3 cleaylowuXx coobpazenuii. Inuna I; cropount A; A 4
(i=1,2,..,n—1) paBHa

i+l @i+l n
;= / If'(z)| dz = |C| / II Iz - axles ! da.
a; k=1

a;
Hlnuna I, croponnt A, A; paBHa

ln:}Cl 7ﬁl$—ak|ak—l de + f ﬁlz_ak}ak—l dr

an k=1 —00 k=1

1) K stomy naparpady cm.: {2, ra. VIIL § 7], [3. ra. 11, § 3]; Konnendeasc B.,
lHiranbsman ®. pakTuka KondpopmHubIx oToSpamennit.— M.: HJI, 1963 (B sTo#t kuure
CONEPHHUTCA Takie KaTalor oTo6paxeHU# pasIXyHOro poia MHOrOyroJLHHKOB).
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CocraBafifd OTHOLIEHUA OIUH 11— 3 CTOPOH K OAHON U3 Tpex oc-
TaBIIKUXCA, IIojyyaeM n — 3 He3aBHUCHMBIX YpaBHeHUA OJf onpenele-
z n

HUA n — 3 Toyek ay. Torna pyHkuua t = / H(z —ar)* 1dz onpe-
0 k=1
OeIUT oTobpayseHHe BepXHeill MOMYIJIOCKOCTH HAa MHOrOyrolbHUK P’ B
t-MJIOCKOCTH, NoAo6HbIH AaHHoMy. Ilocne 3Toro cTpouM JAnHeiHoe Ipe-
obpasoBanue w = Ct+ C;, nepesoasuee P B P.
OTo6paeHye BepXHell MOMYMIOCKOCTH HA BHEIIHOCTb TOrO K€ MHO-
royro/ibHuka peanusyercs dyHKIMEH
e e o @
/U by —bp
rae b — Touka BepxXHeli NONYIIOCKOCTH, COOTBETCTBYIOWAA GecKoHey-
HO yJaieHHO! TOUKe w-IJIOCKOCTH; @) — TOUYKH, COOTBETCTBYIOLIHE Bep-
muHaM A; MHOrOyroibHUKa (Temepb 00 > aj > ap > ... > aj > —00);

n
Br7 — BHelIHYUe yribkl MHOrOyTolbHUKA (ﬁk =2 — oy, Z Br =n+ 2).
k=1

9.1. JlokasaTh, YTO eclM OfHA U3 BeplIMH MHOTOYTOJLHHKA — o6pa3
6eCKOHeYHO ynajleHHOH TO4YKW, HanpuMmep, a, = 00, To oTobGpaalouasn

zn—1
byHRUMA UMeeT Bua f(z) = C/ H(z —ap)* 1dz + Cy.
k=1
1
YraszaHue. CopepmuTth npeobpasoBauve (= —=, eciu Bce ag # 0,
z
1
u (= —-—-, Tme a # a, ecau ofHa u3 Touek ar =0 (k=1,2,..

Ln—1).
9.2. JokasaTk, YTO ec.1¥ OfjHA U/I¥ HECKOJILKO BepLiMH Ay 1eaT B 0o,
10 (opmyna (1) ocTaeTca B cuie, eCIU NOJ (7 NOHUMATH Yrol MEKLY

\ Ak
A\

Puc. 32

COOTBETCTBYIONIMMH JIy4yaMH B KOHEYHOH TOUYKe UX nepeceyeHud, B3ATbIA

CO 3HAKOM MHHYC.
Yxaszauue. Ilycte Ay = oo0. Ecin ai < 1, To paccMmorpeTh MHO-
royronbHuk P, oTcekaemsrit oT P otpesrom Ay Aj, roe Aj u A nemar

A
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AOCTAaTOYHO fJajeko Ha CTOpoHax Ax_1Ar u Apy1Ai (pue. 32,1)),u B
dopmyne (1) mna P’ coBepmMTh nNpefenbHbll Nepexox Aj — oo,
Ay — 0. Ecnu me ar > 1, To AL A} coeanuuts B P omaHoil (cM.
puc. 32, 2)) u, nono6HO ee paclWIUpPAA, yIAIHTb B 0O.

9.3. OnpefleUTh BeIUYMHBI (y, BXogamue B ¢opmyay (1), ana ob-
pa3soBaHHLIX MapalieJbHBIMU JydyaMu OeCKOHEYHO YHaljeHHbIX BepIIVH

1)) 2)

—_— A, Ay A,
[ ——
A p— A A,
3) 4)
A —-——
! A3 jli:A 4
27 AjeeeetM2
AydS As 1 —_—Ay
5) 6)
A3 ==—__—__—_——__3_2
—_— 4
A1 cmi‘i
— 9
7 8)
. P ——————. ﬁz Ay 2\
-— 6
As As \ o
— A4, -
143==_{‘—‘1 A3 =‘=42
——— A2 -o——A4
Pnc. 33

“MHOroyroJILHUKOB”, U306paneHHbIX Ha puc. 33.
YrazaHue. CoBepunTh NpeeNbHbIA Nepexol, aHalorMUHbIA peKo-
MeHJOBaHHOMY B yKa3aHUH K 3agaye 9.2.

9.4. 1) Jlorasark, 4TO NpPH 0TOGpParkeHUN eJUHUYHOTO KpyTa |z| < 1 Ha
MHOrOyroisHHMK P, pacnofo#eHHblll B KOHeYHOH YacTH IIOCKOCTH, 0TOG-
paxaromas GyHKUHUA UMeeT BUX

zZ n
f(z) = c/ [I Gz - > tdz+ i,
0 k=1
rae ar = €% (p1 < P2 < ... < Pp) — TOUKHU Ha OKPYMHOCTH |z| = 1,
COOTBETCTBYIOLINE BepliMHaM Ag, 06XOAUMbBIM B NOJOMUTEILHOM Han-
paBleHHH, 8 Q7 — BHYTPEHHHe YIibl MHOrOyrolbHHKa P.
2) Jlokasats, uTo PyHKUMA, 0TOGpaxaoan efMHHYHBIA KpyT |z| < 1
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Ha BHEUIHOCTb TOrO #e€ MHOroyroibHMka P, npu ycloBud, YTO TOY-
Ka z = 0 MepexoiUT B TOYKY W = 00, UMeeT BUA
zn—1 d
flz) = C/ H(z —af)12Z
1 k=1 z
roe aj = ek (g} > ph>...>¢k),a fpm — BHewnue yrabt P.

9.5. Hality Bce coyyau ofHo3HayHore obpawmenns dopmyasr Kpuc-
toppena-IllBapua (1), T. e. BBIACHUTB, OJIA KAaKMX MHOTOYyTrOALHU-
xoB P ofbpatHaa ¢yHsuua 2z = z(w) onpefeleHa WU OZHO3HAYHA BO
BCEN W-MIOCKOCTH.

YKkaszaHuue. MHOrOYroTbHUKH, noiydaemble U3 P MO0bIM YETHBIM
YUCJIOM 3epKalibHbIX OTPa#eHNUl OTHOCUTENbHO CTOPOH, A0/ HBI 6e3 npo-
AYCKOB Y MEepeKpbITHI 3aMOCTUTh BCIO W-IIJOCKOCTh.

B 3agauax 9.6-9.8 0T06pa3uTh BepXHIOK NMOJaymiocKkocTb Im z > 0 Ha
yKazaHHble obnacty P, pacrnonoskeHHble B w-TUIOCKOCTH, NPU 3alaHHOM
COOTBETCTBHHU BeplIMH P U ToUeK HeicTBUTeNbHON ocu. OnpeaenuTh Tak-
ke nepuojl MM Neproabl 06patHoi dyHkuMK z(w), rpynny G ee UHBapu-
aHTHBIX JUHelHHbIX Npeobpa3oBaHUi w-NIOCKOCTH U QYHAaMEHTalbHYIO
obnacte B »Toit rpynnsl (cM. c. 38).

9.6. 1) P — nonoca 0 < v < h; w(—00,00) = z(0,00) %);
2) P — monoca 0 < v < h; w(—00,00) = z(—1,1).
9.7. P — nmoaynonoca 0 <u<m, v<0; w(0,n, —ic0) = 2(1, -1, 00).

9.8. 1) P — npAMOYTOALHbIA TPEYroNbHUK C OCTPBIMU yriaMu %,
%; w(O,w,w + Z——\;}g) - 2(0, 1, 00);

2) P — npaMOYTo/bHblii paBHOOeIpEHHbI TPeyrolbHUK;

w(0,w,w + iw) = (0,1, 00);

3) P — paBHOCTOPOHHHUI1 TPEYTOMbHUK;

w(O,w,w + I—f;—\/g) — 2(0,1, 00).

9.9. HaiiTu o61acTi NIOCKOCTH w, Ha KoTopsle GyHKUUA

w(z) = /zt"“l(l — )% 1dt (argw'(z) =0, ecmm 0<z< 1)
omﬁpamae'rosepxmo}o nonyniaockocTb Imz > 0, ecnu:

1) 0 < a <2, 0<B<2; paccMoTpeTh cayvaH:

2) 3pech ¥ B panbHejimem cumsoiom w(A, B,...) — z(a,b,...) o6osnaueno co-
OTBETCTBHE TOHEK w- M 2z-IIockocTeit: A - a, B +— b,
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aa+8<l; 6la+B8=1

B)a+f3>1, BuactHoctHt a+ (3 =2 u a=f=3/2;
2)1<a<2 -1<B<0, a+82>1; paccMoTpeTh cnyyau:
a)a=1, =0; 6a+f=1 B8B)la=2

Na=2 =1/2; pa=2 g=-1.

9.10. 1) HaiiTu 06aacT MIOCKOCTY w, Ha KOTOpbIe GYHKIUA
):/\/TT (z—1)+(1—2/\[1n WVz+vVz-1)— ]
oTofpa;iaeT BepXHIOI NonymiaocKocTh. Pacemorperh cayuam: A < 0,
0<A<L/2, A=1/2, 1/2<A <1l u A>1L
2) HaifTu 061acTy MIOCKOCTH W, HA KOTOphIe GYHKUKUA
z
1 t—Xx dt 1 [ z—1
= = =1In z+\/z—1—-)\\/ ]
) .‘Zm.l/ /t(t —1) t e (\/— ) z

oTo6paraeT BEPXHIOK MOAYNNOCKOCTb. PaccMorpers ciayuau: A < 0O,
0<A<ln d>1.

9.11. OrobpasuTk BepXHIOW NOAYNIOCKOCT:E Imz > 0 Ha obiacTu

\

c A

C
Puc. 34

B w-IJIOCKOCTH, YKa3aHHble Ha pHc. 34, Npd 3aJaHHOM COOTBETCT-
BUY TOYeK:

) w(A=0, B=1, C =) 2(0,1,0);

2) w(A=0, B=1, C=00)— 2(0,1,00);

3 w(Ad=0, B=oo, C =c0) - 2(0,1,0);

4) w(A =0, B= oo, C = o0) - (0,1, 00);
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5) w(A=0, B=ia, C =00)— 2(0,1,00).

9.12. OTo6pa3uTh BepxHIOIO moaymiockocTb Imz > 0 Ha obGmactu
B w-MJOCKOCTH, yKasaHHble Ha puc. 35 (0 < 8 < 1):

1) w(A,B=0, C =00) = 2(0,1,00);

2) w(A,B =0, C =o00) = z(0,1,00).
B cnyuae, rorga § — paunonansHoe yucao (@ = p/q), BbipasuThb no-
Jyyaloluecs UHTerpanbl Yepes leMeHTapHble QyHKLUN.

) -

B

W

Q
NN

Q&\\

2)

N\

Q
b

Puc. 35 Puc. 36
9.13. OTo6pasuTh BepxXHIOIO MNOMYMAOCKOCTL Ha obaacTb, yKas3aH-
HYy10 Ha puc. 36 (ayra AC — nonyoKpyKHOCTE)
w(A = ai,B=00,C = 0) = 2(0,1, ).
Yraszanue. Ilpu noMouu otobpasenna ( = a/w CBOZUTCA K yact-
HOMY cayualo 3agauu 9.12, 2).

9.14. Oto6pa3uTh BepXHIOK mohymiockocTs Imz > 0 Ha obaacTb
W-IIOCKOCTH, YKa3aHHYIO Ha puc. 37, NpU yCJI0BUU

w(A=-h,B=00,C =h,D =)= 2(-1,0,1,00).
(Bo3MO#HOCTh TaKOro oTo6pameHua cleAyeT U3 NPUHLKIA CHMMETPHH. )

Puc. 37 Puc. 38

9.15. OTo6pasuTh BepxHIOO noaymiockocTs Imz > 0 Ha poMb B w-
IIOCKOCTH € YIoM wa NpH BepunHe A W cropoHolt d (puc. 38).
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CooTBeTCTBHE TOYEK 3a1aHO CXeMOi

w(A=0, B=d, C=d(1+e"%), D=de™) - 2(0,1,00,—1).
O6ocHOBaTb BO3MOMHOCTb TAKOTO OTOGpa#eHuA.

9.16. OrTobpa3uTh BepxHIOW moayniockocTb Imz > 0 Ha obnactu

1) 2) v 3)
D D D’ f D ¢ \f
¢ B B O c B \3\,4 B
N N Ny
A B B A B E E
Pnc. 39

B w-MJIOCKOCTH, yKasaHHble Ha puc. 39. [lapamerpsr a, b (a >0, b>
> 0) — npooGpasbl COOTBETCTBYIOINX BepIIMH — HE MOTYT ObITb 3a[aHbl
NPOU3BOJLHO, U UX CledyeT HaliTu:

1) w(A=0, B=oo, C =H +ih, D=o00)— 2(0,1,a,00).

2) w(B =00, C =H+ih, D=co, C' =~-H+ih, B' = 00) =
— 2(1,a,00,—a,—1). YrazaHue. IIpoBecTH DOMONHUTENBHBIH paspes
N0 MHHMO# OCH ¥ BOCIO/IB30BaThCA MPUHLMUIIOM CUMMETPHH;

3) w(A =0, B=oo, C =00, D=~h3—i(ha—hy), E=00) >
— 2(0,1,a, 00, -b).

9.17. 1) Haittu ¢yHkunIO w(2), oTo6pamaiomyto Kpyr |z| < 1 Ha
BHYTPEHHOCTb MPaBUILHOTO n-yrojbHUKa C UEHTPOM B Havalle KOOpAU-
HaT M OIHON M3 BepWIMH B Touke w = 1, npu ycaosuu, uto w(0) = 0,
w'(0) > 0.

2) OToGpasuTb KpyT |z| < 1 Ha BHEWHOCTL TOrO #e N-YrolbHUKa
npu ycnoBuu, yto w(0) = oo, w(z) > 0 (0 < £ < 1). Onpeneauts c_;
B pasnoxeHud w(z) =c_1/z+ ...

9.18. 1) Haiitu ¢yHruuio w(z), oToGpamaomyio Kpyr |z2| < 1 Ha
BHYTPEHHOCTL MpPaBUIBLHON NMATHKOHEYHOU 3BE3fibl C LUEHTPOM B Hadya-
7€ KOOPAMHAT ¥ OJHON M3 BEpIIMH B TOYKe w = 1; yCIOBUA HOPMHPOB-
ru: w(0) =0, »'(0) > 0.

2) OTto6pasuThb KpYT |2} < 1 Ha BHeUHOCTH TOH ske 3Be3nbl; w(0) = oo,
w(z) > 0 (0 < z < 1); onpeneanTs c_; B pasnoseHun w(z) =c_1/z + ...

9.19. Haittu obnacThb, Ha KOTOPYIO PyHKLUA

[ +t™)>dt 2

w(z): (—IW, w’(0)>0, "1<A<1_;,
0

oTo6paxaeT eAMHUYHBIR KpyT |z| < 1.
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9.20. OTo6pasnuTb BepXHIOW nonaymiockocrs Imz > 0 Ha npaBUib-
HbIll M-YTrONBHUK B wW-TJOCKOCTH C LIEHTPOM B Havaje KOOpPAMHAT U
ORHOI M3 BEPUIMH B TOUYKe W = 1; HOpMH-
poera: w(i) =0, w(0) =1.

9.21. IIycte ofnacts P B w-nnoc- B,
KOCTHU €CTh BHEWHOCTb “3Be3fdbl”, coc- Az
ToAmEe W3 7 OTpe3KOB, BbIXOAANIMX Ay /A, By
3 tourn w = 0 (puc. 40). Iycts
Ar — BepumHbl P B Hauyalne KOODAM-
HaT U Q7T — COOTBETCTBYIOUIUE YTilbl B,

n
(zak = 2), By, — Bepumusl P B Puc. 40

k=1
KOHLax oTpesxoB 3Be3fbl (A1, By, Az, Bo, ... pacnonoieHbl B NOpALKe

nonoMuTtensHoro o6xoaa P), I, = Ap By — nauHbl oTpe3kos 3Be3fbl. Jo-
KazaTh, 4yto yuruua w = f(z), f(0) = co, orobparalouan eqMHAYHBIN
kpyr {z| < 1 Ha P, umeeT BUA

n
c p
f2) == ] (z = ax)™,
zZ
k=1 X
rge C' — KOMMIEKCHasA NOCTOAHHAA, a ar = = €'$% — TOUYKM Ha OKPYH-

HocTU |2] =1, coorBerctaytomue Ay. Touku by = e*¥*, cooTBercTByIO-
Iye BepliHaM By, ABIAIOTCA KOPHAMU YpaBHeHUS

n 1 heia
Sk - =0 (3)
z—ap z
k=1
Kak onpegenuth napamerpst C, ay, by? o

YwrasaHue. Ilpy npoponseHMH no NpUHLUIY
cuMmmerpurt GyHRLMA f(2z) yMHOMAETCA Ha MOCTOAH-
Hble MHOMUTEJH, NO3TOMY YHKUHUA

w(z) = f'(2)/f(2) Prc. 41
ABJAeTcA OJIHOSHH‘IHOFI B Z-[IA0CKOCTH.

DIpumeuanne. IlonyuenHas dopmyaa cpasy naeT pelieHMsa paja
sagay u3 ri. II, manpumep, sagau 2.128, 2); 2.129, 1); 2.131; 2.137.
PeroMenyerca 3aHOBO pellUTh yKa3aHHble 3aa4y U ONpeleIuTh HOCTOo-
fIHHbIE, BXOAALIME B 001my1o $opMyay.

he —ie

9.22. OTo6pa3uTh BHEWHOCTb ABY3BeHHOW nomaHoi (puc. 41) Ha
BHEWHOCTb Kpyra |z| > 1 npu ycmoBun w{oo) = oo, w'(00) > 0.

9.23. loxasaTh, uro dyHrunsa w = f(z), oro6paaomas BepXHIO0
noayniaockocTb Im z > 0 Ha BHewHoCTb 3Be3Abl 3agauu 9.21, uMmeeT BUA

_ c . o
flz) = == %) ,};];(Z —ag)*,

roe zg — TOYKa BerHeﬁ NOaAYNJIOCKOCTH, Nepexoafdinasa B OC.
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fo 9.24. Ilyctb o6nacts P B w-nioc-

c, B, C, KocTH orpasuyeHa JayyoMm [0, 00),

a n —~ 1 orpeskaMu, UAYWHUMYU U3 W =
\02 D, =08 Toukn B; (i =1,2,....,n—1), n

¢, ™~ 1ayyamu, HIYWHMH U3 TOYEK D,
(s = 1,2,..,m—=1) B 00, TakuMH,

A % yroux NPOJO/HEHUA B IPOTHBONOJIOH-

HYIO CTOPOHY BCTpEYaioT Hayajio Ko-

B opaunat (puc. 42). Hycty Ay (kK =
=1,2,..,n) — BepuiHHsl P B Haua-

Puc. 42 7ie, o™ — COOTBETCTBYIOWMUe yrisl, C;

(j =1,2,..,m) — pepumnst P B 00,
Y47 — COOTBeTCTBYIOWMe yriavl, Ay By As...AnC1 Dy ...Cp, — NONOMUTEND-
HbIit 06xon rpaHuLsl P.
Jlokasarb, uro QpyHruua w = f(2), oToGpasamoman BEPXHIOW T01Y-
miockocth Imz >0 Ha P, uMmeeT BUI

C, Cy ) f(z) =C H(Z - ak)‘”“/ H(Z - Cj)7j7 (4)
k=1 Jj=1

rie ag, ¢; — TOYKU Ha OCU T, COOTBETCT-
Bytomue BepumHam Ag, C;. Tourn b;, ds

Dy Ha OCH X, COOTBETCTBYIOUIHe BepUIMHaAM B,’,
Dy, ABIAIOTCA KOPHAMU ypaBHEHUA
Ay B n m
AQ 01 Z oy _ Y5 =0 (5)
Z = Qf . Z—=Cj
Puc. 43 k=1 j=1

Rak onpepeants napamerpnl C, ag, by, ¢j, ds? UTo UaMeHHUTCA, ecin
ONMH U3 NapaMeTpoB ay, b;, ¢j, ds OynHeT paBen oo?

Yrasanue. Jokasars, 4yTo
n—1 m—1
n m [[e-0) [[-do)
ag Z Yi o i=1 s=1
Z2—a Z—Cq
= ki3 J

[[e-a ][ -cp)

k=1 j=1

() _
7(2)

k=1

9.25. JlokasaTb, uro dopMysa (4) us 3agaun 9.24 cnpaBenntvsa U AaA
obnacreit P ¢ rpanuueii, cofepawen asa ayda [0,00) (puc. 43). Hpu
3TOM BepllrHa B Hayalde KOOPAMHAT yYMThiBaeTCA ¥ TOrAa, KOrjda U3 Hee
BBIXOAAT TOALKO [Ba Jy4a, 06pasyiomux ogHy NMpAMYIO.

B 3apavax 9.26-9.30 oro6pasuTh Ha BepXHIOIO NOJYNIOCKOCThb
Imz > 0 obnacti w-miockocTH, yKasaHHble Ha COOTBETCTBYIOIIUX pH-
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C||C,
¢ D
T B B Bl Bz
A
27“12 c C AlﬂA2 c C AN A, C
Puc. 44 Puc. 45 Puc. 46

CYHKax MpH 3aJaHHBIX YCIOBMAX, W ONpeJeluTh MNapaMeTpbl a M b
(a>0,b>0).

9.26. O6nacTb, yKa3aHHYIO Ha puc. 44,
w(A; =0, B=he™2, 4,,C = o0) = z(-1, b, 1, o0).

9.27. O6nacTb, YRa3aHHYIO Ha puc. 45,

w(A1 =0, B =ih, AQ,C:OO, D =:H, CQZOO)—)
- z(—a, 0, a, 1/a, 00, —1/a).

9.28. O6aacTb, ykasaHHYIO Ha puc. 46,

w(A; =0, By = —he™"™, Ay, By = he'™, A3, C = 0) =
- 2z(=1, =b, 0, b, 1, 00).
9.29. Ob6nacTb, M300pamEHHYIO Ha
puc. 47,

w(A; =0, B = he'™®2
Az, Cl =00, D= Heimn,Cz = OO) -
= 2(-a, 0, b, 1/b, 00, —1/a).

9.30. 1) O6nactb, yKasaHHYIO Ha
puc. 48, 1),

w(o0) = oo, w(*l) ==l Puc. 47

2) oBnacTh, yKazaHHYIO Ha puc. 48, 2) (yrnbl Memay paspesaMmi w/n;

1) ==
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Kpaiiume oTpe3ku 06pa3yloT C COOTBETCTBYIOWUMU JyuyaMu AeHCTBH-
TelbHOl ock yravl w/(2n)),

w(oo) =00, w(di,An) = 2(-1,1).

9.31. IIycte obnactk P B w-NJIOCKOCTH €CThb 'OPU3CHTaNbLHAfA INO-
noca mupusofi [ ¢ paspesamy, MAYHUMM HajleBo B 00 M3 Toyek B;

(¢=1,2,...,n— 1) n Hanpaso u3 Todex D, (s =1,2,...,m — 1) (puc. 49).
HNokasate, 4To dyHKUMA w = f{z), oTOGpakaiollas BEPXHIOWO NOTY-
naockocTk Imz > 0 Ha o6aacte P, uMeeT BUA

m

f(z):Z—};—kln(z—ak)—Z%ln(z—q)-i—c, {6)
k=1

j=t

rie ay, ¢; — TOYKH Ha OCH T, COOTBETCTBYIOmMe BepwnHam Ay u C; 06-
nactd P;  hp — paccroAuua Memay paspesaMM, HAYUIHMMH BIeBO,
al; — supaBo. Tourn b; (i=1,2,.,n—-D ud;, (s=1,2,.,m=-1)
Ha OCH T, COOTBETCTBYIOWIME BepiiuHaM B; u D,, ABIAIOTCA KOPHAMH
ypaBHeHUA

n

h U
DD Bl (7)
Jj=

k=1

Rak onpenenuth napamerpnl C, ag, b;, ¢j, ds?7 UTo uamenuresa, ecau
OAVH U3 NapameTpoB ax, bi, ¢, d; GymeT papen oo?

Yrazauue. 3apaya cBoauTcA Kk 3afave 9.25. MomHO Tarxe Haxo-
AuTh dyHRuMIO f'(2), KoTopas ogHO3HAYHE, WAK HENOCPEACTBEHHO UCXO-
auTh n3 popmyasr Rpucropdena—Ilisapua.

9.32. Ilycth o6nactb P ecTh BepxHaa noaymiockocTs Imw >0 ¢
TOPH30HTANbLHBEIMY pa3pe3aMu, WAYHIMMH HaleBO B 00 M3 Touek B;
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(i =1,2,...,n) u HanpaBo B oo u3 Touek D, (s = 1,2,...,m) (puc. 50).

.

4 \\\B

\\\ \\ D,y
NN NI
aaml

Puc. 50

llokaszaTb, 4To ¢yHKUHA w = f(z), oToGpamalomas BepXHIOWO MOMLY-

mockocTe Imz > 0 Ha obaacts P, UMeeT BUA
n m

N N b
f(z)—kzl—;r—ln(z a) El 71_ln(z ¢j) + Az + B, (8)
k= Jj=
THe ag, ¢; — TOYKM Ha OCH T, COOTBEeTCTBYyouwue BepuHaM Ay u Cj

o6nactu P, u hy, l; — paccToAnus Meiay pa3pe3aMy, MAYIUMHU B ORHY

m
cropory. Ilpu sToM Touka Ag mepexogutT B o0, A >0 u ImB = le.

=1
Touku b; (i=1,2,...,n) uds (s=1,2,...,m) Ha OCH T, COOTBETCTBYIOLIUE

BepuiMHaM B;, u D, ABIAIOTCA KOPHAMU ypaBHEHUA
n m

h l;
> kNt Ar=0. (9)
Z—ag et z —¢j
k=1 j=1
Rax onpegemuts napamerpel A, B, ag, b;, ¢j, d;? IlokasaTs, uToO
ecny Agp mepexoguT B TOYRY ag # 00, TO

f(z)=Zn:h7kln(z—ak)—i%1n(z_cj)+
k=1 j=1

L-H
+

A
ln(z—ao)-i-:‘-o--i-B, (10)
roe

H=Y h, L=)1l;, A<0 u ImB=L.
k=1 =1

Ecnu napameTp e MM ¢; paBeH 0o, TO B ¢opmyne (10) coorBeTcTBYIO-
lilee cjlaraemMoe Bblnajaaer.
Yrazanue. BocnonnsoBatbea dopmydoit Kpucrodpdena—IlIsapua.
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Ilna onpefencHusa Ko3GOUUMEHTOB NMPYU JorapupMHUUECKUX UfleHax cpab-
HUTB TNpUpalleHuA w NpH o6xome (110 NOoAYyOKpPYHHOCTAM) TOYER dg, dk, Cj,
BLIYHCIIEHHbIE TeOMETPHYECKH U 1o ¢op-
myne paa f(z).

9.33. Ilyctb obnacte P — w-mnoc-
KOCTh C IOpM3OHTANLHBIMM pa3pe3aMi,
WOYLUMU HaleBO B 00 M3 Touek B;
(¢t = 1,2,..,n) (puc. 51). [orasarts,
yTo ¢pyHkuMA w = f(z), oToGpazaloman
BepXHIOIO noaymiaockoeTh Im 2 > 0 Ha o6-
nacte P, umeer Bupg

f2) = .
2 hy,
=—Az +Bz+C+Z ?ln(z-ak),
k=1
rgie ap — TOYKM Ha OCU I, COOT-
BeTCTBYIOWHe BeplunHaMm Ay ob6iactd P, u h; — paccTOAHMA Mexay

paspesamu. [Ipu s3ToM Touka Ay nepexodut B oo, A > 0 u B — pelicTBu-
Tenbhoe uyucno. Tourn b; (i = 1,2,...,n), COOTBETCTBYIOINE BepiiHAM
B; ABafoTCA HYAAMU NpOM3BOAHON f'(2).

Rak onpepennth napamerpst A, B, C, ag, b;7

Yrasanue, CM. ykasanue K 3agave 9.32.

9.34. Ilycth obaacTh P ecTh w-NAOCKOCTE C FOPU30OHTAAbHBIMU pas-
pezamu, HAYWHMU B 00 HaleBo u Hanpaso (puc. 52). Jokasathk, 4yTo GyHK-

AN

uuA w = f(z), oroGpamaioliag BepXHIOW NoAyIIOcKocTh Im 2z > 0 Ha 06-

Puc. 52
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aacTb P, UMeeT BUI

n—1 m—1
_ hy l; A C
f(z)—kEO—Tr—ln(z—ak)— EO ;ln(z—cj)—kz_ao +z—co + B, (11)
= J:

rne A>0, C>0, ho =Im (D, — By), lo =Re(D1 — By), aocraib-
Hble mapaMeTpbl (Briouas b; u ds 218 BeplunH B; u D,) uMelor Te e
3Ha4yeHuA, 4YTo B 3agaye 9.32.

Kak onpeneants napametpsl A, B, C, ag, b;, ¢;, d;? IlokasaTts, 4To

eCcliu aqg = 00, TO
n—-1 m—1

_ Ry, oy I _y__C
fz) = ,CE:I - In(z —ag) }% - In(z —¢;) P + Az + B, (12)
= ]:
rae A > 0u C > 0. Ecan napamerp ag (k # 0) um ¢; (j # 0) paBen oo,
To B dopmyite (12) cooTBeTCTBYIOWEE ClaraeMoe Bblafaer.
YrazaHue. CM. ykazanue K 3agaue 9.32.

9.35. OTo6pa3uTh BepxHIOIO nonymiockocTh Im z > 0 Ha ofnacTu B

2) 3)

::lAl\ hl\\\BN AI,E__A%}LIB\E‘\\D ?Cz
N2 %}X&\\ $ e NC\{
AS‘\A,Lg ha §C A, \\\1\ %
o

5) e 6) -1 O 1
9) ©

w-TUIOCKOCTH, yKasaHHble Ha puc. 53 (Bce pasMepbl ykasaHbl Ha COOT-
BETCTBYIOLIMX PUCYHKaX) NpH 3aflaHHBIX YCIOBUAX; HaliTH a 1 b (a > 0,
b > 0):

1) (AlaB;A2aC) - (—l,b,l,OO);
2) (AlaBlaA2aBZaA3)C) - (—'13 —b,O, b7 1100)1

DR

-d Od
Puc. 53

11 JI.U. Bonkoebickuit U Op.
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3) (E,0,D) —» (~1,1,00); 4) (E,0,D) — (1,1, 00);

5) (E,O,C) - (—1)1)00); 6) (AO’BrAl) - (001031);

7) (Al,O,C) - (_1701 1))

8) (Ao,Bl,Al,Bz) — (OO, —(1 +a), -—1,0); d = Re (Bz - B]);

9) (4,B,C,D) = (00, -1,a,1); d=Re(D-B); h=Im(B-D).

§ 2. KondopmHbie oro6paseHUd, OcyllecTBAAeMble ¢ TOMOIIbIO
3AANNTHYECKUX yHKumii®)

Unrerpan

(1)

)= O/ T 0k

raoe noanlHTerpanbHasg ¢yHKUMA paBHa 1 npu ¢ = 0, HasbiBaeTCA HOp-
MAABHBIM SAAURMUYECKUM UHMezpaaom 1-20 poda 6 opme Jemcandpa.
apamerp k HasbiBaeTcA modytem; B HalbHelimeM NpeinojaraeTrcd, YTo
0<k<l
3aMeHa He3aBHCHUMON IepeMeHHOHl 2z = sing ¥ moicTaHOBKa @ =
= siny NOPUBOOAT 9TOT MHTErpan K BUAY
@

, dyp
k) =Flp, k)= [—2 2
u(sing, k) = F(p, k) / — 2

O6paTHaa dyHKRuUA
z = sn (u, k) 3)

(unu, B Apyrux oGO3HAUSHUAX, ¢ = amu) ABAACTCA OJHON W3 OCHOBHbBIX
aaaunmuveckur gynryuil Arxobu v HasbiBaercs, sn-Pyuryuell Arxobu. Ua
ee onpefiefeHus ciaeayert, uto sn (0, k) = 0. C dpyuruueit sn (u, k) ceazasl
IBe ApYyTue QPYyHRUUHU

)= +/1—-sn2(u,k), dn(u,k)=+/1-k2sn2(u, k), (4)

Ha3bIBaEMble COOTBETCTBEHHO cn- U dn -dynryuamu Axobu. BeTsu KopHeil
onpegenawTes yeaosuamu cn (0, k) = dn (0, k) = 1. Ecau HeT Heobxoau-
MOCTH B yKa3aHHM MOAYJA k, TO MMIIYT HPOCTO SN u, cnu, dnu.

3) CpoitcTBa M npeo6pasoBaHiA SATUITHYECKMX BYHKUKH U HHTErpanoB, HCMOJb3-
yeMble B 3ajavax aToro naparpada, nNpuBeneHbl, HanpuMmep, B KHUrax:
Axvesep H. H. DnemeHThbl Teopuu snauntudeckux ¢yHruuit.— M.: Hayka, 1970;
Yurrekep 3. T.,, Batcon Ix. H. Kypc coBpemeHHoro anamuza. T. 2.— M.:
duamarrus, 1963; EeMTMeH I, 9pnaeiin A. Boiciuine TpaHcUeHHEHTHble (QYHK-
uuun. T. 3. dnaunTuveckue u aBTOMopanble yukuun, ¢yHsuun JlaMe u MaThe.—
M.: Haywa, 1967. Cepuna “CnpaBodHan MaTemaTuyeckad GubGnuorera”.

KpaTkas cBogka coOTBeTCTBYIOWUIMX Mpeobpa3oBaHuii NpPHBeAEHa B NepPBOM M3-
JaH{M HacToAllero safjavnuka ¥ B kuurex: Kopu I, Kopn T. Cnpasounur no
maTeMatuke.— M.: Hayka, 1968; Aunwxe E., 9mage @., Jlem @. Cneuuansusle
dpyHruun.— M.: Hayka, 1964.
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M3 (1)-(4) caenpyer, uto

dsnu dcnu
=cnudnu, = —snudnu,
ddnu 2
= —k*snucnu.
du

3uauenue dyHkumn u(z, k) npun z =1 (¢ = 7/2), 1. e. nuTerpan

/1 dt — K(K)
J /-1 k) ’

Ha3bIBAETCA MOAHBIM DAAUNMUYECKUM UHmezpaiom 1-20 poda. Bemnun-
Ha k' = /1 — k2 naspiBaeTca 0OnoAHUMEALHBIM MOOYACM.

K(k) = K u K(k') = K' Ha3bIBalOTCA CEAIAHHBLMU IAAUNMUYECKUMU
UHMeZParamu.

B 3apgauax 4acTo MCHONB3YIOTCA CAeAYIOUHe Jerko IoKashiBaeMble
cooTHoleHUA (npeo6pa3oBaHUs TOAHBIX SBUIMOTHYECKUX HHTerpaloB
NepBOro poja):

K(%) = k(K +iK'), K(5) =k (K +iK),
((F)=wm (%) =me ;
3aMeTHUM TaKike, 4TO

1/k

/ dt _K
/(-1 - k)

!

(noacramoBra k*t* + k7% = 1),

(nopcTanoBra ¢ = tg1)).

/ dt - K
J A+ )1+ k)

9.36. [okasaTb, uTo 06pa3oM BepxHeil nomymiockoct Imz > 0
Apy oToGpaskeHUH ¢ TOMOILIBIO HOPMAaJbHOro 3AAUITHYECKOro MHTerpa-
aa 1-ro pogpa

z

/ dt
U =

g V(1 =) - k%)
fAIBAAETCA NPAMOYTONLHUK ¢ BepunHamu =+K, +K + iK', cooTBerct-
BylomuMu Toukam =1, +1/k.

Mpononsan 3to orofparkeHue MO NPUHLUHUIY CHMMETPHH, ROKa3aTb,
uyTo0 ofpaTHad QYHKUHWA 2 = Snu [BOAKONEPUOAMYECKad C Nepuoja-
mu 4K u 2K’

PaccMoOTpeTh COOTBETCTBHE MeIY INIOCKOCTAMH U M o, TAe u =
= F(p, k).

Yraszauue. IlpuMmenuts npuHuun cooTBeTcTBUA rpaHuy. OcoGoe

U
—, Korga z mnpobe-

BHHMaHHe oOpaTHUTb Ha H3MEHEeHUe apryMeHTa ]
Z

raeT AeACTBUTENbHYIO OCh.

11*
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9.37. OTo6pa3uTh BepXHIO NonymiaockocTs Imz > 0 Ha npamMo-
YTFOJbHUK B w-INIOCKOCTH C BepulkHamu =a, *a+ib (a > 0, b > 0).

9.38. Haiitu o6pa3 yeTBepTOro KBajpaHTa z-IUIOCKOCTH NpU oToGpa-
#KeHHH C MOMOIUBIO 3MJIUNTHYECKOro UHTerpala
1
dt
v = / 2 212 ’
J /(1= )(K"” + k22)

Ilponoaskan 3To oToOpaxe e N0 NPUHIMIY CUMMETPHUH, HailTh o6pa3
Bcell 2-MIOCKOCTH ¢ pa3pe3aMu 1o Nyvam

(—o0,—1], [1,00), (—iocc,~—ik'[k], [ik'/k,ic0).

IIpoBepuTh, uTO 0GpaTHOlt 6yaeT z = cn(n,k), ¥ JoKasaTb, YTO OHA
ABOAKONepUoauyeckan ¢ nepuoaamu 4K, 2K + 2iK'.

9.39. Haiitu o6pa3 ueTBepTOro KBajpaHTa 2z-MIOCKOCTH NpU OTAG-
paxeHuy ¢ MOMOLIbIO 3IUNTHYECKOro UHTerpana

1
_ dt
“= !\/(1 )82 - k?)

[Ipopon:an 3To oroGpaxieHye MO NPUHLUUNY CUMMETPUM, HAUTH 06-
pa3 Bceil z-TUIOCKOCTH C paspesamiu Mo JayuaM (—oo, —k'[, [k, 00). IIpo-
BEPUTH, YTO o6paTHoil dyHruueii 6yger z = dn(u, k), ¥ norasatb, YTO
OHa [BosIKoNepUoaUyeckan ¢ nepuogamu 2K u 4iK'.

9.40. Haiitu 06pa3 nepBoro KBagpaHTa z-NMIOCKOCTU NpH oToGparke-
HUH € NIOMOILLIO 3J/IMIITHYECKOr0 HHTerpana 1-ro poga

r dt
u(z, k) = ,
(k) 0/ Va1 - B
rae ki npuHumaer sHavenun k, 1/k, k', 1/k', ik/K', ik'[k.
Y kaszaHue. BoconssoBatbes popmynamu (6).

Hnrerpan
7 1 — k*? H . 9
Mah:/-T:Tﬂzde%%m¢M:Ew$) 7)
0 0

(z = sinp) Ha3bIBaETCA HOPMAABHBIM SALUNMUYECKUM UHIMEZPAIOM 2-20
poda 8 gopme Jexcandpa.
Ilpu z =1 (p = n/2) nonyvaerca noauwui sasunmuieckull unmezpaa
2-20 poda
P 1
E(k)=E = 0/ - dt. (8)

Bsens o6osnauenue E(k') = E', nerko nofy4yuTh COOTHOLICHUA



A
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E(%) = % [(E — kK) — i(E' — k2K")],
1 1 .
E(5) = 7 [(E' = B2K') — i(E ~ k2K), (9)

ik _ 1 iK'\ 1
E(p)=wE E(%)=%F"
IloaHble annunTUYecKue HHTerpalbl i1-ro u 2-ro poaa, orBevaroifne

JOTIONHUTENLHBIM MoayaaM k u k', casansl coomuowenuem Jewandpa

EK'+ E'K — KK' = 1/2. (10)

3aMeHa HEe3aBUCHMOl NepeMeHHOU 2z = snu B WHTerpale, onpene-
naoweM v(z, k), npUBORUT K Pynryuu Arobu

E(u,k) = E(u) = v(snu, k) = /udn 2rdr, (11)
0

BbIpaskalolleil aAAMNTHYEeCKUI! MHTerpana 2-ro poja Kak (QpyHKUMIO 31-
adnTUYeckoro uxrterpana 1-ro poga. C gynrumeit E(u) cBAzaHa (yHE-
una Z(u), onpenensemas Gpopmyoit

Z(u) = E(u) - Ti—u (12)

9.41. HaiiTu o6pa3 nepsoro KpajpaHTa z-IIOCKOCTH NpU oToGpase-
HUU C TNOMOWILIO HOPMAalbHOrO 3MAUIITHYECKOro MHTerpajia 2-ro poja

z
1— K’
v(z, k1) = /\/ gz 4
0

roe k) npuHnMmaeT sHauenud k, 1/k, k', 1/k', ik/k', ik'/k.
Y xazaunue. Bocnonbsoparsea dpopmyinamu (9) ¥ TeM, yTo

1 — k%

! !

(aTa dopmysa momydaeTca ¢ MOMOMLIO NoacTaHoBRM k%t? + k272 = 1).

9.42*. Otobpa3suTh BepXHIOK noaymiockocTh Imz > 0 Ha Bepx-
HIOIO noaymaockocTs Imw > 0 ¢ AByMA BepTUKalbHLIMM pa3pe3aMu
BRoab orpeskoB Rew = +a, 0 € Imw < h ¢ HopmupoBkoii: w(0) =
=0, w(oo) =0, w'(oo0) >0.

Yraszanue. BocnonszoBathbea ¢dopmynoit Kpucroddenn—IiIsapua B
BHIe

w(z) = z = C1[(k%6% — Du(z, k) + v(z, k)],

CE)/ (1=2%)(1 - k222) d

rae C; =C/k?, w(£l) =+a, w(£bd) =+a + th, ¥ coCcTaBUThL ypaBHEHUA
n7a onpegenenun napamerpos Cy, k u b.
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9.43. JlorasaTb, 4YTO GYHKUHUA

dnucnu
snu

w = Z(u) +

NpPOU3BOAUT OToGpameHne MpAMOYrodbHuKa 0 <
< &< K, 0<75 <K', pacnonomenHoro B mioc-
KOCTH u = £+1i7, Ha YeTBepThI KBajApaHT

rie

e 1219 ot 131

- _“_’_]
i 2K’ 2K’
h— I ectb o6paa Touru u = £ + iK', 1A ko-

h —

iy
IJOCKOCTH W C pa3pe3oM [— —, h

2K

. dw
Topo#t T = 0. IIpogonmxan 310 OoTOGpaAMEHMe [0
u
Puc. 54 OPUHLKIY CUMMETDHH, N0Ka3aTh, 4To 00pasoMm

re— h —

npamoyroashuka |¢| < K, |n| < K'| 6yaeT ABAATbCA BeA MI0CKOCTS C pas-
pe3oM, U3o0paKeHHBIM Ha puc. 54.

Npumevanue. 06 oToGpareHyst NPAMOYToJbHUKA Ha BHELIHOCTL
KpecTa WIM Ha BHEUIHOCThL NPAMOYTONbHUKA C YEThIPbMA OTPOCTKAMM —
NPOJIOIKEHUAMM CTOPOH — CM. NepBoe H3faHue »ToH Kuuru mam: Dar-
win. Some conformal transformations involving elliptic fonctions//
The Philosophical Magazine. Ser. 7.— 1950.— V. 41, No 312.

I/IHTerpan

w(z, v, k) = /(1+ tz)m
©

b/(1+1/sm )1 —k?sin®

- H(LP,U, k) (13)

Ha3bIBAETCA HOPMAAbHBIM SALUNMUYECKUM UHMeZpaiom 3-20 poda & dop-
ne Jlexcandpa.
3aMeHa He3aBUCHMOM TlepeMeHHOH Z = snu NPUBOIUT K (opmyne

u
d
w(snu, v, k) = /iTuTs__n?? (14)

0
Benuunna I (v, k) = w(l,v,k) = I(n/2,v, k) HasviBaeTca noansim
PAAUNMUNLECKUM UHMe2PALIOM 3-20 poda.

9.44. Haiitu o6pa3 nepBoro KBagpaHTa z-INIOCKOCTH MpH oTobpae-
HUY C TIOMOLIBIO HOPMaJbHOIO BIUIITHYECKOro MHTerpaia 3-ro poaa (13)
ana 0 < k < 1. PaccMmoTpeTs oTOelbHO cliyyaH, KOrga v NpUHalessuT
UHTepBanam:

1) (_007 _1); 2) (—'1a _k2); 3) (_k2’0); 4) (Oa OO)

PaccmoTperh Takme ciyyan v = -1 u v = —k2.

VYka3aTb o6aacTy B w-IJIOCKOCTH, KOTOPbIe NMOMYYalOTCA NPU NpofAo-
MEeHUU 10 NPUHEUNY CHMMETPHH vepe3 pa3nuyHble HHTEPBalbl KelicTBU-
TeAbHOM OCH INIOCKOCTH z. B KasaoM ciyyae nokasaTh COOTBETCTBYIOIHe
o6/1acTH B u-MIIOCKOCTH, TAe 2 = snu.
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5058
Terpan s o s

I V4P —gz—gs  J JAz-e)(z—e)(z-e)
C OMCKpUMHUHaHTOM A = g3 —27g2 #0 (npu aTOM yclIoBHH €1, €3, €3
MONapHO pa3iMYHbI) Ha3bIBAETCA HOPMAAbHbIM IAAUNMULECKUM UHME2-

pasom 1-20 poda 8 fiopme Betiepwwmpacca, a pyHKUUA

z = p(w) (16)
HasbiBaeTcA fp-Pynryuelt Betepwmpacca (ns-gynxyueti Beliepwmpacca).
3TO 0HA M3 OCHOBHbBIX DIIMNTHYECKHX OYHKUMH ¢ nepuofamu 2w, 2w’

L«)I

(Im— # O). OHa ypoBiaeTBopAeT IOuddepeHUUAILHOMY YpaB-
HEeHHIO

p? =40 —gap— g3 =
=4(p—e1)(p —e2)(p —e3). (17)

Oyukuua p(w) yeTHas, OBY-
TUCTHaA B napalienorpamme nepu-

onoB (puc. 55), UMelollad TaM Io-
MIOC BTOPOrG MOpAAKa B Hyle U

mByKpaThble Toukd (p' = 0) w, -
w+w, wh 2w! >
+w

mph asser gy LS

—_ 1]
ez = p(w').
U3 (17) creayer, uto
e1+e+e; =0,
1
erez +ezxe3 +eze; = —192  (19)
1
€1€2€3 = 1 gs3-

9.45*. Hccnegosath oTobparie- 4
HUe 2-MJAOCKOCTU C MOMOUIBIO HOp- Puc. 55
MalbHOr0 SINUNTUYECKOr0 WHTEr-
pana 1-ro poaa B ¢opMe Beitepuitpacca (15) [na BeleCTBEHHBIX ga, g3 U
A > 0. Paccmorpets cayvau gz > 0, g3 < 0, g3 = 0. HaiiTu nepuogs! p(w).

YxazaHue. PaccMoTpeTh oToOpameHHe BepxHell MNONYIIOCKOCTH
Im z > 0 ¢ nomMolsi0 NpUHLKNEA COOTBETCTBUA I'PaHuUL.

9.46*. HccnepoBaTk oTobpazeHte 2-NIOCKOCTH C IOMOUILIO HOPMaib-
HOrO JLIMNTUYECKOro HHTerpana l-ro poga (15) OsA BellleCTBEHHBIX s,
gs 1 A < 0. PaccMoTpeTh, B 4aCTHOCTH, ciyyait go = 0. Haiitu nepuo-
osl p(w). 4

Yxazanue. Tak kak A < 0, To ABe U3 BEIUYHH e), €2, €3 KOMI-

JIEKCHO CONpAAMEHHbIe, a ogHa gelicTBuTenbHad. IlycTe e; — pelicTBH-
TenlbHad BelnyuHa, e; = a+if, e3 =a—if (B> 0). PaccmorpeTb

\
NANAN

\

NAVAN




"ﬁ"‘l

168 I'r. IX. Kougopmuvie omobpamenun (npodoamenue)

oTobpaseHne NOAyKpyra |z — ez] = le; — e2|, Imz > 0 c noMowbto NpuH-

2) \\ 3) \\\
ORNX T PN A RARNA

§\\\\\%’it §\\\\\§\\§\\i
5) 8)

\

(]

N
Q\\\‘%\ \\{\

Puc. 56

Hyla COOTBETCTBUA TIpaHMUll W TNPOROLMUTL BTO 0ToOpamkeHHe 1O
NPUHLUIY CUMMETPHH.

9.47. HaiiTu oroGpaseHusa Ha BepxHIOW noaymiockocts Imw > 0
TpeyronbHUKOB ABC npH yKasaHHbIX YCIOBUAX:

1) (A=0, B=w >0, C=w(l+1)) — (o0, -1, 0);
2) (A:o, B=a>0, C:E’-‘;—gei"/?») — (00, -1, 1);

3) (A=0, B=a>0,C= zﬁei"/ﬁ) — (00, =1, 0).
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Y kasanue. BocnonbzoBaThes peleHusMH 3agay 9.45 (ciyvaii gs =
= 0) u 9.46 (cayuait g = 0).

9.48. [IBycsasuble o6nacTH 1)-15), pacnono#eHHble B 2-NI0CKOCTH U
yKa3aHHble Ha puc. 56, 0To6pa3uThb Ha Kpyrosoe Koablo p; < |w| < p2

U OMpeNeNuTbh MOOYIb [ = ’;’3 (cM. cTp. 36).
1

B 3apauax 9.49-9.51 o0T06pasuTh Ha eXMHUYHbINA Kpyr [¢| <1 yKa-
‘ 3aHHble 06/1acTH.
| 9.49. Ipamoyroasuuk |[Reu| < K, [Imu| < K’ (0 < k < 1). Haittu
NOJIO#eHHe BEPLIMH NPU 0TOOPazieHnH.

9.50. BuyTtpeHnHocTs amaunca |z — 1| + |z + 1] = 2a (a > 1) ¢ paspe-
samu [—a, —1], [1,a].

9.51. BuyrpeHnnocTh asnmunca |z — 1| + |2 + 1| = 2a (a > 1). Haittu
nosnozeHne (pOKYCOB IPH OTOBPasEeHHH.

9.52. BHewHocTh efvHu4Horo kpyra |t| > 1 oro6pasuts Ha oGnac-
i 1)-3), pacronoeHHble B z-IUIOCKOCTH ¥ yKa3aHHbIE Ha puc. 57.

X W>§

Puc. 57

_

N

—a

A

.
__

O npumeHeHHU anAUNTAYECKUX PYHKUKI K 3aiadyam 06 oTobpasneHun
BepXHel MOMYIIOCKOCTH Ha BHEWHOCTb OYT 3MJuIca, runep6obl U napa-
607bl, & TaKkKe K 0TOOpa#eHHI0 BHEIIHOCTH IBYX NPOM3BOALHO paclofo-
JHEHHBIX NPAMOJIMHENHbIX 0TPE3KOB UM ABYX KOHUEHTPUYECKHX AYT Ha
KpYTroBoe KOALIO cM., HanpuMep, kKHury: Ce gos JI. U. [lnockue 3agauu
FHAPOAMHAMUKU U aspoauHaMuru.— M.: Hayrka, 1966.
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FTABA X
INPUJIOMEHHUA K MEXAHHKE 1 ®U3IHUKE

§ 1. IlpunoxeHHA K ruApoMexaHukKe ')

YcraHoBuBIleecs MIOCKoe Ge3BUXpeBoe TeuyeHHe HeCKUMaeMoi
MUOKOCTH XapaKTepU3yeTcA aHaMUTHUECKOH QyHRUMeH

w(z) = ¢(z,y) +iY(z,y), (1)
Ha3bIBAEMOW KOMNAEKCHLIM TNOMEHYUAAOM WIH ITApaKmepucmuieckoll
dynryuel Te4eHUA;  HA3LIBACTCA NomeryuaisHoll gynryued, Y — Gyni-

yuetl moxa. JIMHUY ¢ = const — axeunomMenyUaLbHblE AUHUL, 1) = const —
aunuu moka. CropocTh TeyeHus V cpAzana ¢ w(z) COOTHOWEHUAMM

V =Vee =V, +iV, = w(2),

V=], a=-argu'(z), (2)
V = gradp.
Ilycte ¢ — 3aMKHYTBIHi KOHTYp, 06XOX KOTODOI'O COBEpIIAETCA B

MONOUTENLHOM HanpaBieHuu (KOHTYp C MOMeT COCTOATh M U3 ABYX
CTOPOH IyTH, npoberaeMbIX B MPOTHBOMONOMHLIX HampaBieHusax). Benu-

YHUHa
s - x -

Ha3bIBaeTcA yupkyaayued Bektopa V no koutypy C.
Bennuuna

Q=/Vnds=/(—Vydz+Vzdy)=/d¢ (4)
C C C

(n — BHewWHAA HOpMalb K 3aMKHYTOMY KoHTYpYy C, mpoGeraemomy B
NOJNOMUTENLHOM HanpaBlIeHWH) Ha3bIBaeTCA nomokos BekTopa V' uepes
KoHTYp C. AHanoruyHo noTok BekTopa V udepes nyry AB onpeneaserca

KaKk MHTerpal / Vi ds (HanpaBneHne HOPMANHU 1 AOMMHO GbITh YKa3aHo).

AB
O6penuuAs ¢popMyas! (3) u (4), noayyum

[+iQ = [w'(2)dz. (5)
/

1) K 21oit rnase cM. (3, ta. 1T} u ykasasHytO Tam auTeparypy.



§ 1. [Tpunomenun k 2udpomeranuxe 171

Ecan w'(z) onpenenena BHyTpr C M MMeeT TaM KOHEUHOE YHCID 0cOGBIX

TOUeK, TO
T +iQ = 2ni Z resw'(z).

Ecnu a — nomoc dyHKnun w'(z), To w(z) umeeT BOAU3MN a pasioxe-
HMe BUIA

_ _Cn p_ 1 T+@Qy _
w(z)—(z_a)n+...+2ﬂz_a+ 5 In(z~a)+co+ci(z~a)+..
I +4Q ,

ToBOpAT, 4TO YneH —W—ln (z—a) (T, @ — neficTBUTENLHBIE YHCIA)

ofipenenifAeT B TOUKE a 8UTpeUCIOYHUE obuaLHOCTH Q N UHTEHCHBHOCTH P,

. 1
oboznauaempiit (a;Q,T)?%), unen 2£ — Junoas C MOMEH-
mzZ—a

TOM p, 0603Ha4aeMblit (a;p) (p — KOMILIEKCHOE YKUCN0; pafUyc-BEeKTOp —
p ONpefiendeT HallpapBleHHe OCH OUIONA, MPOXORAlleil uepe3 TOYKY & B

HanpaB/e€HUM JAWHUA TOKa), OCTaJbHble YleHbl (——"-ksz ONpeleAoT
z—a
B TOYKE @ MYAb/MUNOAL TIOPAAKa 2k.
CoOTBeTCTBEHHO, eCId Ha 00
I'+1 Cc—1
w(z) =cnz"+...+—p—z+———QInz+co+ e
2 27 z

T'+:Q
TO WieH ——~<Inz onpepeader Ha OO BUIPEUCMOUKUK OGUALHOCTH ()
e

¥ uHTeHcuBHOCcTH I, 4ieH 2£z — dunoab ¢ MOMeHTOM p (Hanpasie-
™

HMe IMHUI TOKa Ha 0o COBMajaeT ¢ HANpaBleHWeM pajuyca-BeKTopa P),
oCTalbHbIe YleHbl cxz® — myssmunoau nopagka 2k.

Toyrn, B KoToprix V' = 0, cieposarenpo, w'(z) = 0, HasbiBalOTCA
KPUMUYeCKUML MOYKAML TeYeHUA; U3 3TUX TOYEK JAMHUM TOKa U DKBU-
NOTEHIMAIbHbIE THHUH BLIXOAAT IoMepeMeHHo. Ecinu KpuTuieckasa ToYKa
ABIAeTCA HyJEM MPOM3BOJHON MopAnKa n — 1, To 3TH JHHUM 06pas3yioT
Me#sy co6oit yriubl w/2n. Takoe pa3BeTBleHe AHHUH BO3MOAHO U Ha 00.

B zagavax 10.1-10.14 no 3agaHHOMY KOMNIEKCHOMY TOTeHUMALy Te-
yeHUA TpebyeTcA NMOCTPOHTL IKBUIOTEHLMANbHbIE IMHUM U JIMHUM TOKa,
onpegenuTh V', ocobble U KpUTUYECKHE TOYKH, OGUILHOCTL U UHTEHCUB-
HOCTb BHUXPEUCTOUHHKOB, MOMEHTHI JWIoJiedl U McCleJoBaTh NoOBelleHUe
TEeUeHUAl Ha O0.

10.1. w=c¢z (c=a+if).
10.2. w = 2™ (B wacTHocTH, n = 2,3).

10.3. w = r—%ln z. PaccMoTperb, B yacTHocTH, ciyyan I' = 0
n @ =0.
104, w="FC 270
27 z—b

2
?) Ecan Q =0, To umeeM suzpy (a;T). Ecan T'=0, To umeem ucmoxnur (a; Q).
Eciu MHTeHCMBHOCTbL McTouHMKA @ < 0, TO yame rOBOPAT, YTO MMeeT MecTO CIMOK.



rrw‘:!

172 I'n. X. ITpuaromenun x meranure u gusuxe

10.5. w = % OnpegenuTb TakMe CROPOCThb B Toukax 2 &£ 1i.

2 2
106. Dw=z2+2; Juw=2-& 107.0=2
4 z z
10.8. w =1In(22 — a?) (a > 0). OnpenenuTh TakHe CKOPOCTb B TOY-
Kax =ia.

10.9. w =1n

22~ a? _Q 1
(a > 0). 10.10.w~§;ln(z—-z~).

2
z2+a2

10.11. w =1In (1+ -z%) 10.12. w =1n (5% - ;15)

10.13. w =az + %lnz (a>0, Q>0).
10.14. w =az + Llnz (a>0, T>0).
2me
10.15. HccnegoBaTh xapakTep TedeHuA B obnacTd |z| > R, ecan
2
w:a(z+£) +~P—,lnz (a>0, I'>0).
z 2w

Paccmorpers cayuau: I’ < 4maR, T = 4waR, T > 4naR.

10.16. HaitTu KoMmnieKcHbIT noTeHuMan w(z) TeueHUA BO Beeil Mioc-
KOCTH, 06pasoBanHoro suxpeucrounukamu {(ax; Qk, [x)} (k=1,2,..,n)
U uMerollero Ha GeCKOHEUHOCTHU 3aJaHHYIO CKopocTh Vo = Ve'®.

10.17. Moser 1M BBIXOZUTbL JMHHMA TOKA U3 TOYKH, ABIAIOIENCA:
1) BuxpeM; 2) gumonenm; 3) BUXpeM M AunogeM BmecTe?

10.18. HaiiTu 3aKOH U3MEHEHHUA BUXPEUCTOUHUKA, JUMOJIA 1 MYJIbLTH-
[I0JIA, HAaXOJALIMXCA B TOYKE @ WU Ha 00, NPU CleJYIOMUX OJHONUCTHLIX
KOH(OPMHBIX 0TOGpakeHNAX OKPECTHOCTH 3TUX Tovek {¢; # 0, c—1 # 0):

l){=a+c(z-a)+..; 2)C=a+%+...;
3)(=;c—:l—a+c()+...; Y (=caz+co+..

10.19. HaitTu 3aKOH W3MEHEHUHS BUXPEUCTOYHHKA NPU M-TUCTHBIX
oToOpameHHax:
(=a+cp(z—a)"+..., cn#0;

<:a+0_;nﬂ+..., con #0.

10.20. JowkazaTb, YTO TeueHUE MOMHO NPOAOMMKUTHL [0 TPUHUUMY
CUMMETpHH Yepe3 NPAMOJUHEHHBbIH WM KPYTI'oBOH yYyacTOK JMHHUH TOKAa
WY 3KBUNOTEHLUHANbHOH JIMHUM, NPUYEM BUXPEUCTOYHHUK NePeXoAuT B
BUXPEUCTOUHUK, AMIONbL — B AUNOAbL, MYyJAbLTUNOAL, — BooGlie roBo-
pA, B HaGop MyJAbTHIOJAell 10 TOro e NopANKa BKIIOYUTe sHo. HaitTu 3a-
KOH M3MEeHeHuA OGMJILHOCTH W MHTEHCHMBHOCTH BHXPEHUCTOYHMKA U MO-
MeHTa JUNoJf.
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IIpumeuanwue. B zagaue 10.20 ycTaHaBiuBaeTcA npuHyun cummem-
puit, KOTOpbIil, HapAny ¢ KOHGODMHBIMH OTOGpaMeHUAMH, NMHUPOKO HC-
noaL3yeTcsd A1A noctpoeHua TedeHuit (cM. samaum 10.22-10.30).

W3 npuHuuna cuMMeTpuH clieyeT, YTC NPH HalWYHH NPAMOJVHEHHO-
ro WIX KpyroBOro yyacTka Ha JIMHMKA TOKa MM SKBUNOTeHLHaAbLHOR M-
HUY TeYyeHHe HOMHHO ObITh CHMMETPUYHBIM OTHOCHTEILHO 3TOH JTHHUH.
JTo HaknaAbIBaeT U3BECTHbIE OrPaHUYEHHA He TONLKO Ha 0COGEHHOCTH
TeueHUA BHEe YKa3aHHbIX AMHHUH, HO U HA 3TUX JMHUAX WIK HA UX KOHLAX
(ecnu OHU MMeEIOTCH).

10.21. Teuenue B z-niocKOCTH 06pa30BaHO KOHEUHBIM YMCIOM HC-
TOYHHMKOB, BUXDel U Junonei.

1) HafiTu Heob6XoouMoe M AocTaTOYHOe YCIOBMe [IA TOro, 4To6bI
OKPYMHOCTb |z| = R ABagnach JuHMEN ToKa, ecld UCTOUHUKHU, BHUXPH,
JUIIONH:

a) He paclojioKeHbl Ha 9TOM OKPYMHOCTH;

6) BCe pacnonoeHbl Ha Helf;

B) YAaCTMUYHO pacrojoeHbl Ha Hell, YaCTUUYHO HET.

2) B aTHX e MpeAnonokeHMAX HANTH YCIOBUA TOTO, YTOGBI ORPYH-
HOCTbL |z| = R ABIsnach 5KBUMOTEHUHATLHON JHHMeH.

10.22. HaitTy KoMmleKcHble NOTEHLMANb! TeUeHU! B BepxHel nony-
nrockoeTy Imz > 0 mo 3agaHHbBIM 0COGEHHOCTAM ¥ CKOPOCTH V!

1) Cropocts Vo, = V.

2) Buxpsb (a;T") u cropocts Vo = 0.

3) Herounur (a; Q) u cropoctst Vo = 0.

4) Nunons (a;p) u ckopocTh Voo = 0.

5) Buxpencrounurn {(ax;Qk,Tx)} (kK = 1,2,..,n), gunone (a;p) n
ckopocTh Voo = V. UYTo MOMHO CKaszaTh O NMOBeJeHUM TeueHHA Ha o0o?

6) Buxpeucrounur (0;Q;T) n nunons (0;p); Vo = 0. Karue 3naue-
HUA MOKeT MPUHUMATh MOMeHT aunoas p? Bceraa nu Bo3MO#HO TedeHue,
ecnn I' # 07

10.23. B kpyre [z] < R nocTpoHTh TeYeHHH, UMelOLIHe COOTBETCT-
BEHHO:

1) Buxps (a;T'); 2) punons (a;p).

10.24. HaiiTu yca0BUs BO3MOMHOCTH NMOCTPOEHUA TeYeHMI B Kpy-
re |z| < R, ecmu:

1) nmetotena toabko uctounnku {(ar; Qr)} (k = 1,2,...,n), pacnoio-
KeHHBbIe BHYTpH Kpyra;

2) B HoMoiHeHHe K KCTOYHMKaM 1. 1) umetorea ucrounusy {(a}; @Q1)}
(k = 1,2,...,m), pacnonomeHHnble Ha OKpy:HocTH |z| = R. B o6oux
clydadax Ha¥TU KOMILIEKCHbIe NMOTeHIUanbl TeYeHU .

10.25. B ofnactu |[z| > R TNOCTPOMTL TeueHHd, UMEIOLIMe COOT-

BETCTBEHHO:
1) Buxpe (a;T"), cropocts Voo =0 W HuMpKy/IALHUIO Ha GECKOHEYHOC-
T oo = 0;
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2) nunons (a;p), cropocts Vo, = 0 u uupkyaammo e = 0;

3) ckopocth Vo = Ve® u uupryasumio I's = 0;

4) cropocth Vyp = Ve'® u yupkynauuio I' BOKpYr OKpY?KHOCTH
izl = R.

Opumeuanue. Hocnenuue apa npumepa sagaum 10.25 nalot obte-
KaHHe Kpyra ¢ 3aJaHHOH CKOPOCTLIO Ha GeCKOHEYHOCTH, 6€3 UHPKYIALHN
M ¢ UupKyaauMedt (cM., HanpuMmep, [3, ra. III, n. 49]).

B zamauax 10.26-10.29 noan3yAch UPHHUUOOM CHMMETpUU, IO~
CTPOUTL TEYeHHUA MO 3alaHHBIM 0COGEHHOCTAM (Ha GEeCKOHEYHOCTH U
B YTJIOBBIX TOUKAX CKOPOCTb PaBHa HYJIO).

10.26. B obaactu 2| > 1, Imz >0, c Buxpem (ig;T), a > 0.
10.27. B yrae 0 < argz < /3, ¢ ucrounnrom (ae™/%;Q), a > 0.

10.28. B nepsom kBagpante Rez > 0, Imz > 0, c ucTounuKom
(1,Q).

10.29. 1) B nepsom kBagpante Rez > 0, Imz > 0, ¢ ucTOYHU-
koM (1;Q) ucrokom (7;—Q).

2) B nepsom kBagpaute Rez >0, Imz > 0, ¢ ucrounurom (1 + 7; Q)
u croroMm (0; —Q).

10.30. IlocTpouTs TeueHHe BO BCell 2-MIOCKOCTH, €CAU H3BeCcT-
HO, YTO B BepxHefl noaymniockocTd Imz > 0 oHO MMeeT BHXPEUCTOYHU-
kU {(ar; Qr,Tr)} (k=1,2,...,n) u gunons (a;p), ocb T ABIAETCA FIKBUIO-
TeHLUaIbHOM JnHUell U cropocTb Vo, = Vel®. Beeraa nu Taroe Teuenne
BO3MOKHO?

10.31. locTpouTh TeUeHUe BO BCei 2-TIAOCKOCTU, €CIU U3BECTHO, UTO
B Kpyre |z| < R oHo umeer Buxpeucrounuru {(ar; Qr, ')} (K =1,2,...
...,) U Aunoas (a;p), OKPY#MHOCTEL |2| = R sABAAETCA SKBHIOTEHLHAb-
HOI uHUeH U ckopocTh Vi, = Vei®. Beerna i Takoe TedeHHe BO3ZMOAKHO?

10.32. B oaHocBAsHoi of6jgacTu D, orpaHudeHHo# KoHTypom C,
NOCTPOUThL TeueHue ¢ auHMel Towka C, MMelolllee BHUXPEUCTOYHUKU
{(ar; Qx,Tx)} (K =1,2,...,n). Becerpa au Takoe Teuenue BO3MOMHOT?

10.33. B ofnactu D, orpannyennott koutypom C u cogepaaiiett 6ec-
KOHEUHO YJNaNeHHYIO TOUKY, NOCTPOUThL TeuyeHHe ¢ nauuued Tora C,
umetomee BuxpencTouHukl {(ar; Q¢ Tk)} (K = 1,2,...,n) u 3agannyio
cKkopocTh Vo = Ve'®, Beerga nu Takoe TeyeHHe BO3MOMHO?

B 3apauax 10.34-10.41 paccmatpuBaeTcA o6TeKaHHe OrpaHHYEHHbBIX
M HeorpaHMyeHHLIX KOHTYPOB (OHH [OMMHBI ABIATHLCA JMHUAMH TOKa).
3ajauy peuraloTes ¢ NOMOLbIO KOH(POPMHOr0 0TOOpa#EHUA Ha BHEMIHOCTS
Kpyra, BepXHIOIO NOMYTJIOCKOCTL M NMPAMONUHENHYIO Hojocy.

10.34. llocTpouTh 06TeKaHKe OrpaHUYEHHOIO KOHTYpa C c¢ zajaHHOH
nupkynauuet I' ¥ cropocthio Vo = Ve'®. HKaxoe oTobBpasieHue ocy-
lecTBAAET KOMILIEKCHBI MoTeHunan w(z) B crydyae I' = 07



§ 1. Ilpunomcenun x zudpomexanuke 175
:L‘2 2
10.35. IocTpouth o6TeKkaHue anaunca pel %7 =1

1) ¢ 3apaHHOMN ckopocThio Vo, 6e3 LHPKYIALNY,;

2) ¢ 3ajaHHOl CKOPOCThIO Voo M HUPKYyAANHeil I

10.36. Iocrpoutsb obrekanue muactuuku |z| < C, y=0:

1) c 3agaHHoil ckopocTbio Vi, 63 UHPKYNALKH;

2) ¢ sapmaHHON ckopocTbio Vo W uupryaauueit I', onpegensaemMoit us
YCIOBHSA, YTOGbI OAMH M3 KOHLOB [TACTHUHKMU ABAAJICA TOYKON CXOAa IO-
Toka (nocmyaam Hyrosckozo-Yanavieuna).

10.37. IocTpouth obTekanne npoduns Ay kobckoro?) ¢ 3anan-
Holl cKropocThbio Vi, U uuMpkynauueit I', onpegensemoii ¢ nmomoubio noc-
tynata sKyroBckoro—Yannbiruia (ocTpolit KoHelU NPOGUAA ROMMEH AB-
NATLCA TOYKOM €Xoja).

B zapmauax 10.38-10.41 nocrpouThb ob6TeKkaHue 3afjaHHbIX KOHTYPOB.
10.38. Mapa6oart y? = 2pr (M3BHE U UBHYTPH).

2 2
10.39. IIpaBoit BeTBU runepOonbl Z—z — 3-;? =1 (43BHE U U3HYTPH,
co cropocThio Vi, = 0).
10.40. HonynpaMmeix —oco < z < —1, y = £7.

10.41. THonynpambix 1 < |z} < 00, y = 0.

B zapauax 10.42-10.46 paccMatpuBalOTCA NepHogWyeckile TeueHUd
(V(z + w) = V(z)) u TeueHHs B KPHBOJIMHENHBIX nosocax (KaHanax). Jaa
NOCTPOEHUA DTUX TeyeHUIl KPHUBOJAMHE{THbIe MOJOCHI clelyeT KOH(POpM-
HO 0TOOpa3suThL Ha NPAMOAMHe Hble N0J0Chl, 3aTeM NPOACIAUTL TeYeHus
N0 NPHUHLUNY CUMMETPUM M MCNONb30BaTh PasioeHHA MepOMOpP(HBIX
(pyHKLNH B pAIBI NPOCThIX Apobel.

B zapmauax 10.42, 10.43 uccnenoBaTh 0coGeHHOCTH, NOCTPOUTEL CXeMa-
TUYECKH JNUHUU TOKA M 3KBUMOTEHUUWANbHblE JUHUM U ONPeJelUTh CKO-
POCTh Ha 00 B M0J0Ce NePHOMOB A NepPUOJNYECKUX TeUeHU ¢ 3aaHHbI-
MM KOMIMJIEKCHBIMH NOTEHLUHATaMH.

10.42. Y w = Q Insinz; 2)w= L,lnsin z.
2m 27
. T
10.43. w = —ctgz (0<argp < 5).

10.44. B npamonuHeiiHol mojoce z-mnockocTu S: 0 < z < w, nocTpo-
UTb Te4eHue, o6pasoBaHHOe BuXpedcTounukoM (a; @Q,T'), a € S, nmerouee
3afiaHHble ckopocTu V(z +100) =iV, V(z —io0) =iV). Bcerga au ta-
KO€e Te4YE€HHEe BO3MOMHO?

[IocTpOUTL cXeMaTUYeCKH JUHUU TOKa M SKBUNOTEHUMaNbHble JUMHUH,
eciu I'=0 um Q =0.

Yrkaszaunue. [IpogomkuTh TeyeHHe 10 NPUHUMIY CUMMETPUM U BOC-
NONB30BaThCA pe3yasTaToM safauu 10.42.

3) Cm. 3apauy 2.121 ¥ oTBeT K Heil.
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10.45. B npamonuHeitHoit nonoce z-maockoctu S: 0 < z < w, MOCTPO-
UTb TeuyeHMe, o0pasoBaHHoe punoneM (a;p), a € S, uMerollee 3aJaHHYIO
ckopocTh V(z £ j00) =4V, llocTpoUThL cxeMaTHYECKH JIHHUU TOKA U 3K-
BUNOTEHUHANbHbBIC TMHUU.

10.46. B kpuBonuHeifHoit nonoce z-MIOCKOCTH S, OrpaHMYeHHOH KOH-
typamu Cp, Cy, nocTpouTh TeueHue, obrekailomee C1, Cs, UMemwollee 3a-
HaHHble BUXPEMCTOYHHKM, AUMOMU B S U 3amaHHble ckopocTu Vi, V2 B
GecKOHeYHO yaaleHHbIX Toukax ()1, {)s mosoce!r S. YKazaTh ZoCTaTOUHbIE
YCIOBUA AJA CyllleCTBOBaHUA TaKoro TeYEeHUA.

Teuenne HasbiBaeTcA dsoaKoOnepuoOdULECKUM, €CH €0 CROPOCTh w'(z)
ABIAETCA 3JIUNTUYECKON PyHRUHUEHN.
Jaaunmuieckoll GyHKUNEH Ha3bIBaeTCA 080akonepuoduieckas Mepo-
!

MopdHasa GpyHRUMA, ¢ nepuoaamu 2w U 2w', npruem Im % #0 (B Jajib-

’

o w
HelileM NpuHATO, Y10 Im — > 0). W3 sroro onpeneieHus clefyer, YTo

w

flz + 2mw + 2nw') = f(2), rile m u n — MO6bIe Lenble YHUCIa UIH HYJIU.

[MapannenorpamMM ¢ BepuUIMHAMM 2o, Zg + 2w, 29 + 2wW', 2o + 2w + 2w’
(20 — TpOU3BONBHAA TOYKA) HA3LIBAETCA NAPAALEA0ZPAMMOM NEPUOFOs.

Ecmu f(2) — oTanuHasA oT MOCTOAHHON amnunTHYecKad GyHKUMA, TO
oHa ob1ajaeT caefyIOMWUMH cBoHcTBaMU (Teopemsl JInyBumiA):

1) f(z) umeet mo kpaiiHeil Mepe OQUH MONIOC B NapallienorpaMme fe-
PUOLOB;

2) cymma Bbi4eToB GyHKUUM f(2) OTHOCHTENBHO BCEX MAMIOCOB, pac-
TIONIOAEHHBIX B NapajiejorpamMmme MepuonoB, paBHa HYIMO;

3) ypaBHeHue f(z) = a wuMeeT B mapamienorpamMme MEPUCOB OfU-
HAKOBOE YUCA0 KOpHeH AnfA MoGOro KOMIUIEKCHOTO yucla a, KOHEeYHOro
1Y GecKOHEUHOro (3TO YHCAO KOpHeit Ha3hiBaeTCA nopAdKoM 3MIUNITHYeC-
Kot BYHRIMM);

4) pasHOCTb MemJy cyMMoll Bcex Hynell U cyMMoil Bcex NoAKOCOB
dbyuruuM f(z), pacnonoxseHHbIX B NapaiiielorpaMMe NepHoaoB, paBHa He-
KOTOpPOMY ee mepuony, T. €.

Z Qg — Zﬂk = 2uw + 2vw'  (p u v — uenble uncaa).

Cuema-gynryuetl Betiepuumpacca nasbiBaeTca Uenana dyHKIUA
o(e) = =] (1~ g)e /), (6)

roe §) = 2nw + 2mw' ¥ npousBeleHHe paclpocTpaHeHO Ha Bee §), OT-
auyHple oT HyaA. PyHruua o(z) HeyeTHas.
Asema-dynryueti Bedepuumpacca HasbiBaeTcAa MepoMopdHana hyHKUMA
o'(z) 1 ! 1 1 z
C(Z)_a(z)*;_kz (z—-Q+§+_§2—2)’ ()
rie CYMMHpOBaHHe pacnpocTpaHeHO Ha Bce (), OTAMYHbIE OT HYyJId.
®ynknuda ((z) HeyeTHas.
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Oyuruua Beiiepmtpacca p(z) ¢ nepuonamu 2w u 2w’ (eM. c. 167) cea-
3aHa ¢ ((z) coorHomeHueM (p(2) = —('(2).
Tak Kak

[C(z +2w) — {(2)] = p(2) — p(z + 2w) = 0,
TO
Cz+2w)—((2) =2
1, aHaJOrU4HO,
((z +2w") = {(2) =27,

roe 7 u1n — nocrosaHubie. llonb3ysace HeyeTHocThIO PyHrumu ((z),
nerro nokasats, 4to 7 =_(w) u n' = {(W').
Beanuunsl 1, 11, w ¥ w' cBA3aHbI coomuoweruen Jexandpa

nw' —n'w=mi/2.
0O6o3HauuM

n=m, 7 =13 u n+n =n,
w=w;, W=ws U w+w =w.

DyHKUUN 0 (2) ONpeleNflOTCA COOTHOLIEHUAMY

_ kZ a(z —w ) —
op(z) = —¢€” -;@# (k=1,2,3). (8)
CoOTBETCTBEHHO ,
Gu(z) = 24, )

OyuruuM ok (z) cBasansl ¢ hyHruuelt Beitepmrpacea p(z) u dyHRUMAMY
Akrobu snz, cnz, dnz creayomuMu Gopmyiamu:

o) — e = 22 (10)
a(z)
snu = /e —e3 ;((i))? cnu = S}E—i;a dnu = Zzéz;’ (11)

rie u=2zye; —e3 U e = p(w) (cM. c. 167).
IIpu nomowu o(z) u ((z) MOAHO BbIPA3UTh JIOBYIO SMTUNTUYECKY IO

$yHRUHIO.
Ecnu f(z) nmeer B mapanienorpaMme mepHofoB TOMLKO POCTbIE MO-

atockl by ¢ Berdetamu Ay (k=1,2,...,n), To
n
fz) = Arl(z —b) + C. (12)
k=1

Ecnu f(2) uMeer B napannenorpaMme NepuoiioB HYIH aj ¥ MOTIOCHI by,
(k=1,2,...,n), Kaxablil U3 KOTOPIX NUIIETCA CTOMLKO pa3, KAKOBa ero

12 JI.H. BonkoBbICKHE U Ip.



178 Ia. X. Ipuaoxmenun k merdanure u gusure

KpaTHOCTb, TO

f(z) = 0 Hzzoyolem sl ole —on) (13)

a(z = b})o(z = ba)...o(z = bn)’
roe b} = Zak -Zbk

Tema- gﬁynnuunmu Arobu naswviBaloTcA GyHKIUN

0o
'191(’()) =1 Z (_1)qu(n—l/2)2e(2n—1)7riv -
n=—0o .

-9 Z(_l)"q("+1/2)2 sin(2n + 1)mwv, (14)

Ya(v) = (U + 5) 93(v) = g'/%emivy, (U + % + %),

Pa(v) = —ig' e 9 (v + 7),

roe g=¢€™, T=w'fw.
Tera-QyHKUMM CBA3aHBI ¢ CHUIMa-QGYyHKLUUAMU COOTHOIIEHHAMH BHAA

(15)

— 9, e(mz?)/ (2w1) V1 (V)
o(z) = 2wie 0" (16)
0i(z) = em=H@en inl0) g gy (17)

i+l(
roe z = 2wy v.
lIpeumymecTBa Tera-QyHKUME 3aRIIOYAIOTCA B GhICTPOI cX0OUMOC-
TH pAAOB, ux onpedeassowmux. Hoabsyscs dopmynoit (16), npexcrasne-
Hue (13) MoHO 3anucaTh B BUIE

SR ()
O R () ()

Honbaysics popmynamu (11), (16) u (17), MoHO 3anucaTh Bhipazie-
HuA paa dyHruui fIko6u sn z, cn z, dn z 4yepe3 TeTa-QYyHKUHHU.

(18)

B panbHefimeMm npennonaraeTcd, YTO w — OEHCTBUTENbHOE 4HCIO,
w' — 4KcTo MHMMOE, T. €. NapajJeJorpaMMbl NepuooB ABJAIOTCA IPA-
MOYTONLHUKaMHU.

10.47. HokasaTb, yTo PpyHKuUMA f(u) = _24/[7? ((u — a) + Cu saBnserca

KOMILIEKCHBIM TIOTEHLHANOM ABOAKONEPUOIMYECKOTO TEUEHUA C OJHUM
aunoaem (a; M) (M — MoMeHT Qunods) B napaielorpaMme [EPUOAOS.
PaccMoTpeTh, B 4aCTHOCTH, ClyYau:
1) =0 uauany Imu = +Imw’ ABAAIOTCA IMHUAMM TOKA; OCTPO-
WTb CXeMaTH4YeCKM JMHUM TOKa W HKBUNOTEHIMaJbHbIe JMHUHU; UCCHemno-



§ 1. Hpusomenun k zudpomeranure 179

BaTh KOHGOPMHOe OTOBpaxeHUe, ocyuiecTBaAeMoe gyHKuuel ¢t = f(u);
2) f(u+2w) = f(u); NOCTPOUTL cXeMaTHUYECKH JTMHMU TOKA U KBHU-
NoTeHLaNbHbIe JMHUH, UccleJoBaTh KOHPOpMHOe oTo6parkenue t = f(u).
10.48. MokasaTh, 4YTO TedyeHMdA, ONpeJelfieMble KOMIIEKCHBIMU
norenunanamu (x(u) (k = 1,2,3), cBoaaTea K TeueHuaAM 3zajgaud 10.47
(npu C = 0) c noMoLIbIO CABUIOB B MIOCKOCTAX u U (.
Yxazauue. BocnonbsoBatsea dopmytamu (8) u (9).

10.49. IlorkazaTb, YTO TeueHUA, oNpelenfeMble KOMILIEKCHBIMU MO-
TeHLUHanamMu I} (5“—)/19,c (zi) (k=1,2,3,4) u Z(u) (cMm. c. 165), cBo-
W W

JATCA K TeyeHuaMm 3afaun 10.47, 2) ¢ noMoliblo THHERHbIX npeofpasoBa-
HUH.

10.50. IlorasaTb, YTO TeuyeHHe, onpefelAeMoe KOMIIJIEKCHbIM IIOTEeH-
unanom E(u) (em. c. 165), ¢ nomolbio AUHeHbIX npeoGpa3oBaHUil CBO-
OUTCA K TedeHMIo 3afauu 10.47, 1).

Yraszauue. [JorazaTb npeaBapuTeNbHO COOTHOILEHUA

2 E €1

2 = — — =
K*=(e; —ez)w® u K= oo

w
+ =5 .
K"

10.51. Halitu KommiekcHblit moTeHudan f(u) ABOAKomepuoauuec-
Koro TeueHua ¢ aBymsa gunoaamu (a; M), (8; N) B mapamienorpamme
NepUoIoB.

BbIACHUTDL, B KakoM caydvae ¢yHruuA f(u) OymeT 3AIMNTUYECKON U
auiun Imu = +Imw’, Reu = fw 6yAyT ABIATLCA JTUHUAMHU TOKa
W 9KBUNOTEHUHANLHBIMM JTHHUAMM (MIM HaoG0pOT); NMOCTPOUThL cXema-
TUYECKH JTMHUU TOKa M 3KBUNOTEHUHANbHbIE TUHUU.

B zapauwax 10.52-10.54 uccaepoBaTh [ABOAKOINEpHOAMYECKHE Teye-
HUA, onpejeifeMble 3afaHHBIMU KOMIUIEKCHBIMH noTeHunanamu f(u).

10.52.snu. 10.53.cnwu. 10.54.dn u.

10.55. Haiitu KomMnnexcHblit notTenuuan f(u) ABOAKONEPUOIUYECKOTO
TeueHUA ¢ AByMA Buxpeucrouynukamu (a;@Q,T), (8; -Q,-T) B napanie-
JorpamMMe nepuonoB. PaceMoTpeTh, B yacTHocTH, cayvan o = 0, a = w,
a=w+tw uf=u.

Haiitu Bun dyusuuu f(u), ynoBiersopatoweit ycnosuio f(u + 2w) =
= f(u).

B 3amauax 10.56-10.58 uccienoBaTh TeyeHUd, onpelensieMble YKa3aH-
HBIMH KOMIIIEKCHBIMY NoTeHuuataMu f(u).

10.56.1) Insnu; 2) Incnu; 3) Indnu. 10.57. p(u).
u
10.58. InYx(v) (v= 507 k=1,2,3,4).
JlnA nocTpoeHUs KOMILIEKCHOrO moTeHLuana f(z) B ABYCBA3HOHU 06-

nacti D ee 06bI4HO CHayana KOHGOPMHO OTOGPAsKAIOT Ha KPYTOBOE KOllb-
mo R: p<|t| <1 (p=1/p— monyas D); wonbuo R ¢ paguanbHbIM pas-

12
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pesoM [p, 1) npu nomomy pyrxuMK t = e™*¥/“ orobpamaeTca B CBOIO OYe-
pelb Ha MpAMOyroabHKK ¢ BepwnHamu 0, 2w, 2w + w', W' B u-mNOCKOCTH
PR
TaK, YTO KpaA pa3pe3a [1epexofAT B GOKOBbIe CTOPOHBI U T = % = —:;ln /1~)
XapaKkTepUCTUKH TeYeHWUA B NPAMOYTONbHHKE ONpedeNATCA N0 MeTony
pewenus 3agauyy 10.18. Tak Kak ocHoBaHUA NPAMOYToJbHMKA ABIAIOT-
CA NMHUAMU TOKA, TO TeyeHHEe NMPOJONMAETCA Yepe3 HUX MO NPUHUUNY
cuMMeTpuH (cM. 3agady 10.20), nocie 4ero onpefelseTcA KOMIIEKCHbIH
notexuuan P (u) nomyyaioumerocsa IBOAKONEPHOAUIECKOr0 TEYEHUA C Ie-
puogamu 2w, 2w'; Torga f(z) = ®[u(z)] (cm. wuury JI. H. Cenona,
YKa3aHHYIO Ha c. 169).

10.59. Hatity KOMIOJAeKCHbIN MOTEHUUAN TeUeHUs:

1) B KpyrosoMm koablie R: 1 < |2| < 12, ¢ unpryasuuamu I' Bronsb
IrPaHUYHbBIX OKPYHHOCTEIH;

2) B NPOU3BOALHON OrpaHUyeHHOl ABycBA3HOM ofaactu D *) ¢ uup-
KRyaauuamy I' BIoAb rpaHUYHBIX KOHTYDOB;

3) BO BHEUIHOCTH ABYX KpPYTOB, leisalllux BHe APYT ApYyra, ¢ UMPRY-
asuuamy £ Ha rpaHudHbIX OKpPYHHOCTAX npu yeaoBuu Vo, = 0;

4) B aBycBAsHOW obnactu D, comepailelt 6€CKOHEYHO YAANEHHYIO
TOYRY, C UMpKyJAuuamMu =+[ BAOAL IPaHUYHBIX KOHTYDPOB MpHU Ycjo-
Buu V, = 0.

10.60. [ocTpouTh TedeHue B KpyroBoM koasle R: p < |z| < 1, 06-
pasoBanHoe gunoneM (a;p) (p < a < 1) u obTekaloliee Ge3 UUPKYAAUNY
rpaHnuHble KouTypbl. HcenenosaTts otoOpamsena t = f(z) W NOCTPOUTHL
CXeMY pacnooMeHUA JUHUH TOKa.

Yrazauue. BocnonbsoBaThea pemenuamu 3agay 10.18, 1) u 10.51.

10.61. HocTpouTtk TeyeHue B ABYCBA3HON o6aactu D, comepmaieit
BecroHeYHO yHaleHHYIO TOYRY, ofTekaiomee 6e3 NUPKYAALNY TPaHyHbIe
KOHTYPBI ¥ HMeIoIllee Ha 00 CROpPOCTh Voo = Vere.

10.62. IlocTpouTts TeueHue B KPYroBoM koaslie R: p < |z| < 1, obpa-
30BaHHOE [UMoJIeM U KBaApyloJeM, HaxOAAUWUMHUCA B TouYKke z = 1, 1 006-
TeKaiolllee I'paHUYHbIe OKPYMHOCTU Ge3 uupryaaAuuu. HocTpouts auHuM
TOKAa ¥ MccAeloBaTh oTobpasmenue t = f(z). PaccMoTpern, B yacTHOCTH,
cllyJyal OIHOro AUIOJA.

Yrasanue. 3anucaTs KOMILIEKCHBIH noTeHnuan f(z) B Buge

C—2 C—1
f6) = i+ s F o al =D+
Y BbIAICHUTh, KaKMe 3HaYeHUA C_p U C_1 BO3MOMKHBI.

10.63. 1) B kpyroeom Koabiie R: p < |z| < 1, nocTpouTth TeyeHue, 06-
pasoBanHoe BuxpeM (a;I') (p < a < 1) u obrekatollee rpaHUYHbIE OKPYH-
HOCTH ¢ uMpryaauuamu I'y (no oxpysuocty |z| = 1) u I's (o okpyxHoc-
T4 |2| = p). Momso au npoussonabHo 3agasath I, [y, ['2? Pacemorpers,

4) 3neckb M B panbHelileM nNpeAnoaaraeTcA, YTo GYHKUNA, oTobpaaioman o6nacTb
D na Konbuo, M3BecTHa.
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B YacTHocTH, cayuyau [, =0 u 'y = —T'q.

HUccnenoBath oToGpaxeHus, ocyllecTBiAeMble QYHKUUAMY t = f(2),
% = ¢2™/T g neppom ciyuae n pyuxuuamu t = f(z), L= e 4"it/T y
. s =VZF~ Z (2 = —er™/T rpe 1)y — 3naueHye GyHKUUYM TOKA B KpU-
THYecKoll TOuKe) BO BTOpoM ciayyae. IloCTpOUTH B HIOCKOCTH U JHHUU
TOKa M YKBUIIOTEHUHaNbHbIe JIHHUU.

2) B mBycmsasHolt obnacti D, copmeprkamedl GecKOHeYHO yAaleHHYIO
TOYRY, HOCTPOUTh TedyeHHe, 0OTeKaolee TpaHUYHbIE KOHTYPBI C LIUPRY-
aauusamu Iy, T'y ¥ uMeromee ckopocTs Voo = Vel®.

§ 2. IlpunoskeHna K 3lNeKTpocTaTHKe

Ilnockoe aaekTpocTaTHyeckoe Mone ¢ HanpaeHnHocToio B = By +
+iE, = Ee'® xapakTepu3yeTcA aHanuTH4eckoi pyHkumedt w(z) = u + iv,
Ha3LIBAEMON KOMNACKCHbIM NOMEHUUAA0M; U HAa3bIBAETCA NOMEHYLAAbHOU
dynryued (oHa Bcernga ofHo3HayHal), a u — cuuoeoll dynryuell. JuHUYN
U = const — IKBUNOMEHUUANHLE AUHUL, 8 U = CONSt — CUL08ble AUHUU
nons. [pu stom

E = —gradv = —iw'(z), E=[w'(z)], a= —g —argw’(z),

Ov _ Ou B = v Ou
oz 9y’ YT oy T oz

Bo Beex 3ajauyax sToro maparpada, rie peub uieT 06 3JIeKTpoCTa-
THYEeCKMX [ONAX B OGMACTAX, OrPaHUYEHHBIX OJHUM MM HECKOIbKHMH
rpaHyYHbIMU KOHTYpPaMH, IpelnoaraeTcs, YTO BAOMb Ka#JOro npocro-
ro KOHTypa NoTeHLManbHaad QYHKLUMA MOCTOAHHA (T. €. Kamiblii TaKkoi
KOHTYD ABJIAETCA NPOBOJHUKOM).

Ecan a — nofioc w'(z) 1 w B6AKM3U a UMEET pasiomeHHe

% . 1
Iia +2Q$In:£+00+61(2*a)+...,

E,=-

w(z) = (z_a) + ...+

. 1
To yjged 2¢iln po

onpefeifeT B TOUKe a TUIOCKHUII TOueuHbIH 3apsd

BENUYUHbI p = 2q, ob6o3HadaeMslii (a;2¢) (B MpoCTpaHCTBe HA eAUHKLY
OUHBI TPAMOIMHERHOr0 NPOBOAHUKA, NEPNEHAHKYIAPHOTO K 2-TJOCKO-
CTU B TOYKE @, IPHUXOAUTCA 3apAf q); 4ieH pi/(z — a) onpenensierT B To-
yKe @ Junoab ¢ MOMeHTOM p, oGo3HauaeMslil (a;p) (p — KOMILIEKCHOE
UHCII0; apryMeHT P onpeneiseT HalpaBieHHe OCH IHUIONA); OCTalbHbIE
unensl c_x/(z — a)* (k = 2,...,n) ONpefeNsIOT B TOMKE G MYALIMUNOAU
nopAanaka 2k.
COOTBETCTBEHHO, eCiid Ha 00

w(2) = cpz™ + ...+ piz +2gilnz +co + =L + ..

TO ujieH 2gilnz ompenenfer Ha 0O MAOCKHUH 'mqeqﬂbm 3apAn BelH4u-
Hbl p = 2¢, 4IeH piz — AUMNOJIb C MOMEHTOM p.
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Ecmu QyHKUMIO w = u + v paccMaTpUBaTb KaK KOMILIEKCHBIH I10-
TeHlual 3ferTpocTaTHdeckoro nons F = —iw'(z) u ogHoBpeMeHHo —
TeYeHHUA UAKOCTH CO CKopocThbio V = w'(z), TO »TO NPUBOAUT K Clle-

ayrmomeit 3nemporu)1p0)muamuqecxoﬁ aHaJgorun:

Teyenne MUAKOCTH

BneKTpocraTqucxoe noje

fan

[loTtesyuanbHan QyHRUUA

Ouprynauua I' = st ds
Buxps (a;T)

CunoBas QyHKUUA

u = const JKBUNOTEHUNANbHbIE JUHUH CunoBble TMHUU
U QyHkuuA ToKa (MoxeT 6biTh | IloTeHuuanbHas GyHKLUUA
MHOr03Ha4HO) (Bcerma ogHo3HauHa)
v = const JInnuu Toxa IKBHNOTEHUWANbHbBIE JHHHU
Uy ~ Uy Pacxon muakoctu Pa3HocTh NOTeHLUanoB

Ilotok N = fEn ds

Touveunblit 3apaa (a; 2q)

g=T/4n
— UcTounuk —

- Iunoab ¢ MOMEHTOM Y

—_ O6Teranve ¢ 3afaHHBIMH BHX- Mone ¢ 3agaHHBIMM 3apAja-
PAMHU U JUNONAMU MU, OUNOAAMU U 3KBUIO-
TEeHUWAAbHBIMU T[PBHUYHDI-
MUY AUHWMAMHA

Hunons ¢ MomenToM p/(27i)

B zamawax 10.64-10.71 no 3afadHHLIM KOMIUIEKCHLIM MNOTEHlKa-
naMm w(z) TpebyeTcA onpenelnTh CUIOBYIO U NOTEHUUAaNbHYIO (GYHRINY,
HanpseHHOCTh I0JIA, XapakTep 0co0eHHOCTeH (B TOM YHCIE U Ha o0),
a Takke NOCTPOUThH CXEMATHUYeCKU ceMeHCTRa CUAOBLIX U 3KBUNOTEHIU-
anbHLIX MHHUR (¢ — meificTBUTenbHOE uucio). CpaBHUTL ¢ pelIeHHAMH
3agay 10.1-10.14.

10.64. w=cz (c=a+if). 10.65.w = 2giln é
10.66. w = 2¢iln 2 10.67. w = 2¢iIn (22 — 22) (a > 0).

10.69. w = z + %.

il

o
10.68. w = %’ (p = |ple®).

10.70. w = piz +2qz’1n-i— (p>0, ¢g>0).

n
10.71.w:piz+2i2qklnz—z—— (p>0, g >0, a1 <ap < ...
—ay

e < Qy). k=1

10.72. HaiiTu 3aKkoH u3MeHeHHA TodeuHoro 3apaga (a;2q) u gumo-
as (a; p):

1) npu ogHOMMCTHOM KOH(GOPMHOM 0TOGPAMEHHH;

2) NpH NPOJOAMEHUH N0 OPUHUMANY CUMMETPHUU yepes NPAMOJIUHel-
Hblil MM KPYTOBO# Y4acTOR 3KBUIIOTEHLHANAbHON NHUHUH.
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10.73. IlokasaThb, YTO KOMIIEKCHBIH MOTEHLIMA 3NeKTPOCTaTHYECKO-
ro ros, o6pa3oBaHHOrO TOYEYHbIM 3apAloM (a;2g) B IPOM3BOJLHOMN OO-
HocBA3HOI o6nactu D, onpenenserca dopmynoit

. 1
w = 2¢qiln o) +c,

rae f(z,a) — dyHKUusA, kKoHOOPMHO oToGparkaowan obnacte D Ha equ-
HMYHBIA KpYyT Tak, 4To f(a,a) = 0, n ¢ — gelcTBUTEIbLHAA IOCTOAHHAA.

YCTaHOBUTh CBA3b MeMAYy NOTeHUMaibHoN dyHrumed v(z) u byHK-
uueii Ipuna obnactu D (cM. sapauy 7.36).

B 3apmawvax 10.74-10.80 mnoawssysack peayabraTamu 3agaud  10.73
WAM OPUHIMIOM CHUMMETDPHH, HaliTM KOMIUIEKCHbIe MOTeHLHaNbl 3JEKT-
pocTaTHUeCcKHX MoJeH, 06pasoBaHHbIX 3aJaHHBIMH TOUEYHBIMH 3apAaaMH
B yKa3aHHbIX 061acTAX.

10.74. B Bepxneit noaymiockocty Imz > 0, 3apagom (zo;29).

10.75. 1) B kpyre |z] < R, sapamoM (zo;2q);

2) BO BHeWHOCTH Kpyra |z} > R, sapamoMm (zg;29).

5

- 2

10.76. Bo BHemwHOCTH 3/Mnca — 1”;_2
a2

10.77. Bo BHewHoctH oTpe3ka |z| < R, y =0, 3apagoMm {00;2¢).

(¥

=1 sapsagom (oo;2q).

10.78. Bo BrewHoctu KBagpata |z| < d, |y| < d, 3apagoMm (oo;2q).
10.79. B npamoyronsHuke |z| < a, ly| < b, s3apanom (0;2g).
10.80. B npamoyronsHuke 0 < z < 2a, 0 < y < 2b, zapagoM (zo;2q).

B 3apgauyax 10.81-10.85 nocTpouTh a/ieKTpocTaTU4YecKue nons, obpa-
30BaHHbIe 3aaHHBIMH IUNOJIAMH.

10.81. B wpyre |z| < R, munoaem (a;p).

10.82. Bo BHewHocTH Kpyra |z| > R, aunoneMm {(a;p).

10.83. Bo pHemHocTH otpeska |z < R, y = 0, gunonem (oo;p).
2 2
10.84. Bo BHemHOCTH 3nauACa %— + %5 =1, punoaem (oo;p).
a

10.85. B npamoyroasuuke |z| < a, |y| < b, aunonem (0; p) (pi = pei®).
10.86. JlokasaTb, 4TO 3neKTPOCTATHYECKOE none, o6pa3oBaHHOE IU-
noieM (a;p) B NPOHU3BONLHOW ONHOCBA3HOHM obGnactu D, onpegensierca
KOMILJIEKCHBIM HOTeHunanoM w = f(z), rae ¢pyHwuua f(z) orobpamaer
o6nacts D Ha BHEIHOCTb FOPU3OHTANBLHOIO OTPe3Ka TaK, 4to f(a) = oo,
pt

)
z—a

¥ TiaBHaf 4yacTh f(z) B TOUKe @ paBHa ecnu a # 0o, U piz, ec-
IH @ = o0.

Haiitu f(z), ecan usBecTua dyHruud t(z), oTobpaaioman obnacts D:

1) Ha BHYTpeHHOCTb €IMHUYHOrO KpyTra, eclid a # 00, npHueM t(a) =
=0, t'(a) > 0;

2) Ha BHewHoOCTb Kpyra |¢| > R, ecau a = 0o, npuieM t(oo) = oo
u t'(c0) =1
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10.87. B oanocBaA3Hoit o6aacT D NOCTPOUTHL 3NEKTPOCTaTHYECKOe
noie, o6pasoBaHHoe TodedHbiMu 3apanaMu {(ax;2¢x)} (kK =1,2,...,n) u
nunoneM (a;p).

Iyers g(¢, z) — dynruua I'puna obaactu D (cm. c. 127), rpanuua Ko-
Topolt I' cocTouT M3 KycoyHO raagkux NpocThix KOHTYpoB I'y, g, ..., T'y;
nycTh, Aajiee, n — BHYTPEHHAA HopMmanab K I' u o6xox I' coBepiiaerca B
MONOUTENBLHOM HallpaBieHUH 1o oTHoweHuo K D. Ecan u(z) — dyHK-
1A, rapMoHUYecKas B obnactu D u HenpeprolBHaA Ha [', To u3 GpopMy.inl

Ipuna cnegyer
u(z) = ‘21;/”(() —aéq—é—%ﬂds

u(z) = 5 /P“C z[ 1|giqagfq

Ecau o6nactb D COONEpMUT GECKROHEYHO YJaleHHYIO TOYRY U (QyH-
KuuA u(z) B Hell rapMOHUUHA, TO K NPABLIM YacTAM IPUBEIECHHBIX POp-
MyJ Hano fob6aBuTh u{co). Ilpu 3ToM B 0KpecTHOCTH GECKOHEUHO YaaNeH-
Holt ToukM QyHKUMA I'puHa g(z,00) MoseT GbITh NpeJcTaBleHa B BUIe

g(z,00) = In 2] +’y+o(, |)

1581048

Benuunna
= lim [g(z,0) —In|z
v = lim [g(z,00) —In|2(]
Ha3blBaeTCA nocmoanHoil PofsHa 3aMKHYTOro MHOMECTBa, NpeNCcTaB-
JAollero gonoiHeHue D Ha 2-NIOCKOCTH; BelUyuHa e~ 7 HAa3bIBaeTCA eM-
KOCMbl0 3TOr0 MHOMECTBA.
10.88. JlokazaTb cleayiouue yTBep#IaeHua (n — BHYTpEHHAA HOp-
Malb):
1 1 3g(¢,a) 1
1 z,a) =In ——-—/————’——ln ds, ecau a # 0o;
) g( 2 ) 27!' 672 ‘C _ 2‘ ) 75 b

|z —al

— 1 [09(¢,0) 1
2) g(z,00) =7 27r/ o In T ds, ecin z € D u obnacts D

COOEPHUT GECKOHEYHO YOaleHHYIO TOURY;

1 19g(¢, ) 1 _ .
3) 2“1/ o In =7 ds =+, ecan z ¢ D u obnacts D conep

#UT GECKOHEYHO YIaleHHYIO TOUKY;

4) —I—/a—g—(ﬁla—)dszl, eci a# 0o uaMecin a = oo € D.
27 on
YkazaHue. B n. 1) Bocnonb30BaThCA CBONCTBOM CUMMETPUH GYHK-
uuu I'puna ¢((,2) = g(2,{) ¥ uHTerpajbHbIM NpeaCcTaBIeHHEM rapMo-
HUYeCKOi (yHKUMM [0 ee TPaHUYHBIM 3HadyeHUAM. B n. 2) Bocnombso-
BaTbCA MHTErpalbHLIM NMPEACTaBleHeM rapMoHudeckoit B D GyHRUMK
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In|¢ — z| + g(¢,00) ~ g(¢,00), npepenbHBLIM mNepexoaoM U CBOHCTBOM
cummetpuu g(oo, z) = g(z,00). B 1. 3) — TO ke, HO HCXOAA U3 QYHRLUUH

In|¢ — 2| = g(¢, 0) ?).

DOyHKRUUA 001 1
vo(2) = 2¢qIn m

Ha3LIBAETCA 102apuPMUNECKUM NOMEHLUAI0M TOYEUHOro 3apsaja (a;2q).
B paciiipeHHoil z-MI0CKOCTH vg(z) npelcTaBageT JorapudpMuueckuil mo-
TeHlHAl IByX TOYedHbIX 3apAnoB: (a;2q) n (co; —2g).

Iycte koutyp I' yaoBneTBopaeT ycioBUAM, yKa3aHHbIM Ha c. 190, a
p(¢) n v({) nefcTBUTEALHB! U HenpephiBHLI Ha I

Hurerpan

w(z) = [o(Q)In s
T

HA3bIBAETCA 402aPUPMUNECKUM NOMEHYUAAOM NPOCMO20 CAOS C NAOM-
Hocmbio 06a0xcerun p(C) (B npocTpaHCTBE EMY COOTBETCTBYET NMOTEHUMAN
3apAMEHHON LMIMHAPHYECKON NMOBEPXHOCTH ¢ ocHoBaHMeM I' u mosepx-

HOCTHOM IJIOTHOCTBIO 3apANOB 5 Te Hecyuleil 3apaa gds2 Ha KBajpar-

HOft aowaare Hag ds).

OyHruMA v(2z) — HenpepblBHag B KOHEYHON 2-MIOCKOCTH U FrapMOHU-
yeckas Bclogy BHe I', KpoMe TOYKM 2z = 00, Tle OHa UMeeT Jorapudmu-
YeCKY10 0COGEHHOCTh

1
v(z) = —2¢ln|z| +o(m), 2¢ = /p(() ds
I
(31O O3HAvaeT, YyTO moTeHuuany v(z) cooTBeTcTBYeT 3apax (00; —2q)).
HuTterpan :
g 1
v (z) = /”(Oa_n In (= ds

r

Ha3bIBaeTCA 1020pUPMULECKUM TOMEHUUAIOM OB0LH020 CAOR C NAOM-
Hocmuio obaoxcerus v(¢) (Ha I' pacnpeneneHbr aunoan ¢ ocAiMu, Hanpas-
NeHHBIMHU BJIOJb 3afaHHOr0 HanpasieHUA HopMmanu n k I, BHyTpeHHelt, ec-
au T’ orpannuuBaet o6aactb; ¥(¢) — MIOTHOCTb pacnpefeleHUs MOMeH-
ToB aunoneit). Ecau 6(¢,z) — yroan Mesay n U BEKTOPOM, UAYUIMM K3
¢ B 2, a dp((,z) — yroa, NoA KOTOPbIM BHUIEH 3JeMEHT AYrH ds U3 2 TO

cos (¢,

n(@) = (XD ds = [1(Q)dp(c, 2).
r

r

¢~ 2|

5) Cm.: Hesanauuna P. OnHo3Haunble ananuTnuyeckue dyHkuun.— M.: Toc-
Texusaat, 1941.— . V, § 2.
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B vacTHocTH, maA 3aMkHyTOro koHTypa I' u v({) =1

3 1 27, ecan z BHyTpu I,
/6_1n__d3= 7, ecnu z Ha I,
Jon |0~z 0, ecau z BHe I

(cm. Tarme sapavy 7.34).

@yuruuo I'puna g(z,a) obnactu D MomHO paccMaTpUBaTh Kak Mo-
TeHI{Hal 3JIEeKTPOCTaTUYECKOro MojfA, 06pasoBaHHOr0 TOYEYHBIM 3apA-
zoM (a;1) npu szasemnaenuu rpauuusl I' obnactu D. 3agava 10.88, 1) no-
KasblBaeT, YTO B Clyyae a # 0o 3aseMieHHe [ KBUBaJEHTHO pasmelle-
1 9g(¢,a)
2r  dn
3ToM, cornacHo . 4) sagauu 10.88, cyMMapHas BelM4MHA 3apsAja paB-
Ha —1. B cayuae a = oo Toueunsiit 3apsag (oo; 1) u 3azemienue I' Bmec-
Te 3KBHBaNEHTHb! pa3MellleHHIO Ha [’ 3apaAga ¢ MAOTHOCTBIO 060N eHUsA

p(¢) = —517;-8—9%’%@ CYMMapHOH BelHUYHHbI —1 U 106aBOYHOMY MOJIO C

MOCTOAHHBIM NoTeHuuanoM v (cMm. 10.88, 2)). B atux cnydanx yxasaHHble
obnoenun ' HaspiBatoTCA undyyuposannsvimu 3apaioM (a;1).

Hu1o Ha [ 3apAna ¢ maoTHocTbio ob6noxenua p(() = — Ilpu

B 3apauax 10.89-10.92 HaiiTv uHOyUMpoBaHuylo 3apagom (a; 1) niot-
HocTb ofnomenuf p((,a) KoHTypa [' ¥ COOTBETCTBYIOMIMI MNOTEHUHAN
npocroro ciofl v(z,a) naA o6aacteil, orpaHUYEHHbIX KOHTYpoMm I

10.89. I" — pelictBuTenbHasA och, Ima > 0.

10.90. 1) I' — oxpymHocts |z| = R, la| < R;

2) I' — oxpymHocTb |z| = R, |a] > R (paccMoTpeTb, B 4acTHOCTH,
cayyait a = 00).

10.91. I" — oTpesok geiicTBUTENbHOM oc |z| K R, ¥y =0, a = oo.

2

10.92. T' — snnunc f— + = ﬂ"’ =1, a=o0.

10.93. Cuuras uszBecTHol dyHKuuIo I'puHa ana o6nactu D, cogepsa-
wel TOYRY 2 = 00, PelluThb npobaemy Pobsna: HallTU MIOTHOCTH pacipe-
nenenus p(¢) Ha rpanuue I’ o6nactu D eguHUYHOro 3apaAfa, cO34aCLIEro
BHe D u Ha [ nocToaHHbI# noTeduuan ).

Yraszanue. Cm. 3agauy 10.88, 3) u 4).

B s3agavax 10.94-10.96 pemnts npobnemy Po63xa mna 3agaHHbIX 06-
nacreit D.

10.94. D — BHewHocTb Kpyra |[z| > R.

6) O pemeHun obueit npobiembl Po6ana, TpebGyowed OTbICKAHHA TAKOr0 HeOoT-
puUaTelLHOro pacnpejleleHMA eIUHWYHOFO 3apAja Ha 3alaHHOM MHOmecTBe E, yTo-
6bI COOTBETCTBYIOMMI JTorapupmMuveckuil moTeHLMan B KaJoil Touke MHoxecTBa E
NpYHUMAN OHO M TO e NOCTOAHHOe 3HayeHue, CM. YKa3aHHYIO Ha c. 185 kHury
P. HeBanaunHa.
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10.95. D — sHewHocTh oTpe3ka | X|< R, y=0.
2 2
10.96. D — BHewHOCTb 3JLIMIICA z—2 +2 =1
a b?
B 3apayax 10.97-10.100 HaitTh emKocTH (cM. ¢. 190) 3aMKHY ThIX MHO-
#RECTB.

10.97. |z| < R. 10.98.|z| < R, y=0. 10.99. = + % < L.
10.100. |22 — a?| < a® (a > 0).

10.101. Tlyctb Ha npocTOM 3aMKHYTOM KOHType I' 3agaHa Henpe-
peiBHag U auddepeHnupyemas BIOAb KOHTYypa nedcTBUTenbHad (GyHK-

uua ().
HokazaTh, 4YTO H#efCTBUTeNbHad 4YacTh HHTerpana tuna Kolu
L el 4 y
il (s ¢ aBnserca norapudMUUECKUM MOTEHLMANOM ABOHHOrO CI0A
me -z
r
¢ naoTHocTelo p((), a ero MHUMasg 4acTb — JOrapUPMUUYECKUM IOTEH-
1d
[[Ha0M TIPOCTOrO COfA € MAOTHOCTBIO — —— =2,
27 ds
10.102. HokasaTb, 4To GyHKUMIO v(z), OrPAHHYEHHYIO U I'apMOHHU-
YyecKylo B BepxHeit nonymiockocty Im z > 0, Mo#HO NpeACcTaBUTh B BUAE
gorapuMHUUYECKOro NoTeHUHana ABOMHHOrO ClIoA:

v(z) = % / v(t) %lnlt—l——

—Z

dt.

—oo
Ecnu xe ’U(Z) peryJjAapHa Ha o0, TO ee MOHO NMpeACTAaBUTL U B BHAe J0-
rapmpMqucxoro IoTeHuHala HpoCTOra CloA:

v(z) = v(o0) — % / 6;5:5) In n i Py dt.

10.103. B BepxHe#l noayniaockocTd Imz > 0 HallTM KOMIIEKCHbIH
MOTEHLHAT NeKTPOCTAaTUYECKOrO MOJA, eCid ero fnoTeHuuan v(z) NpuHU-
MaeT Ha JeliICTBUTeNbHOM OcH 3afaHHble KyCOYHO NOCTOAHHbIE 3HAUEHHUS.
3anucaTth NOTEHLUHAIBHYIO GYHKIUIO C HOMOLIbLIO FapPMOHUYECKHX Mep CO-
OTBETCTBYIOIMX OTPE3KOB AeHCTBUTENLHOI ocH (cM. c. 132):

1) ¢ Ha nuTepBane (—o0,a), 0 Ha uHTepBane (a,00);

2) ¢ ua untepBane {a,b), 0 Ha uHTepBanax (—oo,a), (b, 00);

3) ¢1,¥2, ..., Pn COOTBETCTBEHHO Ha UHTepBasax (—oo,a1), (a1, az), -..
wy (@n—1,an) 1 0 Ha unTepBane (an,00) (3mech a1 < a2 < ... < ap);

4) po Ha uHTepBane (an,o0), @1,P2,...,Pn COOTBETCTBEHHO Ha HH-
TepBanax (—o0,a1),(a,az) ¥ T. I

YxasaHwue. B n. 1) BocnonbsoBaTbca KoHGOOPMHBIM 0TOGpazmeHu-
€M Ha 0JIOCY; B OCTaJLHbIX — BOCIOIh30BaThCA METOAOM CYyNepno3uLiny
(MOMHO TakzKe BOCNONbL30BaTLCA MHTerpaibHoit ¢opmyioi Isapua ana
MOMYIOCKOCTH, M. ¢. 129).
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10.104. HaiiTi KoMmieKcHble MOTeHUHanbl w(z) ¥ moTeHuuans! v(z)
B ABYCBA3HBIX 06JacTAX C 3aJjaHHOi pasHOCTbIO d = vy — vz TOTEHLMa-
JIOB V1, Uz Ha TPAHUYHBIX KOHTYypax:

1) B kpyrosoM Kosibie 71 < |2| < 795

2) B npon3BoONLHOIN ABYCBA3HOM o6aacTu D.

10.105. JlokasaTs, 4uTo eciau D — npousBonbHad ABycBA3HafA 001acTh
M Ha Kam oM U3 KOHTYDOB, OrpaHHUUBAIOLIMX 3Ty 061acTh, IOTEHUUAb-
HaA QYHKUUA NPUHUMAET MOCTOSHHbIE 3Ha4eHUA (V1 U vg), TO

v

w(z) = _—7@1%( )+c+ivy, v(z)= vzlr:;t In ft(2) +v1,

rae t(z) kondopmuo otobpamaer D Ha woabuo 1 < |t| < p (g — mo-
Ayab D) W rpaHHyHbIA KOHTYP C MOTEHUHANOM Uy NMEePEXOAUT B OKPYH-
HOCTb |t| = 1; ¢ — pelicTBUTEIbHOE YHUCIIO.

10.106. HaiiTu KoMIIeKCHbIE IOTeHMaNbl B YKa3aHHbIX ABYCBA3HLIX
o6nactAx (MOTEHUMAdb! U3 M U HA TPAHMYHBIX KOHTYpaX MOCTOSAHHBI):

1) Bo BHemHocTH oKpyskHocTel |2z = a] = R (a > R) (v — noTeruuan
Ha OKpY#HOCTH ClieBa);

2) BO BHEIIHOCTH OKPY:HOCTeH |2| = ry (nmoTeHuman vy) u |z —a| =1
(a>r; +72);

3) B HEKOHUEHTPUYECKOM KpPYTOBOM KOJblle, OrPaHUYEHHOM OKpYHi-
HoCTAMH |2| = R (nou‘ex—mnan v)ulz—al=r(0<a<R-r)

(E
4) B JIIUNICE — + <lec pa3pe3oM B0Jb OTpe3ka, CoOeUHAIoLero

b2
doKychl (noreﬂunan Ha 3JIIHICe Uy );

5) Bo BHemHocTH oTpe3koB 1 < x| < 1/k, y=0 (0 < k < 1); na ne-
BOM OTpe3ke MOTEHUUAN vy;

6) BO BHEWIHOCTH OTPe3KOB |z| < 1, y = £m; Ha BepXHEM OTpe3Ke I10-
TeHIHal v;.

10.107. Hyers D — MHorocBasHaa obnacTb ¢ rpaHuueit I', cocTos-
meit U3 n KycouHo rnagkux Koutypos Iy (k =1,2,..,n), ¥ wr(z) —
rapmonuueckas mepa [y (cm. c. 132). Ecan obnacte D orpanunyena,
TO BHEUIHUM ee KOHTYpoM 6yjem cuutaThb ['y.

JlokazaTh cienyrolye yTBepH#IEHUA.

1) Ecnu o6nacte D orpaHnyeHa, TO

wi(z) =-r i () In 1 ds (k=12,..,n—-1),

27rF on [~ 2]
wn(¢) 1
wa(2) =1~ 27r./ on lnmds.

Ecnu o6nacte D copepsuT GeCKOHEYHO YOaleHHYIO TOURY, TO

awk(C) 1 ds (k —

2” R |C =] 2,...,n).

wr(z) = wi(oo) —
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2) IlpaBble yacTH paBeHCTB, YKasaHHBIX B I. 1), niA Touek z, He
npuHagaexmamux obracty D, npuHUMalOT 3HayeHUe 1 B [JOMOHU-
TenbHolt k D o6nactH, orpaunuenHoit I'y (coorBerctBenHo I'y), u 0 B
IomonHUuTenbHoM K D obnactu, orpauuvennoit I';, i #k,

Npumeuanue. CoraacHo n. 1) pyHRUUM wi(2) NpeacTaBasAOT B 06-
nactu D moteHuuanbl, co3gaBaeMble MHIYUMPOBAHHBIMU 3apfilaMH OG-
Jo#eHdA, pacnpeneledubiMi Ha I, ¢ noTHocTAMU o6nomenua pg(() =
———1—%@' B cnyuae orpanuuenHoit o6nactu D BenuumHbl wy(z), .

2r  On
.sWn—1(2) B TOYHOCTH COBMAAAIOT ¢ AOrapudMUIECKUMU MOTeHIa1aMu

YKasaHHLIX MHAYLIUPOBAHHLIX 0610seHui I
Benuunubl 3apAnoB OGMOMEHUA Dk, WHAYUUPOBAHHBIX MNOTEHLua-
nom wi(z) Ha koutype I'; (4, k= 1,2,...,n), T. e.

oL pw(Q) 1 Bwi(C)
Pik = 2r on ds = 27rr/wz on ds,

Ty

Ha3bIBAlIOTCA 63QUMHBIMU €MKOCIMHbLMU NOCMOAHHLIMU TPAHUUHBIX KOH-
TYpOB (HEKOTOpbIe CBOHCTBA YUCEN P;; PACCMOTPEHBI B 3anavax 7.67—7.70.

10.108. HaiiTu rapMoHuyeckue mepbl wy(z), & TaKMe BeNTHUUHBI
pk(¢) ¥ p, ONpeneneHHble B NpUMeYaHUM K NpeAblAylleil 3agaye AiA:

1) wpyrosoro koabua 1 < 2| < g;

2) npou3BOIbLHON ABYCBA3HON o6nacTu D, cuuTas U3BECTHON GYHK-
uMi0, 0TOOparkaoLy0 3Ty 061aCTh Ha KOJIbLLO.

10.109. Hycts D — o6nacts 3anauu 10.107 v v(z) — orpaHuyeHHbIH
TIOTEHL A 3IeKTPOCTaTUUECKOro oA, MPHHUMAIOWUHA TOCTOAHHbIE 3Ha-
yenuns ay (k = 1,2,...,n) Ha rpaHuYHbIX KoHTYpax (mpoBoaHukax) .

JlokaszaThb cienyioue yTBepH ACHUA.

n

z) = Z opwi(2)

2) Ecau o6nacts D orpaHuqua u 'y, — BHeWHHH KOHTYP, TO

- ov(Q),, 1 .
v(z)_-an——ﬁr nK_ 'ds,

ecau #e D comepkUT TOUYRY 00, TO

av(C) 1
2 “on |C — z| ds-

JlokazaTh, YTO MpaBble 4acTu yHaBaHHbIX ¢dopmya pasubl oy (k =
=1,2,...,n) B HONOJAHWTENLHLIX K D o6nacTaAx, orpaHudyeHHnIx [.
3) Beaunuunsl anyuupoaaHbex Ha I'; sapAmoB o6ioxeHUd paBHBI

o M) ;=
2qi = — o / ds = ;szalﬁ

v(z) = v(o0) —




190 I'n. X. Tpusomenun k meranure u gusure

n
npuyeM Zq; =0.

=1

YrasaHue. CMm. 3agauy 7.68, 1).

1 . e
4) ﬁ//(grad v)?drdy = .;1 Pik Qi Q.
D ik=
Yrkasanue. CM. 3agauy 7.69.

5) Eciu w(z) — KOMNIEKCHBIH NOTEeHLHa N0/, TO MIOTHOCTL MHAY-

—- 2 ()
2r On 27 '

ycte D — npousBonbHas MHoOrOCBA3HaA obnacTs ¢ rpanunedi I') co-
cToAleN M3 OpAaHOBbIX KoHTypoB I'y, ..., I[',. CymwecTByOoT KOoHPOPM-
Hble oToGpareHusa obinacty D Ha KamAYI0 U3 ClIeAYIOINX KAHOHUYECKUX
obGnacTeli ¢ yKasaHHLIMU YCIOBUAMH eAMHCTBEHHOCTH (@, b — nponsBonb-
Hble TOUKH obnactTu D, A — npousBo/bHee KOMIIEKCHOE YUCIIO).

1) Ha nuockocmb ¢ napasaeavnvinu paspesamu. Orobpassaioman ¢y HK-
uua f(2) oxHO3HAUHO ONpedenAeTCA 3afaHueM ee noaioca b ¥ Ko3hduUn-
eHTa A pasnomeHud

uupoaHHoro obnomennsa p(() =

A
f(2) = 3 -l—_cll(z —b)+.. (b#o0),
AZ+'z—+... (b:OO)

2) Ha naockocmos ¢ paduanvHoimu paspesamy (Tak GyHeM HasblBaThb
IUIOCKOCTL C pa3pesaMu 10 OTPe3KaM, PacloNo#eHHbIM 10 JydaM, BbIXO-
AANMM U3 Hauyala KOOPAWHAT), WJIH C pa3pe3ami no KOHUEHMPUYeCKuM
Kpyz0ebim Jyzam ¢ LUEHTPOM B Hadale Koopaunat. OyHkuua f(z) onpege-
JfieTCA HYyJeM a, noitocoM b u roadduumenTom A pasnoxkenud

) = z—f—b +c{z-0b)+.. (b#00),
Az+-Czi+... (b = o).

3) Ha kpye ¢ paduasbHbimu paspesamu WIA ¢ pa3pesamu no KOHUeHM-
puveckum Kpyeosvim dyzam (UeHTp B Havade koopauHaT). PyHruus f(z)
onpepenferca ycaosuamu f(a) = 0, f'(a) = 1 u 3ananvem woutypa [y,
nepexofALlero B OKPYHHOCTb.

4) Ha koavyo ¢ paduasbmolmu paspesamu VAW C paspesamu no KO-
yenmpuyeckum kpyzoeuim dyzas (UeHTP B Hauale KOOPAUHAT). 3afiaHUeM
KOHTYPOB, MEPEXORALMX BO BHYTPEHHIOIO M BO BHELIHIOIO FPaHUYHYIO
OKDY#HOCTH, 0TOGpameHe openelsaeTcs ¢ TOYHOCTbIO J0 npeobpa3oBa-
Huit nono6usg U noBopoTa.

Cwm., nanpumep: 'onysun I. M. ['eoMerpuyeckas Teopus byHKUHN
KOMIIIEKCHOT0 nepemennoro.:— M.: Hayka, 1966.— I'n. V.

10.110. Cypras M3BecTHBIMHU ¢GYHKUHUIO, KOHPOPMHO oToOpaxsaro-
myio obnactb DD Ha MAOCKOCTL € MapaiienbHbIMK pa3pe3aMu, U rapMmo-



$ 2. Ipuaomenun K srexmpocmamure 191

HUYecKHe Mepbl wi(z) rpaHuyHbIX KOHTYpoB [t (k= 1,2,...,n)7), naittu
NOTeHIIMaN 3JMeKTPOCTaTUYECKOro Mo, Co3aBaeMoro B obnactu D auno-
neM (a; p), korpa rpanuua I' o6rnacTy 3asemieHa.

10.111. Cyuras ussecTHol ¢yHKUHUIO ['puHa obinactu D, HaliTu mo-
TEeHUHal 3AeKTPOCTaTUYECKOro NoiA B 3To# o6nacTy, 06pa30BaHHOIC TO-
yeuHbIM 3apaaoM (a;2q) (a € D) ¢ nmelowero 3agaHHble NOTEHLUHANB! Ok
Ha rpaHuyHbIX KoHtypax [y (k= 1,2,...,n). B cayuae korga o6nacts D
OJTHOCBA3HA, MOJY4YUTh dopmyny 3agadu 10.73.

10.112. OmnpejenuTh XapaKkTep 3JI€KTPOCTAaTHYECKOro MNojf, onpepe-
JIEHHOr0 B MHOrocBaA3HOM 00aacT¥ D KOMIIIEKCHBIM MOTEHLMAIOM w =
= f(2), rpe f(z) — dbyuruus, oTo6paskaiowasn 3Ty 061acTb Ha MIO0CKOCTD
¢ pa3pesamHu, napajnesbHbIMU JeHCTBUTEILHONH OCH.

10.113. OnpenenuTs XapakTep 3MeKTPOCTaTUYECKOro 10, onpele-
: , 1
JIEHHOTO B o6nacTy D KOMIUIEKCHBIM IOTeHUHaloM w = 2¢iln ——, ecnu

z

dyuruna f(z) otobpamaer obaacte D Ha: ta)

1) IIOCKOCTE C pa3pes3aMy M0 KOHIEHTPUYECKUM KPYTOBbIM IYTaM C
LIEHTPOM B Hayajle KOOpPAWHAT;

2) KpYT C pa3pe3aMy N0 KOHUEHTPUYECKUM KPYTOBbIM AYTaM C LEeHT-
pOM B Hayajie KOOpJMHAT;

3) KpyTroBO€ KONblIO ¢ Pa3pe3aMHu M0 KOHLEeHTPUYECKUM KPYTOBBIM OY-
raMm ¢ LeHTpPOM B Hadale KOODIWHAT.

Bo Bcex ciydYanx HaTH MOTOKK BeKTOpa HAIPAMEHHOCTH MOJA Yepes
rpaHUyYHble KOHTYPEI.

10.114. I[TocTpouTh cXeMYy pacnono#eHus 3KBUIIOTEHLUAIbHBIX U CH-
JIOBBIX JUHUH 3JEKTpOCTaTUUYECKUX TOJei:

1) o6pa3oBaHHOro B GECKOHEYHOM JABYCBA3HOM 061acTH AUIOIEM Ha 00;

2) 06pa30BaHHOr0 B OrpaHUUYEHHON IBYCBA3HOMN o6nacTt D ToueuHBIM
3apAa0oM.

B ofoux cnyvasx nmoTeHUuanbl Ha TPAHMYHBIX KOHTYPAX ITOCTOAHHBI

10.115. 1) Beipasuts noTeHuuan v(z) sAeKTPOCTATHYECKOro 04,
06pa3oBaHHOr0 B MHOMOCBA3HOH obGnactu D 3apagamu o6noeHUA 2qx

n
Ha [y (qu = 0) 4yepe3 rapMoOHHYECKHe Mepbl wy(z) ero rpaHuYHbIX
k=1
koHTypoB. (Ha rampgom koHType 'y, noTeHuuan nocTosHeH.)
YrkazaHue. Bocrionb3oBathea pesyibraTamu 3agaun 10.109.

n
2) Boipasuth norenuunan v(z), ecan qu =q # 0 u umeerca TO-

k=
yeyHblit 3apsan (a; —2q). !

7Y To u mpyroe onpeeffeTcA ¢ NOMOMbIO QYHKUNUM 'puna; cM., Hanpumep, § 1
npunoxedna M. llucddepa k kuure: Kypaur P. [Ipunuun Jupuxne, KonpopMHble
oTobpaeHuAa U MHHMMalbHble NoBepxHocTH.:— M.: HJI, 1953.
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Ykasanue. Onpegenenne nmoreduunana v(z) + 2qg(z, a) npuBoautcs
K 1).

10.116. HaiiTu norenunan v(z) B KpyroBoM Koible r < |z| < 7o, ecan
Ha ero KOHTYypax 3afaHbl 3apAAbI 06J0KeHUA 2¢; U 2¢o, IPUYEM B cIyyae
q1 + g2 = ¢ # 0 nmeercs ete ToyeuHblit 3apaa (a; —29).

Ykasauue. Dynxuuio I'prHa KpYyroBoro Kolblia MO#HO ONpeNeNnuTh
¢ noMollkIO pemeHuA 3agauu 10.63, nogGupas noaxonAuiyde LHPKYIALNHU.
[lo HUM ompegenfAlOTCA U MHAYHMpPOBaHHbIE 3apAAbI 00/0MEHNA Ha rpa-
HUUYHBIX KOHTYpaX, cBA3aHHble ¢ ¢pyHruueit ['puna.

§ 3. IlpnnoxeHHA K IUIOCKOI1 3ajadve o pacnpeje/lleHHH Tela

Ilnockas 3agaya o CTALMOHAPHOM paciipefieleHNH TeMIlepaTypbl BHY T-
Py Tena XxapaKkTepusyeTcA aHaanTuueckoil GyHruumed w(z) =u + v (u —
TeMIlepaTypa), Ha3biBAEMOH KOMNACKCHbIM NOMEHYUAAOM ITeniosozo
noas. Bektop Q = —kgradu = —kw'(2) (k — KoappunMeHT Temaonpo-
BOAHOCTH, B faqbHeilllleM NOCTOAHHbINA) HA3bIBAETCA BEKIMOPOM NOMOKA
menaa. IloTok Tenna yepes Koutyp C paBeH

/Qnds——k/——ds——k/dv

(n — BHeulHAn HOpMaJIb K KOHTypy C, npoﬁeraemomy B MOJOMUTENb-
HOM HamnpaBienuu). Tak Kak GyHKUMA U ONHO3HAYHA, TO 1A 3aMKHYTOr0

routypa C NoTok Temnia paBeH TaKMe ik/w’(z) dz. Ecnu B6AM3N TOUKH a

c q 1
w(Z) [ + - +co+c1(z Ca)+.. ] +gpin—,
TO 4JIeH ﬁ ln onpeuenﬂeT B TouKe a ucmounuk (a;q) obuILHOC-

5 — dybaem B ToUKeE a.
—a

TH ¢, a 4jeH

Hmeer MecTo clenytomas aHalJorusa ¢ TeYeHHeM HMHUIAKOCTH U JJeK-
TPOCTaTHUYECKUM II0JeM:

TenaoBoe none TeueHue KUIKOCTH | DTEKTPOCTaTHUECKOE
nose
Komniekc- w(z) =u+iv w(z) =u+iv iw(z) = ~v +iu
HbI nNOTeH-~
uuan
Bextop noasa Q) = —kgradu = V =gradu=v'(z) |F =-gradu=
= —kw'(2) = w'(z)
u Temnepatypa IToTeHunanbHan [oTeHunansuasn
pyHKUHUA GdyHKUUA
u = const HzoTepmer DkBUNOTeHUUaNbHble | IKBUNOTEHUHANbHblE
JIUHUHN JUHUH
v OQyHKUWA TOKa OyHKLUHA ToKa —v — cHI0Bag
pyHKuMA




$ 2. llpusomenun K saexmpocmamuxe 193

v = const JIunny Toka JIunun Toka Cunopble nunnn
Uctounuxk (a;q) HcTounux (a; T) Toyeynriit 3apag
(5 57z
2k
Hy6Gaer HIunonb Nunons
TennoBoe mnoae ¢ 3a- [ Teuenue, onpepense- [[lone ¢ 3afaHHbIMU
ODaHHBIMM UCTOMHHU- | MOe KOMIUIEKCHBIM | 3apAjamu, [OUNO-
KaMu, Jy6neTaMu | moTeHyuanom iw(z),| JAMM M BKBUIO-
M U30TepMuuec-| C B3afAaHHBIMM BHUX-| TeHUMANbHBIMU
KUMM  CPaHUYHBI- | PAMH M [UOOAAMH,| T[PaHUYHBIMH KOH-
MH KOHTYpamu obrekaiomiee  rpa-| TypaMu

HHYHble KOHTYpPbI

10.117. ChopMyaupoBaTk NPUHLUKI CHMMETPUM IJA NPOJOJMEHUA
WCTOYHMKA TeIlja yepe3 NPAMONMHEHHBIR HMJIM KPYroBoHM yuacTowr rpa-
HUub! o6aacTty. HaitTu pacnpeneneHre TeMnepaTypbl B NPOU3BONBHOM 0f-
HOCBA3HOI 061acT¥ D, eciy U3BECTHO, YTO BHYTPU 3T0il 061acTH Haxo-
OUTCA UCTOYHMK (@;q) U TeMmepaTypa Ha I'paHuile UMeeT MOCTOAHHOE
3HaveHue C.

B 3apauax 10.118-10.121 naiiTu pacnpefesneHre TeMNepaTyphl B yKa-
3aHHbIX 001acTAX MO 3aJaHHBIM MCTOYHHMKAM, CYMTag, YTO Ha rpaHHLe
obnacTH Temneparypa NOCTOAHHA.

10.118. B BepxHeit noaymiaockoctyt Im z > 0; uctounuk (a;q).
©10.119. B wpyre |z| < R; uctounus (g;q).
10.120. B moaynoaoce |z| < a, y > 0 ¢ ucrounuxom (ih;q) (h > 0).

10.121. B npamoyroncHuke [z] < a, |y| < b c ucrounuxom (0;q).

10.122. 1) Jdats unTepnperauuio byHxuuu I'puna g(z,a) miocko
o6nactu D B TepMHHaX TEOPUH PaClpOCTpaHeHUA Temla.

2} Cuuras ussecTHON ¢pyuruuo ['prua obaactu D, HaitTu pacnpege-
JeHye TeMMepaTypsl B 5Toi 064aCTH, el U3BeCTHO, uTo B D MMeercA
vcToYHUK (a;q) ¥ Ha rpaHuyHbIX KoHTypax [y (kK = 1,2,...,n) Temme-
paTypa MMeeT NOCTOfHHbIE 3HaueHMA Uug. 3allUcaThb OTBET ¢ MNOMOILbIO
rapMOHMYECKUX Mep wi(2z) rpaHHYHBIX KOHTYPOB.

10.123. Haittu pacnpeneieHuie TeMnepaTypbl BHYTPH KpPYyroBOro
Koabla 7; < jz| < r2, eciM M3BECTHO, YTO BHYTPU KoJbLia HMeeTcA
MCTOYHHK (a;g) ¥ Ha FPaHUYHBIX OKPYHHOCTAX TeMilepaTypa HMeeT Io-
CTOAIHHBIE 3HAYEHHUSA: Uy — Ha OKPYMKHOCTU |2| =71 M Uy — HE OKPYH-
HOCTH |z| = ra.

Yraszanue. Cm. ananorvunbie 3agaud 10.63 1 10.116.

13 JI.H. BonkoBbickuit u ap.



FTABA XI
OBOBIIEHUE AHAJHUTHYECKUX OYHKIIUHN

B aToii rnaBe ucnoansylorea o6osnayennn, BBegennsie B § 5 ra. I nas
topmanbHbIx npousBojHbix no Komm. CoorBercTByroumMe 0603HavyeHUA
NPUMEHAIOTCA U K QUG pepennnantam:

d = dz —idy = @&z, d<p=%§dz+%i;’dz.

§ 1. KnasuxkondopmHbie oToGpaieHun

Xapaxmepucmukamu 310UIca Ha3bIBAIOT OTHOLIEHHWE P ero Mnoayoceit
(p=z1 uecmn p# 1 yron 8 (0 <6 < «), obpasyemblii 60NbIIOK OCHIO
ajunca ¢ oceio Oz.

11.1. TloxkazaTk, 4YTO ypaBHEHHe 3JUIMIICA C UEHTPOM B Hauale Koop-
OVHAT, MaJoii Molyockio i U XapaKTepUCTHKaMH p ¥ f MOMHO 3amucaTh
B BHe

vz? — 2Bzy + ay? = ph?,
riae

a:pcoszﬁ—f-})sin?G, 8= (p—%)cos fsin4, 7=psin2€+%cos29,

UJIU B BUE
|z + pz| = A,
roe
p—1 24 2ph
S Sk L W L
P="p%1°¢ 7 p+1

Bennuunst a, (8, v U3 3agaun 11.1 Takse Ha3bIBAIOTCA XapaKTepHcC-
TUKaMJ 37unca. OHM CBA3aHLI COOTHOWeEHneM oy — B2 = 1. Benuun-
Ha [ Ha3blBaeTCA KOMNACKCHOU Xapaxmepucmukoll ssaunca. 3aMeTHUM,
uto |p| < 1. Bcayuae kpyra u=0, p=1, a=v=1, g=0.

11.2. [lokasaTh cledyOlIMe COOTHOIEHHA MEMAY pa3iu4yHbIMU Xa-
paKTEPUCTHUKAMHM 3JIHIICA:

_ 1+l _ oty (a—7)2 2 1_ :
Dp=1-=— + 7—) T pro=ath

2)20=argp+7 (—w<<argp <7
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I
tg 26 = a7y’

_ —a)e 2
tg0=7 a+/(y-a)?+4p8%

¥

) {
28
(1= |plP)e = 1+ 2|p| cos 20 + |pf?,
4) {(1 - |ul?)B = 2|u|sin 26,

A (A =|uP)y=1- 2I#IICOS 20 + |pf;
5 s <a v<n PBl<z(e- )

JlokasaThb cliedyiolne COOTHOWEHNA MeKAY XapakTepUCTHRAMU JBYX
BIINIICOB:
6) |p2 — 1l < lag —oq| + |62 — B1l + |v2 — ml;

(|042 —aif <|p2 —p| + \/(Pz - 1%) (Pl - I-)l;) sin |6y — 61},

|82 — B1l < |lp2 —pu| + (1+ ;1——)+

2 P1
1 1\ .
+2\/(p2 - ;2) (p1 - Fl) sin |f2 ~ 64},
1 1y .
L‘W ~ml<lp2 —p| + \/(p2 - ;;) (p1 — p—]) sin |02 — 61 |;
8) lua — pua] < |lp2] = I || + 2/Ipa s [ sin 82 — 61];
p2 — lp2 — pi :
< -1 -1 B2 — 641
1 —fiape p2tp + V(P2 )(p1 )sin |6 1l

Yrasanue. [Ina gokasatenncTBa HepaBeHCTB 6)-8) monesHs! Hepa-
BEHCTBA BUJA

7) 3

|2 cos Ag — 71 cos Ar] < |raei?? — rie| K fre — | +

+ 2./T271 Sinl)\g - ).1|, Hag + ’ngl - la1 + 'LblH < |a2 - all + |b2 - b1|

OTtobpanenne (npeobpasosanue) w = f(z) = u(z,y) + iv(z,y) Hasbl-
BaercA affuHHbiM, eCcliv

u=az+bhy+c, v=ax+by+co. (1)
flroGuan sToro otobpasenua A = ' Z; Z; . Ecnu A =0, To oro6paske-

Hye ABJIAETCA BbIPOHIACHHBIM.

11.3. JloxasaTs ciegylomue CcBoOACTBa addHHHBIX OTOOpaxKeHUH.
1) Addunnoe oroGpameHrie MOKHO NPENCTaBUTL B BUllE

w=Az+Bz+C.
Boipasute koagduumentst A, B u C 4yepes koadpduumedTsl npeotpaso-

13*
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Banua (1) u nokasatn, uto A = |A[? — |B[%.
2) Ecau A #0, To cymecTByeT oGpaTHOe 0TOGpaxeHue
z = Aw+ Byw + C;.
BripasuTb ero Koa¢hbHULUMEHTH 4Yepe3 KO3(p¢PULUMeHTbl Npeobpas3oBa-
uua (1) u nowaszats, uto A; = |A;]? — |B;|? = 1/A.

3) Ecau A #0, To oToGpanenne coxpaHAeT NapamlebHOCTh MPAMBIX
¥ npeoGpasyeT 3JUIMICH B 3JLIMNCHL. JJUIUACHI C_KOMILIEKCHOH XapaKTe-
puctukoit u = B/A, ecimu A >0 u p=A/B, eciu A <0 npeot-
pasyIoTCA B OKPYHHOCTH.

ORrpy»HOCTH TNpeoOpas3yloTCA B OKPYRHOCTH TOJBKO NPH OpPTOro-
HanbHbIX npeobpasoBanuax w = Az +C um w=Bz+C.

4) Ecaiu A >0, To otoGpaeHue coxpaHsaeT HanpaBienue o6xo/a; ec-
an A < 0, 1o oroGpaseHHe MeHfieT HanpaBieHue o0Xofa Ha oOpaTHOe.

5) Ecau A = 0, Ho He Bce KO3 PUUKUEHTHI ay, by, a2, be pPaBHBI HYIO,
TO oTOOpameHe MOKHO NPeICTaBUTh B BUJE

w = 2|A]e! @t/ ] cos (cp + g%_ﬁ) +C,

rae ¢ = argz, a = arg A, f = arg B. YKka3zaTh reoMeTpuU4yecKUil cMbICH
3TOro 0TOGpaMeH .

Xapaxkmepucmuramu adPunnozo omobpancerus Ha3bIBAIOTCA XapaKTe-
pucturu (p,0), (a,B,7) v KOMIUIEKCHaA XapaKTepUCTHRKA 4 3IJININCOB,
npeoBpasyembix B Kpyru (cM. zagauy 11.3, 3)).

Xapaxmepucmukamu Henpepuvleno Jufdiepenyupyemozo 0mobpaxceHus

w = u(z,y) + v(z,y)

¢ aixobuanom J > 0 nasbiBaioTea XapartepucTuru p(z), 6(z); a(z), B(z),
v(z) 1 KoMmlexcHas xapakTepuctuka u(z) apdUHHOro OTOGparKeHHd

du =uzdr+u,dy, dv=vydx+v,dy um dw=w,dz+ w;dz.
[pu Takom npeo6pazoBaHnK 6ECKOHEYHO MaloMy Kpyry
du® + dv? = dp?
COOTBETCTBYET GECKOHEYHO Mablil 3JUIMIC
vdz? — 28dx dy + ady® = pdh?

(dh — manas noayocs), Uiy, B Ipyroi 3alucy,

o 2p
(dz + pd2| = = dh.

11.4. JlokazaTh, 4TO Al HEBBLIPOMASHHOTO adpdUHHOrO 0TOGpameHns
MMeIOT MEeCTO COOTHOIIEHUA
Y -8 o 1

ai+ai  aib + axby = b} +b A
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11.5. JlokasaTb, 4TO [JA XapaKTePUCTUK HelpepbiBHO AuddepeHyu-
pyemMoro oto6paieHUs C MOJOKHUTENbHbIM AKOOHMAHOM ClpaBefJuBbl CO-

| OTHOIIEHUA: ,
‘ ) 1 = B __a _pdh 1,
‘ i +0vE uguy+ugvy  ul 4wl dp? J’

1
2) ui+u§+v§+v§=.](p+;);

ws] + |ws]
lfws| — Jwz ]|’

p= max‘d—wl/min dw
p= dz

-1 .
4 _’Uiz:__p 6219;
) B P

) \f5 <[l <57

OpHoaMCTHOE HellpepbiBHO AuddepeHuupyeMoe oTobpameHue w =
= u + iV C NONOKUTENLHLIM AKOOMAHOM HAa3bIBAETCH KEAUKOHGOPMHbIM
omobpaxcenuem ¢ zapakmepucmuramu p(z), 0(z) uau az), B(z), v(z) uau
u(2), ecin oHO NepeBOAUT GECKOHEUHO Mallble UTUICH ¢ ITUMU Xapak-
TepHUCTHKAaMK B GECKOHEUHO Manble KPYTH.

11.6. Jloxazatb, 4TO KBa3uKkoHGOpPMHOe oToOpaeHue yIOBIETBOPA-
eT cucTteMe ypaBHeHWH
aug + Buy = Uy, Buy + yuy = —vg,
WM, B KOMIIEKCHON (opMe 3allUMcH, YPaBHEHUIO

Wz = JW,.

Yrazauue. YpaBHennio |dz + pdZ| = const cooTBeTCTByeT ypaB-
HenMe |dw| = const.

IIpuMeuaHue. YKazaHHble B 3a[aye ypaBHEeHHA Ha3bIBAIOTCA Ypas-
HeHuamu Beavmpamu. XaparTepucTuka p HasbiBaeTca koadduyuenmon
Beavmpamu.

11.7. IlokasaTb, YTO OJHOAUCTHOE HempepbiBHO AUbdepeHLUpyeEMOoe
otobpamenue w = u + iU ¢ NONOHKUTEIbHBIM AKOOMAHOM, KOTOpOe Inepe-
BOOUT GE€CKOHEYHO Malnble Kpyrd B 6€CKOHEUHO Mallble 3JIMICH ¢ Xapak-
TepucTikaMu p(z), 8(z) wau a(z), B(z), v(z) win p(z), yaoBiersopsaer
cUcTeMe ypaBHeHU

Ug + Puy = avy, —Pu; +uy = —av,,
i MM, B KOMIUJIEKCHOH (opmMe 3alIHUCH, YPaBHEHUIO
‘ - P—1 2
W; = vz, V=—p==—-=—e".
Z Z) l‘l‘ p+1

I puMeyaHUe. Ecau YKa3aHHYIO CUCTEMY 3alMucaTh B BHOe

Puz + quy = Vy, —QqUz +PUy = —Ug
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(3nmecy p = 1/, ¢ = B/a), To NpuxoauM K (p, ¢)-aHaAUTHUYECKUM PYHE-
unaM no tepmuHosorun I. H. Iloaosero (cMm. ero kuury “O6o6umeHue
TEOpUM aHANMTUYECKUX (PYHKUMH KOMNiekcHoro nepemensoro”, 1965).

11.8. JlorasaTb, 4To ypaBHeHue BeabTpamu w; = p(z)w, uHBapu-
aHTHO OTHOCMUTENbHO aHaIUTHYECKHUX Mpeobpa3oBaHuil ¢GYHRUMM w,
a ypaBHeHHe w; = v(2)W; UHBapUaHTHO OTHOCHTEILHO KOH(OPMHBIX
npeo6pasoBaHuii MepeMeHHOH z.

11.9. Dycts ooHommcTHOe HenpepblBHO auddepeHupyemoe oTobpa-
JKEHME W =U + iU C NONOMUTENbHBIM AKOGHAHOM NepeBOAUT GECKOHEUHO
MaJble 3JUIMICHl ¢ XapaKTepUCTHKaMU p, § B 6ECKOHEYHO Majble 3JLIUM-
CBl ¢ XapakTepHCTHKAaMM pi1, 67 (Takoe oTobpameHre Ha3bIBAIOT K6AJU-
KOH@GOpMHbIM ¢ ABYMA NapaMH XapaKTepUCTHK P, #; py, 61 UM ¢ AByMHA
TPOKamMu XapakTepuCTUK «, 3, v; a1, P1, 11). lokazaTh, 4To oTobpase-
HUe w = u + iv YIOBIETBOPAET CUCTEME ypPaBHEHHUH

Qug + (ﬁ + ﬁl)uy = QUy, (ﬁ - ﬂl)uz + YUy = —Q1 Vg,
KOTOpPYIO MOAHO TaKse 3anucaTh B BUME
wz = qw; + 1127172;
rae
p(p* - 1) 238 _ plpi-1) 26,
—_ g = —"—————¢€ .
(pp1+ 1)(p + ) (pp1 + 1) {(p + p1)

Ywkasanue. YpaBHeHune |dz + pudZ| = const COOTBeTCTBYeT ypaBHe-
HUIO {dw + py d@| = const ¢ U3BECTHBIMU W, .

q =

11.10. Iycts ( = f(z) — kBasuroHpoOpMHOE 0TOGPAKEHHE C XapaK-
TEPUCTUKONA Lif:

ff = ,U'ffza
u w =g(() — KBa3UKORGOPMHOE OTOGPaMEHUE C XaPAKTEPUCTHRON fiy:
9C = He9¢-

llokasats, yto ux cynepnosuunsa F(z) = g[f(z)] = go f ecTb KBa-
3UKOH(}OpMHOe oToBpaxeHUe ¢ XapaKTepUCTUROHN

_ Py +pgfs/f2
1+ ﬂgﬁffz/fz
JorasaTb TakAe COOTHOIUEHUA

fz BF — Iy [z fs Hg — Ky
== ~1 = - =, HFr=TF—.
Hg f. 1= figur Br-1(z) HBi(z) 7. fz1-— Byt
Ipumeuanue. Ecau c4UTaTh UBBECTHBIM [F, TO BETUUYUHY
1+ |pgl
sup In ———-
PRTT {myg|

MOKHO NMPUHATL B Ka4eCTBe PACCTORHUA MEMIY Mf U fF. AHAIOTUYHO,
yepe3 pip ONpejeifeTCA PACCTOAHME MEMIY fig M pp—1.
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11.11. Iycts Puw/z Gw/z ~— XapaKTepUCTHKHU p, § KBasUKOHDOPM-
Horo orobpamenuna w = f(z). llokasats, yTo

™
Pzjw = Pw/zs oz/w :9w/z:i:§+argfz
M 4TO [JIAl CJI0#HOT0 KBa3UKOH(QOPMHOro oTobpaenusn w{z(t)]
Puw/t < Pw/zPz/t-

11.12. Tloka3aTb, 4TO AJ1A KBa3UKOHGOOPMHLIX 0TOGpameHM

u=f(z), v=y (mpogjonbHoe pacTAMeHHe-CHRaTue),

u =z, v= f(y) (nonepeunoe pacTaxieHHe-cHaTHe),

p=r, 8 = f(p) (yrnoBoe pacTameHUe-cHaTHe)
XapaKkTepucTHRa 1

p = max (f ’ ?[):
a nna orobpaskenua p = f(r), 6 = ¢ (paauaibHoe pacTAMREHHE—CRaTHE)
XapaKTepucTHKa v f
P = max (T, '7?) .

11.13. MoctpouTh KBa3uKOHOOPMHOE 0TOGpaNeH e Kpyra |z| < R Ha
ce6s, nepeBoasllee ToURy z = a (ja| < R) B Havyauo U ocTaBiAwllee He-
MOJABUAHBIMU TOYKH OKPYRHOCTH |z{ = R. OleHUTb XapakTepuCTURY p.

11.14. TlocTtpouth KBa3uKkoHpOpMHOe oToGparkeHHUe KOCoM MOJYIo-

gO;bIO, rtga<y<ztga+h % C/// /

Ha MPAMOYTGABHYIO MOIYNIONoCY
u>0,0<v<h

%
//ﬁo
Ges pacTAMEHUA Ha OCHOBAHHH U 7 /
¢ MOCTOAHHBIM pacTHREHUEM Ha /////’
GokoBo#t cTopoHe. OuUeHuTb Xa- '
PaKTepUCTHRY p. Prc. 58

11.15%. ITocTpouTh KBa3UKOHGOPMHOE OTOOpaMeHHe ABYyTrolbHHUKA,
COCTOALIEro M3 MONYMIOCKOCTH M KPYFOBOrO CerMeHTa C LEeHTpajlbHbIM
yriaoM 203y (puc. 58), Ha IIOIYIIOCKOCTh ¢ cOXpaHeHHeM AAMH Ha IpaHulLle.
OLeHHUTb XapaKTepUCTURY p.

11.16. KpasunuHeliHoe ypaBHeHHe
o*u &u

- + 2B

Aaxz + Oz0y
sanuntuyeckoro tuna (AC — B? > 0) mocpeacTBOM OAHOMHCTHOrO OTO-
6paskenua ( = ((z) = € + i1 TpebGyeTca NPUBECTH K KAHOHHYECKOMY BHIY
v | u

;9*5—2+5;]§=F1(fa77,

8*u du Ou
+ Ca_yg = F(%Zl,U, 2 53;)

’65,67].
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Jlokasatb, uTo oTo6pamenue ((z) YA0BNeTBOPAET CHCTEMe ypaBHEHHUI

Benstpamu o€ 35

&3 3
A= +Bay . az+0y_ o

\/AC - B? oy’ JAC-B* oz
U ABJAeEeTCAH HBaZ}I/IHOHq)OpMHbIM omﬁpamermem C XapaKTepUuCTHRa-
MU a, 3, 7, onpefenaaeMbIMU U3 COOTHOIUEHUN

F_B_a_ 1

C B A JAC-B?

npeanonoeHo, 4to A > 0).

§ 2. O6Go6ieHHble aHAIUTHYCCKHEe PYHRIHH
OyHRIMA W = u + {v, YJOBIETBOPAIOLIAaN ypaBHEHUIO
w; + Aw + Bw = F, (1)

rie A, Bu F — GyHRIMHU OT 2, Ha3bIBAETCA 0606UeHHOl aHAAUMUYECKOol]
Pynryuerl.

B 3amauyax aToro maparpada paccMOTpeHbl YpPaBHEHUA U CHCTEMEI
ypaBHeHUH, nmpuBoaAuMecs k Buay (1), a Tak#e HewkoTopble CBOHCT-
Ba UX pemenuiil).

11.17. IlorasaTs, uTOo cucreMa ypaBHeHU!l Rapnemana
Uy — Uy +au+bv = f,
Uy + vz +cu+dv =g,
roea, b, c,d, f u g — bYyHRUNUHU epeMeHHbIX Z U I, MOMieT ObITh 3anucaHa

B Buge (1): w; + Aw+ Bw = F.
Bripasuth A, B u F' yepe3 Ko3pPULHEHTbI JaHHOH CHCTEMbI.

11.18. IlokasaTb, uTO ypaBHeHHe wj; — ¢2(2)W; + Aw + Bw = F
c nomolukio “apduHHoro” npeobpasoBaHus

w = a(2)w + b(z) (2)
MozkHO npuBecTd Kk Buny (1). Haittu o6wyto ¢popmy npeobpazoBanus (2)
Y BbIACHUTD, KOTJA OHO HEeBLIPOKIEHHOE.
11.19. IlokazaTb, UTO ypaBHEHUe

wz — q1(2)w, — q2(2)Ws + Aw + Bw = F

¢ NOMOMIbIO Npeobpa3oBaHKA Npelblayliell 3agauk MOKeT ObITh NpUBee-
HO K BUIY w; — ¢jw, + A'w+ B'w = F'. Haiitu o6y ¢popMy npeod-
pa3oBaHUA U BbIAACHUTb, KOIJa OHO HEBLIPOMKIEHHOE.

1) Mo noBony npuBegeHHOro UMK/Ia 3afay cM. MoHorpaduio: Bexkya H. H. 0606-
meHHble aHanuTHYeckne GyHkuun.— M.: dusmarrus, 1959.— In. IIL
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Yraszauue. IIpuMennTb paccmaTpuBaeMoe Mpeobpa3oBaHue K OaH-
HOMY yPaBHEHHIO W K YpaBHEHUIO W, — q1(2)W, — ¢2{2)w, + AW 4+ Bw =
= F, UCKIIOUUTb @,, a 3aTeM nopobpaTb KoaddHuuuenTs! a(z) u b(z).

11.20. HokasaTh, 4TO ypaBHeHUe

wz — q(2)w, — g2(2)0z + Aw + Bw = F

(lg1(2)] + lg2(2)| < 1) ¢ noMowbio 3aMeHbl He3aBUCHUMON NepeMeHHO z
Ha nepemMeHHyIO (, CBA3BHHYIO C z COOTHOlLleHHeM (; = gj(;, MOMeT
ObITh NPHBEAEHO K BUAY

we — @aWe + Aw + Bw = F.

HaiiTu ¢ 4 ¢5 ¥ BbIACHUTL reoMeTpPM4eCcKHi cMmblca npeobpa3oBa-
nusa ((z).
11.21. [orasatb, YTO 3AMUNTHYECKasd cUcTeMa AUdgepeHInanbHbIX
YpaBHeHU BUa
a1y = aug + (8 + P1)uy + au + bu + f,
—ovy = (8- Pi)ug +yuy +eu+dv+g

(ycloBUe 3AMUITUYHOCTH 31ech ay — B2 > 0; KpoMe Toro, a > 0) MozeT
ObITh [IPUBeeHa K BUIY

w: — qi(z)w: — q2(2)ws + Aw + Bw = F,

npuueM |q1(2)] + |g2(2)| < 1, ecin a1 >0, u ||g1(2)] = |g2(2)|| > 1, ec-
am ap < 0.

Yrkazanue. Cm. 3agauy 11.9. Cnyuait 3 < 0 cBoguTCA K cayyalo
a1 >0 3ameHolt w =u+1v Ha W = u — {v.

11.22. JorasaTb, yTo ecnu w(z) — HenpepbsiBHO auddepeHnupye-
Moe pelleHue ypaBHeHusi wz — go(z)wz = 0, roe ¢2(z) — aHamuTHyec-
Kad QyHKUHA OoT z u |g2(2)| # 1, To
_ v(2) + @(2)5(z)

L=lg(2)P 7

rae ¢(z) — NpoU3BoAbHAA aHATUTHYeCKaA PYHKUNA.

w(z)

11.23. JokasaTb, 4To ecau w(z) — OBazkAbl HelpepbIBHO AUddepeH-
uupyeMoe pelleHne ypasHeHus wsz — ¢o(Z)ws = 0, rae g¢»(Z) — ananu-
THueckad QyHKUUA OT z U |¢2(Z)| # 1, 1o

w(z) = p() + [0:(2)ps dz,

riae ¢(z) — NpousBONbHAA aHANUTHYECKan BYHKLUA OT 2.
Y raszanue. CHayana HyKHO OKa3aTh, YTO w(z) €CTh CyMMa aHalu-
THYECKOH QYHKUUHU OT z YU aHATUTHYECKOH QYHKUUH OT Z.
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§ 3. HekoTopble HHTerpajibHble COOTHOIIEHHUA
H IBOiiHble HHTerpa/bl

B 3apauyax atoro naparpaga (G — o61acTb, orpaHUueHHad KOHTY-
pom C.

11.24?). Tonbayack dpopmynoit I'puna, forasaThb cieytouIne COoTHo-
wenna (f(z,y) u g(z,y) HenpepbiBHO nuddepeHuupyemsl B G):

1) //%dm :%/fdc;
/fd{+gd§-21//(—-—>d 2 dy;

5 )= f“)dg // JOED (¢ =g+im.
C

(—=z

Yraszauue. Bocnonb3oBaThcAd TeM, 4TO

ofQ) 1 _ 8 ( £©) )
¢ C—z I\C—z/’
¥ IpUMeHUTE GopMyly M. 1) k o6aactu G Ges kpymka [ — z| < p (p— 0).
11.25. IIpennonarad, yto pyHKUUM f U g HempepbIBHO AuddhepeHLU-
pyeMbl B 3aMKHYTOl obnacTu (G, HokasaTh, YTO BblpameHue fdz + gdzZ
TOrja W TOAbKO TOTAa ABAAETCA IOJHBIM AubdepeHLHasoM HEKOTOpPOii

of g

HRIMHU, Korga == = ==.

byHRIMY, Korda == = =
11.26. [JorkasaThb, uTo ecii f U ¢ — GYHKUUM, aHAJUTHYECKHE

B o6nact G ¥ uenpepsiBHO Auddepenunpyemble Ha C', TO

é/f’gdwdy = gc/fgdf,
[[1g dvay =3 [1dg.
G c

11.27. JlokasaTh, yTo ecan ¢yHruusa f(z) KoHPOpMHO oToOpaxsaeT
obnacte G Ha o6nacTb (', orpaHuueHnyo koutypom C' = f(C), To un-
Terpai

B 4aCcTHOCTH,

=4 fra

¢
paBeH muomanu S obmactu G'; ecau e f(z) KOHDOPMHO oTOOGparkaeT
obnactb G Ha BHEIIHOCThb KOoHTypa C', 10 I = —8S.

2) K sapauam 11.24-11.27 cM. nononuenne M. lluddepa B kuure: Kypaur P.
punuun Inpuxne, KoHPOPMHbIE 0TOGPAsKEHUA U MUHUMAbHbIE OBEPXHOCTH.— M.:
locTexuanaTt, 1953.
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11.28.%) . Myctb G — Kpyr |zl <R<1lu

o) = ((=pe? =¢+in, z=re).

ln l/p
Haittu ¢pyHxumio

F(@:-%/ &g)_ii@ (z€G)
G

1 €e 4acTHbIe POU3BOJHbIE §E ?E 6_F QE— ana z # 0. IokasaTb
P 3z’ By’ 2’ 9z : ’

YTO U3 YKa3aHHbIX NMPOWU3BOAHBIX TOJbKO CYleCTByeT U HelpepbiB-
Ha B Hayaje KOopAuHaT.

11.29. JloxasaTs, uTo ecru GyHKUMA f(z) HenpepbiBHO Au depeHLH-

T (g frac/ ffase)

Koraa o6nactb G CTATMBAETCA B TOUKY Z.
Yrazanue. Bocnoab3oBaThesa cooTHowleHueM M. 1) 3apmaun 11.24.

9z

11.30. Hyerb dynruna ¢(C) HenpepblBHa B 3aMKHYTOH o6MacTu G.
JlokaszaTh, 4TO QyHKUUA

F(z) = / ‘P C)didn

OF
B oGiacTu G VIOBAETBOpAET YPABHEHHIO 35 = p(z), ecau npousBoa-
z

HYIO %g ollpeleiaThb Mo dpopmyie 3agaun 11.29.

11.31. [lokasaTb, 4To B ycaoBuax 3agadu 11.30 obwee pentenue ypas-

HEeHUA
0
—]: = (2)
MoseT ObITh B o6nacTd (G npefcTaBlieHo B BUje
f(z) = 2 f(C) d< /_/90 )d£ dn (Popmyara Momnen).
7T’L

Yrazanne. Bocronb3oBatbes coorHomeHvem 1. 3) s3amaum 11.24.

3) K sapmauam 11.28-11.31 cm.: Berya H. H. O6oGlwennble aHanuTHueckue
dyurunmn.:— M.: Pusmartrus, 1959.




OTBETbLI U PEHLIEHHUA

Ilnasa |

1.1. 1) —i; 2) —i; 3) %(1 + 3i); 4) 8.
1.2. 1) 3, g (3mech W nanblie yKasaHbl TOIbKO 3HaueHUd arg z); 2) 2, m;

3) V2, Z 4) V2, —%; 5) V29, arctg§; 6) /29, ~arctgg,

4
7) V29, w—arctgg; 8) V29, arctg———ﬂ 9) |b[, Ibl

10) Va? + b2, a\rctgé npu a >0, arctg—+7r npna<0 Mb/O, arctg —
a a
npua<0ub<o.

Zsgnb);

1.3. 2 = cosyy + isin g, rae @kz—zg, k=0,1,...,n—-1; z=0.
1.4. 1) 1, -——:I:—\—/—_ 2) + —\/—:+— -1 3) i—\gg(l+i),:}:—\g—§(1—i);

4 i-7<f+z), {-(ﬁwiﬁz;
5) il:}:i,i?(l+i),:}:§(1—i);
Q(\/\/f+1~i\/\/§—1); 7) £(2 + 4);

8) \/i[cos Qf%/“l’i +isin (2’“—*33&)—”] (k=0,1,2);

9) V5 [Cos (2 + T (/%) 4 ;i Gk Um - aretg (3/4)]

(k=0,...,4).
1.15. z = zl(cos Zkm + ¢sin gﬁ) (k=0,1,2,..,n—1).
(1 n
1.16. 23 = 23 + (22 — zl)(cos il +isin 2—") 1.17. z4 = 21 + 23 — 22.
n n

z3 — 21 .
1.18. OTHoweHHe ———— [OJ#HO GbITh NeHCTBHUTEILHBIM YHCIOM (YyCnoBHe
22— 21
Heo6X0AUMO U JOCTaTOYHO).
21— 23 22 — 23
1.19. AnrapmoHuyeckoe OTHoOLIeHHe (21, 22, 23, 24) = ———: ————~ NO/KHO
21 — 24 29— 24
6bITh NeHCTBUTENLHBIM YKcIoM (ycnoBue He06XOOMMO U JOCTaTOYHO).

sgnb=1 npu  b>0,

4) sgn b osnauaer cumson Kponexepa: { sgnb=—1 npu b<O.
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1.20. Pemenune. lIpu fokasaTensCTBe MO#HO CUMTaATh (He Hapylan o6ui-
HOCTH), 4TO NPAMO/i, 0 KOTOPOil UAET peub, ABIACTCA MHMUMAEA OCb U YTO BCe
paccMaTpuBaeMble TOUYKYM HaXONATCA ClpaBa OT Hee (B IPOTHUBHOM cilydae cile-
AyeT YMHOMHUTb Bce zx Ha HEKOTOpOe YMCJO BHAA cosa + isina). Toraa oue-
BUAHO, yTO Rezx > 0 n Re(1/2) > 0 npu mo6om k.

1.23. BuyTpensocTb Kpyra paguyca R C IleHTPOM B TOUKE z = zp; BHEIU-
HOCTb DTOI'0 k€ KPYyra; OKPy#HOCTb TOrO #e Kpyra.

1.24. 3naunc ¢ pokycamu B TouKax z = £2 M Gonbluoit noayocnio 5/2.

1.25. BHyTpeHHOCTb eBoit BeTBU r'unepHoisl ¢ GoKycaMu B TOUKax z = +2
M IeACTBUTENBHOI Noayockio 3/2.

1.26. [Ipamas, nepneHAUKY/JIAPHaA K OTPe3Ky, COEIUHAIOIEMY TOUYKHU 23 U
22, Y IPOXOJAlIafA yepe3 cepeJUHY 3TOT0 OTpe3ka.

1.27. 1) llpaman z = C ¥ NOAYNI0CKOCTDb, PacnoNoMeHHas ClipaBa oT Hee;

2) noMyIIO0CKOCTD, pacloloAeHHad CHU3Y oT npamMoit y = C.

1.28. Ionoca —1 <y < 0.

1.29. BuyTpensocTh yraa (cofepskauias NOJ0KUTENILHYIO YacTh AeHCTBU-
TeJbHOH 0CH) C BeplIMHOM B Hauale KOOPAMHAT M CTOPOHaMHU, 06pa3yiouMMK
¢ AeHCTBHUTENbHOI OCbIO YIibl, paBHblE COOTBETCTBEHHO ¢ U 3; BHYTPEHHOCTb
TaKoro ke yria ¢ BepUIMHOH B TOUKe 2.

1.30. Mapa6ona y*> = 2z + 1.

1.31. llonynaockocThk, orpaHUYeHHasA IPAMOI T + ¥y = 1 1 cofepxaluas Ha-
4ajno KOOpAMHAT.

1.32. HpaAMan, npoxoiauas yepe3 TOYKU 21 U 22 (U3 KOTOPOH MCKIIOYeHa
TOYKA 22); OKPYMHOCTh, AUAMETPOM KOTOPOI CIY#HUT OTPE30K, CoeNUHAIOLMI
TOYKH 21 U 22 (M3 KOTOPOIT y#aleHa TOUKa 22).

1.33. BuyTpeHHOCTb ORpy#HOCTeH |z — i| = V2 1 |z + i| = /2, 33 uckmo-
yeHHeM HX obuieit yacTH.

1.34. 1) BayrpesHoCTb 061aCTH, orpaHudeutoi orpeskom 0 < z < 2«
NeHCTBUTENbHOI OCH M OIHHUM BUTKOM ClMpaly ApxuMela r = ¢,

2) MHOMecTBO TOYEK, oNnpeleieHHOe B 1. 1) M HoNoiaHeHHOe MHTEPBANOM
(0, 27) peitcTBUTENBLHON OCH.

1.35. 1) CemeiicTBO OKPYHHOCTe1, KacaloWUXCA B Hayale KOOPAUHAT MHU-

- ° 2 2
Moit ocH, U cama MHUMag ochk (ypaBHeHMe cemeiicTBa: C(z° + y°) = );

2) ceMeifCTBO OKpY#HOCTel, KacaloWMXCA B Havale KOOpPOWHAT eHCTBH-
TeJIbHOI OCH, M camMH JelCTBUTeNbHaA OCh.

1.36. 1) CemeitcTso runep6on x* — y° = C;
2) cemeiicTso runepbon zy = C/2.
1.37. Rasxpana IMHUA — OKPYHHOCTh, ABIAIOIAACA TeOMEeTPUYECKUM Mec-

TOM TOY€EK, OTHOIlleHNe paCCTOHHP[FI KOTOPBIX OT TO4YEK 21 U 22 NOCTOAHHO (OK-
PYHHOCTb ATONIOHUA OTHOCUTEILHO TOYEK 21 U z22.

1.38. CemeiicTBO AYr OKpY#HOCTeli ¢ KOHNGaMH B TOYKax 21 4 22 (B 3TO
ceMeHCTBO BXOAAT Tak#e [Ba NPAMOJMHEHHBIX OTpe3Ka C KOHIAMH B TOYKax
Z1 ¥ 22; ONMH M3 3TUX OTPE3KOB COJepHUT GECKOHEUHO yAaneHHYIO TOYKY).

1.39. 1) Kampasa AMHUA — reoMeTpHUYeCKoe MeCTO TOYeK, MpOU3BeleHUe
paccTosHMI KOTOPBIX OT TOYeK z = —1 1 z = 1 nocroAnHo (1eMHucKaTa c do-
Kycamu z = %1). IIpu A > 1 1MHMM ceMeiCTBa — NpoOCThle 3aMKHYThie KPUBSIE,
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npu A < 1 OHM pacnafaloTcA Ha ABe NPOCThbie 3aMKHYThle KPUBbIe, KOTOpbIE NPH
A — 0 craruBatoTea Kk Toukam =*1. [Ipu /\ = 1 uMeem nemHKucKaTy Bepryiny;
ypaBHeHHUe ee B MOAAPHBIX KOOPAMHATAX T = 2C0S 2.

2) JlemHHCKaThI ¢ POKYCaMH B TOYKAX 23 U 22, TAE 21, 22 — KOPHU ypaBHEHUSA

|22 — z1]

2> +az+b = 0. JleMHHCKATBI COCTOAT U3 ONHOM JIHHUM, €CTH A > o

U U3 ABYX, eCli A < \/ Hpn A= \/ uMeeM neMHHUcKaTy Bep-
+

z2
HYJ/IHU C IBOMHON TOYKOH
1
1.40. 1) |z|max = 5 V a' + +CL), ]zlmin = 5(\/(12 +4 - a)',
1 1
2) Izlmax = 5(\/ a? + 4lb| + a), ]Z|m'm = 5(\/ a® + 41b| - a)-

1.41. Coupanbp Apxumena r = ¢.
1.42. Jlorapupmuueckas cnupanb r = e¥.

1.43.1) = 2) 331; 3) 2m; 4) m 5) 0.
z z? 4 y? E+if}
1.44. 6= L _
3 prae L +y 1 ST ot zt+iy=T—

1.45. (1/2,0,1/2), (-1/2,0,-1/2), (0,1/2,1/2), (V2/4,—v2/4, 1/2)
Bce ueTbipe TOUkM NeMaT Ha 3KBaTOpe, AOATOTHI UX COOTBETCTBEHHO DaB-
#b1 0,7, /2, —7/4 (moaroTa OTCYUTHIBAETCA OT HayalLHOr0 MepHUIMaHa, leMa-
wero B naockoctH &, ().

1.46. OxpysHocTh paguyca tg (/2 + w/4) c uentpom B Touke z = 0. “IOx-
HOMY” MOJIOCY COOTBETCTBYET Hayalo KOOpAUHAT, “ceBepHOMY” — GEeCKOHe4YHO
yhaleHHasA TouKa.

1.47. 1) TlonymepunuaHbl ¢ NOATOTON «; 2) napaniend ¢ WUpOToi (3 =
= 2arctgr — w/2.

1.48. 1) duaMmerpaibHO NPOTHBONOJOXHBIE TOYKM Ha OJHON Mapaineny;

2) TOYKM, B3aUMHO CUMMETPHUYHbIE OTHOCUTENBHO Ha4yalbHOrO0 MepuanaHa
(T. e. C OTIMYAIWMMHCS 110 3HAKY JONTOTaMH);

3) TOYKHM, B3aUMHO CHMMETPUYHbIE OTHOCUTENLHO INIOCKOCTH 3KBaTopa (T. e.
C OOMHAKOBOH NOATOTOM U C IIMPOTaMH, OTIMYAIOIUMHUCH 3HAKOM).

1.49. z; - Zo = —1.

1.50. IIpu mosopoTte chepsl Ha 180° BOKpPYr AMaMeTpa, NapaiieibHOro
NeHCTBHUTENbHON OCH 2-TIJIOCKOCTH.

1.51. 1) BocTouHoe nonyuiapye;  2) 3anagHoe moiayiuapue;

3) nonymapue —7/2 < o < w/2; (a — poxarora);

4) nonymapue 7/2 < |a| < 7;

5) 10Hoe noaylwapue; 6) ceBepHOe Moaylapue.

1.52. CeMelcTBO OKPYMAHOCTEN, KACAIOMWMXCA JPYT Apyra B “CeBepHOM Mo~
noce” (momioc mpoeKUMit); NpAMOM, NpoxXoAsAlieii Yepes Hayano KOOpAHHAT, CO-
OTBeTCTBYeT 60ibliad OKPY*HOCTh, a NPAMOM, eil napannelbLHOHA M OTCTOAIEN

OT Havalla KoopJAHHAaT Ha pacCToAHHEe d, — OKPYMHOCTL, JeKallasg B NIOCKOCTH,
HaKJOHEHHOH 1nox yriom a.I'Ctgd K Mepnnuonanbﬂoﬁ IJIOCKOCTH.

1.53. [IpaMbIM COOTBETCTBYIOT OKDYHOCTH, NPOXORALIME Yepe3 “ceBep-

o

HBIN" MNOJIOC.

o
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|z — af 1
1.56. k(z,a) = ——=—1——; k(2,00) = ———=.
( V1+[zPV/1+ |af? (2,0) V1+ |z
— 21 \/1 + |z1/?
1.57. Oxpy#HOCTb ANOIIOHUA = , B YaCTHOCTH, Ipf-
z—2 V1 + ]z

Maa |z — 21| = |z — 2], ecau |z1| = |z2|, ¥ oKpy®HOCTE |z — 21| = /1 + |21,
ecau zz = 00. _ _ _ . '
1.59. 1’ 67”, 67”/2, 6—7”/2, \/567”/47 \/56_7”4, \/5637”/4, \/56_3’”/4‘

1.60. £i; (—1)*
1.61. €%, 1; €% =3; €, 4—-2m €73 2mr—4; a, p—m, ecan ¢ > 0,

np+mecn ¢ L0 1, —, ecn || < 7, u 7w, ecu |p| = m; 2sina; ;
-3
M, ectua+ < mu a—l—[;ir’ ecmu a + 8 > 7.
. (n+ Dz nc . (n+ Dz . nx
sin ~——~ cos — sin ~——" sin — sin 2nz sin? nz
1.62. 1) P et ) 2 2.3 TRE g T TE
sin = sin 3 2sinzx sinz
. (n+1)z nx (n+1)z . nz
s ————— S — COS —— sIin —
5) 2 = 2 ecid m — HedyeTHOe YUCIO; —%,
COS — Cos 5
ecau n — YeTHOE YMcho.
si n+1,6‘ sinn+1[3
m
ng 2 . nf
1.63.1) —2_ cos (a+—)' 2) — =~ sin (a+—->.
) B 2/’ ) B 2
Sin — s —

1.67. 1) sinz =sin{z +iy) =sinzchy +icoszshy,

|sin 2| = y/sh2y + sin’ z;
2) cosz =coszchy —isinzshy, |cosz| = \/m_x;
sin 2z + ¢sh 2y m

3) tgz = ,tg 2| =
) t8 cos 2z + ch 2y Ite 2| cos2x +ch2y ’

4) shz =shzcosy+ichzsiny, |shz| = \/sh2z +sin’y;
5) chz =chzcosy+ishzsiny, [chz| = /sh?z + cos?y;
sh 2z + isin 2y v/sh?2z + sin? 2y

6) thz = , |thz] =
ch 2z + cos 2y ¢ch 27 + cos 2y
1.68. 1) cos2chl—isin2sh1; 2) ish2; 3) sind —ish?2 - 8+151;
. ) 2(cos?2 +sh1) 17
5) sh4—zsm2; 6) 40+91.
ch4 — cos 2 41

1.69. Ime* = 0, ecit Imz = km; Ree® =0, ecan Imz = (2k + 1)n/2;
Im cosz =0, eciu Rez = kx vnn Im 2z = 0; Re cosz = 2, eciu Rez = (2k +
4+1)7/2; Imsinz = 0, eciu Rez = (2k+1)7/2 uan Imz = 0; Re sinz = 0,
ecmu Rez = km; Imtgz = 0, ecim Im 2 = 0; Retgz = 0, ecin Rez = kn/2;
Imchz=0,ecntu Imz=Fkn umn Rez =0; Rech2=0, ecru Im z = (2k + 1)7/2;
Imcthz =0, ecant Im z = kn/2; Recthz = 0, ecit Rez = 0. Beane k — neinoe
ypeno (k= 0,+1,+2,...).

1.70. 1) Rez=§+k7r' k.

K

7a
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5

1 .
?, 3) (2ki Z)ﬂ'l,
4) %]n 13+ (2k7r — arctg g)z, % In13 + [(Zk + 1)7 — arctg g] 7.

1.72. MHoxecTBO 3Ha4yeHHit 2 Ln z cocTaBaAeT nuilb YacTh MHOMECTBA 3Ha-

1.71. 1) In4 + 2kmi, (2k + 1)mi, mi; 2) (2k + %)m

yennit In (2?) (em. [1, ra. III, m. 19]).

1.73. 1) 4m; 2) —2m; 3) 0; 4) 4.

1.74. 1) cos(2kV/2 71) + isin(2kv/2 );

2) 2V2[cos (2k + 1)mv/2 + isin (2k + 1)7v/2); '

3) e*(cosIn2 +isinln2); 4) e*7; 5) -7, g) uf,’(”‘“/“””;

V2
7) Hetrcts (4/3)+2kx [cos (ln5 — arctg %) + isin (1n5 — arctg %)] ;
8) —5erets (4/3)+(2k+1)m [cos (ln 5 — arctg %) +isin <ln 5 — arctg %)}

Beane k — uenoe uucno (k =0,+1,£2,...).
1.76. MuosecTBa 3Havennit a’® u (a®)’ coBmajaloT Memay co6oif, HO He

) 2 o ~
COBHAfAaIOT, BOOOIle TOBOPA, C MHOMKECTBOM 3Hauyenuit (a’)¥; obwuit ciyuait,
KOrja NoKa3aTeilb CTeNeHU 2 3aMeHeH NPOM3BONbLHAIM KOMIUIEKCHBIM NoKa3aTe-
aeM [, paccmortpes B (1, ra. I1I) m. 20].

1.80. 1) Im Arccos z = Im Arcsin z = 0, eciu z — JefCTBUTeNbHOE YUCIO U

[z2] € 1; Im Arctgz = 0, eciu 2z — AeHCTBUTEIbHOE YUCIO;

Uz

2) ReArshz = 0, ecan z — yncTo MHUMoOe YHcao U |z] < 1.
181 1) = + 2k, 5’61 +2km  2) 2kmED;  3) %kmtiln 2+ V),
4) 2km —iln (VZ - 1), 2k + D)7 —iln (V2 + 1);

5) % [arctg % + (2 + 1)7r] + I,
6) In (V5 £ 2) + (2k + %)m’; 7 ilnS n [%a.rctg2+ (k + %)ﬂ‘]z
Berony k — uenoe yucio (‘kc\o, +1,£2,..).

1.82. 1) z = g+2k7r—iln\(‘\/§:t1); 2) z = ¥+2kﬂ'—iln3iﬁ'

5
3)z=1—r+2k7r—iln\/§—1 —%"ka—iln‘/g\gl;

4) z =2kmi; 5) z=—In2+ (2k + 1)ms;

6) z = (2k+ -;—)m 2= —1n3/i (21;- %)m

Bcrogy k — uenoe yucino.

1.83.1) z = kn(1£4); 2) z=kn(1+i) u z = (i';i;—t—)’i 3) 2= %1(-'“1—%

= % Beiogy k — uenoe uucio.

1.95. Cxoagutca ab6comoTtHo. 1.96. Cxoautca aGconoTHO.
1.97. Pacxoautca. 1.98. Cxoautca HeaGCOTIOTHO.
1.99. Cxoxurca HeaGcomoTHO IpH ¢ # 2kw (k =0,+1,+2, ...), pacxogures

npu @ = 2kw. -

1.100. Cxopurca abcomoTHo. 1.101. Pacxogutcs.
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1.102. Cxogutca a6comoTHo. 1.103. Pacxoagurcs.
1.104. CxoguTcaA aGCONOTHO.
1.105. 1) z=0u 2 = 2;
2)z2=0,z=1/m, 2=1i/n — (m u n — n1o6ble leible YNUCIa);
3) Bce ToukM muockocty; 4) Bce Touku Kpyra |z| < 1.
1.107. 2) Rorna li_)m zn paBeH 0 MM 00.
n o0

1.109. Otpesox npamoit: z = 1, ~2 < y < 0. 1.110. Hapaboaa y = 2°.

1.111. [IBamasl npoberaemas npaBas MONOBUHa Napabonbl y = 2%

1.112. JleBan noNyoKpyHOCTL pafinyca a ¢ IeHTPOM B Touke z = (.

1.113. Bersb runep6onn! y = 1/z, nexaniad B TpeTbeM KBajpanTe.

1.114. 1) Bepxudan noayokpyHoOCTb paguyca 1 ¢ ueHTpoM B Touke z = (;

2) YeTBepTb OKPYHHOCTY paguyca 1 ¢ UeHTpoM B Touke z = (), Temauiad B
[1epBOM KBajpaHTe.

1.115. 1) Huraouga: ¢ = a(t —sint), y = a(1 — cost);

2) nepsas (CUMTasA OT Havana KOODAUHAT) Ayra yalInHenHol (a < b), ykopo-
yennoit (@ > b) uan obbikHoBeHHOH (a = b) uuwmougs: z = at — bsint,
y =a —bcost.

1.116. 1) O6pasamu npamsix x = C apaslorea npu C # 0 napaboabt u =
= C? —v*/(4C*), npu C = 0 monyock v = 0, u < 0; o6pasamu npameix y = C
apasiorca npu C # 0 napabonst u = v /(4C*) — C?, npu C = 0 nonyocs v = 0,
u 2> 0; o6pa3oM npAMOR y = ¢ ABAAeTcA molyock u = 0, v 2 0; o6pasamu
OKPYHOCTeit |z] = R ABAAIOTCA OKPY#HKOCTH |w| = R?; o6pazamu nydeit arg 2 =
= @ — NAy4M argw = 2¢v; B3aUMHO OJHO3HAYHO 0TOGpamaioTca npamsle ¢ = C,
y=C npu C # 0 u ay4n argz = a;

2) mpoo6pasamu npamsix u = C' ABIAIOTCA rumepborsl z° —y° = C (npu
C = 0 — napa npaMbIx), npoo6pasaMu npambIX v = C — runepboasl zy = C/2
(npu C = 0 — napa npsAMbIX).

1.117. 1) O6pasamu npameix & = C ABAAIOTCA okpy#HocTH u? + 0¥ —u/C =
=0, npu C =0 — ocb u = (; o6pasamu npaAMbIX y = C ABIAIOTCA OKPYHHOCTH

u'+v*4+0/C =0, npu C =0 — och v = 0; o6pasamMu OKpymHOCTeH |z| =
= R fABIAIOTCA OKpYHHOCcTH |w| = 1/R; obpasaMu nyueit argz = o ABIAIOTCA
Ny4u arg z = ~a; o6pa3oM OKPYHKHOCTH |z — 1| = 1 aBareTcA npamas u = 1/2;

2) npoo6pasamu npaAMbIX v = C ABIAIOTCA OKpyHHocTh z° 4+ 3 — 2/C =0,
npu C =0 — ock z = 0; npoobpaszamu npaAMbIx ¥ = C ABJIAIOTCA OKPYHRHOCTHU

z2+y2+%=0,anC=0~’Obe=0-

1.118. Oyurupd w = z + 1/z oToGpamaer ORpy&KHOCTH |2| = R # 1 Ha a1-

2 2

JUINCHI 7 +u1/R)2 + R —Ul/R)2 = 1, a OKpY#HOCTh [z[ =1 Ha oTpe3ok v =

=0, -2 € u £ 2; pynkuusa w = z — 1/z oToGpamaeT okpyHocTH |2 = R# 1
2 2

Ha 3JUIUMNCHI ® —ul/R)2 + (R+v1/R)2 = 1, a okpysxHocTh [2[ = 1 Ha oTpe-

3oru=0,-2<v<2

14 JI.H. BonkoBeIckuit 1 ap.
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1.119. Mpoo6pasom cemelicTBa u = C Apnserca ceMeficTso (x> +y> 4+ 1) =

Yi

o o e e

L "
NN
I

v,

if

)
R
SIS
i
e
X
)

N

Puc. 59

= C(z® + y?); npoobpazom cemeiicTBa v = C — ceMeiicTBo y(z’ +y° — 1) =
= C(z? + 3%) (puc. 59).

1.120. B nyy, uaymuit no oTpruaTeabHONH YacTH AefCTBUTENLHON OCU U3
TOYKH w = —1/4 B TOUKY w = 00.

1.121. 1) Orpymuoctu p = e, nyun § = C, cnupans p = e%;

2) nusun y = e + 2km.

1.122. 1) CewmeticTBo npaMbix z = C' mpeo6pasyeTcA B CeMeMCTBO v° =
= —4a*(u — a® + 1/4) ( napaGonsl ¢ pokycoM B Touke w = —1/4, a = C + 1/2),
B KOTOpPO€ BXOAUT TaKe My, HAYLNIA U3 Toukn w = —1/4 no orpunarensHoi
wacTu feficTBUTenbHOI ocu (a = 0); cemelicTBo y = C npeolGpasyeTcA B cemeii-
cTBo codokycHbix mapaton v* = 4C? (u 4+ C? + 1/4) B KOTOpPOE BXONUT Tak#e

Ay4, MAYLIHHA U3 TOYKH w = —1/4 1m0 AefcTBUTENLHON OCH B MONOMKHUTEIbHY IO
CTOpOHY;

2) cemeiicTBo z = C npeofpa3yeTcA B ceMeiiCTBO OKpYKHoCTel Anosio-
HHUA OTHOCHUTENLHO TOYeK w = —1 M w = 1 (BKIlovYaiollee ¥ MHHMYIO OCh);

YypaBHEHUE ceMeiCTBa OKpYRHOCTel Anonnonus: (u — a)2 +vi=a®— 1 la|>1
(a = cth 2C); cemeiictBo y = C npeofpasyeTcA B My40K AYT' OKPYKHOCTEH C

KOHIaMM B ToOUKaX w = —1 U w = 1, BRAIOYAIOWNI ¥ COOTBETCTBYIOIINE YacTH
IeACTBUTENbHOH OCH; ypaBHEHHE Ny4YKa OKPYH#HOCTe: u® + (v+ b)2 =148
(b = ctg2C);

3) cemeiictBo z = C mnpeobpasyercdA B cemeficTBo coupanefi p =

2 2
=0 /(402), npuueM ocu £ = 0 cooTrBeTcTBYeT 0Tpe3ok § =0, 0 < p < 1; ce-
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o _ o _0%274c%)-C?

MmeiicTRo y = C npeobpasyeTca B ceMeicTBO cnupaneii p = e , IpudeM
ocH y = 0 coorBercTByer 1yu =0, 1 < p < o0

1.123. [pamemM y = C cooTBeTcTBYIOT duHuu «w = ¢ + e cosC, v = C +
+¢®sinC, orpeskam upameix £ = C — pyru auHuit u = C + e cosy, v =
=y+ €€ sin Y.

1.124. 1) CemeiicTBy jw| = R coOTBeTCTBYIOT OKpY:HOCTH 1 = cos ¢/In R
(R # 1) u MEuMan ock (R = 1); KamIoMy Jydy argw = & COOTBeTCTBYeT ce-
MBICTBO OKpyMHOCTel 1 = sin ¢/ (2km — a); npu a = 0 B 3To ceMeNCTBO BXOAUT

neucTBﬂTeanaﬂ ochb (npn k=10);
/ 2) runep6onsi z° —y* = In R n 2zy = o + 2km.
1.126. Toasko f(z) = zRez/|z| (f(0) =0).
1.127. 1) u 2) HenpepsiBHel, Ho He paBHoMepHo.  1.128. 2) Her; 3) na
1.132. De=1,b=—a; f(z) = (1 —ai)z; 2 a=b=—1; f(z) ="
1.133. Oynxuus anamyruueckas npu 0 < argz < n/4, m < argz < 5w /4
(f(z) = 2°) u npn 1:3/2 <argz < ?éﬂ/4, 372 <argz < Tr/4 (f(z) = —2%).
Ou v Ou v
1.135. 7‘5—; = ‘—9;, % = —r—67. 1.138. 0.
1.155. 1) Her, ecau u # const;  2) f(u) = au +b.
1.156. |f(z)] — ¢pyukuua He rapmonndeckas, arg f(z) n In|f(z)] — rap-

MOHHYECKHeE. 5 e
“u 10w 1 0u
1.157. Au:—a~2—+;b—r T a(po,u—Cllnr—%Cv

1.158. py ==z, q = y,pv—z -, qv—2wy,ps—x - 3zy?, &= 3¢’y -y’
ps =zt — 6% + 4, qu = 42’y — 4:(:y Pn = 1" COSTY, gr. = 7" SINTLY.

1.159. v(z,y) =2zy +y+ C. 1.160. v(z,y) = ~ ,,j_ =+ C.
x= y-

1.161. a) v(z,y) =argz+ C; 6) v(z,y) =argz+2mn + C.
1.162. a) v(z,y) = argz —arg(z— 1)+ 2mn + C; 6) v(z,y) = argz —
—arg(z~ 1)+ C; B)v(z,y) =argz—arg(z— 1)+ 2ma+C.

1.163. a) v(z,y) = Zak arg (z — zi) + 27erkak +C;
k=1 k=1

6) v(z,y)= Zak arg (z — zi) + 27rmZak +C (ecnu Zak =0, To pyHk-

k=1 k=1 k=1

uns v{z,y) B paccMaTpuBaeMoii o61acTu onﬂoanaqua).

1.164. 1) CymecTtByeT; 2) cymecrtsyeT; 3) He CyLieCTBYeT.
1.165. f(z) =22 + (5 — i)z —i/z + Ci.
1.166. f(2) = ze” +2icosz + 2° — iz + Ci.

1.167. f(z) = 1/(22) +i2* +3i + C.
1.168. f(z) = 2ilnz — (2 —-1)z + C. Bciogy C — npousBodbHas AeiCTBU-

TelbHaA NOCTOAHHAaA.

1.169. u = Ciz + Cs.
1.170. u = Ci(az + by) + C>. 1.171. u = Ciarctg (y/z) + Cs.

1.172. v = Cizy + Cp.  1.173. u=Ciln (z* +y*) + Co.
1174 u =~ C‘”” 5 +Ce. L175. u=Ciyfz + /22 + 4> + Ch.

14*
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1.176. He cymectnyer. 1.177. f(2) = e'*2%¢*.

1.178. f(z) = e®er’.  1.179. flz) = Ae® 12,

1.180. f(z) = Aze” (a — nponsBonbLHAA AeACTBUTeNLHAA IOCTOAHHAA, A —
NPOU3BOJIbHAA NONOMUTENbHAA NOCTOAHHEA).

1.182. az + A, iaz + A, Ae®, Ae'®*. 1.183. iaz + A, az + A, Ae™®?, Ae®”.

1.184. ailnz + X, alnz + A, Ae® "2 A2l 2,

1.185. alnz + A, ailnz + A, Ae?'2, 22,

1.186. a/z + ), ai/z + A, Ae®/*, Ae®*/* (a — nponsBonbHas mecTBATENL-
Haf NOCTOAHHAA, A — MPOU3BONbHAA KOMIUIEKCHAA NOCTOAHHaA).

1.187. Inaw=21}9=0,k=2; 2)9=m,k=1/2; 3)I=u/4, k=2V?2;
4) 9 = m — arctg (4/3), k£ = 10.

Inaw=2 1)9=0,k=3; 2)9=0,k=23/16; 3) 9=x/2, k= 6;
4) 9 = —2arctg (4/3), k = 75.

1.188. 1) Cxatne npu |z| < 1/2, pactamenue npy |z| > 1/2;

2) cxkatue npu |z + 1] < 1/2, pactamenue npu |z + 1| > 1/2;

3) caartue npH |z| > 1, pactamenne npu |z| < 1;

4) cxartue npat Re z < 0, pactaxenue npu Rez > 0;

5) catue npu |z — 1| > 1, pactaxenue npu |z — 1| < 1.

1.189. S = //lf’(z)[zdzdy, L= /]f(z)lds.
G !

1.190. /2 (2" —1). 1.191. 2¢%(e* - 1).

1.192. O6nacrbio D sBaserca koaslo e < |w| < e’. opmyny us 3ana-
uyy 1.189 npuMeHATb Heab3d, Tak Kak oToOpaseHHe He ABIAETCA B3aUMHO Of-
HO3HaYHBIM.

I'nmaBall

21.w=(1+)1~-2). 2.2.w=2+)z+1-3i.
23. 1) z=-1+3,9=0k=2 w+1-3i=2z+1-3i);
2)zo=2+2i,ﬂ=-;E,k=1,w—2-2i=i(z-2—2i);

3) KOHEUHOUN HEeMOABUAHON TOUKU HET;
4) eciu a = 1, To KOHeYHO!l HeMOABUMHOI TOYKU HeT; eciu a # 1, To
w] — azy wip — az) w)] — azy
2n=——,9=arga, k=al, v - ———— =alz - ———);
1—-a 1-a l1-a
5) ecin a = 1, TO KOHEYHOM HENMOABMMHOH TOUKH HET; ecIH a # 1, To

b b b
zo—:—J,ﬁ—arga,k—]al,w—l—_—z—a(z-l_a).

24.1)w=az+b; 2)w=-az+b; 3)w=-i(az+b); 4)w=az+bi.

Bezne a u b — peficTBUTenbHble uncaa U a > 0.

25. )w=z+bimmw=—2z+1+bi; 2w=z+bumw=-z-1i+¥

w=z+b1+1) nan w = —z+ 1+ b(1 +1).

Bciogy b — peiicTBHTenbHoe uucio. Ipyr apyry COOTBETCTBOBATb MOTYT
TOYKH, JeKauiie WIKW HA IPAMOIL, Napa/sielbHOM IpaHMIlaM IT0JOChl, UM HA Ma-
palieNnbHbIX APAMBIX, CAMMETPUYHBIX OTHOCUTENbHO CpeNHell IMHHUM MOJOCHL.
OTo6pazenye He onpejenseTCA OAHO3HAYHO, €CIH COOTBETCTBEHHbIe TOYKH Je-
aT Ha cpeaHell IMHUU TOJOCHL.
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26, Dw=2"9; 2uw=2FTh 0 gy VIFE itz
h h b !
Vit .
4) w= _g;_j‘_%e—t(ﬂ/%-arctgk)(z _ Zbl)

2.7. w = e Rz + wo.

2.8. 1) CemeiicTBO IpAMBIX u = 1/a, napaiielbHbIX MHUMOI ocH (He BKIIO-
qaloulee camMoe MHHUMYIO OCb);

2) ceMmeicTBO NpAMbIX v = —1/b, napaiencHbIX GefcTBUTeIbHON ocH (He

\ BKJIIOUAlOljee caMoe JeHCTBUTENbHYIO 0Ch);

3) cementcTBO okpy#HocTeit b(u® 4 v?) + u + v = 0, KacalOUMXCA B Havale
KOOpPAMHAT NpAMOii v = —u (BKIIOYaOIEe U CamMoe 3Ty NPAMYIO);
4) Ny4yoK OpAMbIX v = —ku;
5) IyUOK OKPY#HOCTeN, IPOXOAALIKX Yepe3 Havyano KOOpAHHAT 1 Yepes ToY-
KY wo = 1/2¢ (B 3TOT My4OK BXOZUT TaK e NpAMad, NPOXOAAIIAA Yepe3 TOYKH
=0unw=w);

V3

v+ 1

2.9. 1) B ceMeiicTBa OKpyKHOCTeMH, KacaloIUXCA B TOUKe w = h NMpAMBIX,
COOTBETCTBEHHO NapalielbHbIX MHUMON U JeliCTBUTeIbHON ocAM (BRIIOYan M
caMM 3TH NPAMbIE); YPABHEHUSA 3TUX CeMENCTB:

(C — zo)[(u — h1)” + (v — h2)*] = (u — h1) = 0;
(C = yo)l(u — h)* + (v = h2)’] = (v — h2) = 0,

rge zop = xo -+ iyo, h=hh+ ihz;

2) B ceMeiicTBO OKpY#HOCTeN ¢ ueHTpoMm B Touke w = h (Jw —h| =1/R) u
ceMelCTBO Jy4el, BbIXOAAWMX U3 Touku w = h (arg (w — h) = —a).

2.10. 1) YpaBHeHHe ceMelicTBa OKPYHHOCTell AMNONIOHMA OTHOCHTEILHO
z— 21

6) uucconga u? = —

TOYEK 21 U 2z2: = A. Konust 4 u B puamerpa, neauero Ha nps-

Z - 29

A<1 A=1 A>1

T2

Puc. 60

MO, NpOXOoAsAWe yepe3 TOUKH 21 U 22 (puc. 60), OelIAT OTPE3OK z122 BHYT-
PeHHHM M BHeIIHWM o6pazoMm B oTHomeHuu A. Eciau Bocmonb3oBaTbcA 060-
3HayeHHUAMHM, yKasaHHbIMK Ha pucyHke (C' — LEHTp OKPYKHOCTH C JUaMeT-
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pom AB), u 0603HauuTh |21 — 23] = d, To npu A < 1 UMEIOT MECTO COOTHOILe-
m/m/\r—-cosazr—l=E = M rl:_iz_d_ rz:_l__-
R r’ 1— a2’ 1-2a2’ 1— Az’

2) NYTH OKDY#HOCTel, NMPOXOOALIUX 4Yepe3 TOYKHM 21 M 23 arg A R

Z=22

= §. yru, cooTBeTCTBYIOLIHE

sHayeHUAM @ =a u 0 =7 — q,

/ B
/ 7// ® HONOAHAIOT APYT ApYra A0 Moi-
//////,’////Il e .  HOU OKPYAHOCTH;
////'/////;;;;«;"%\ 7 - - 3) noaspHOH CceTke COOT-

////vl/ A5, BeTcTByeT (puc. 61) cerka
A //////',,’/‘A‘ - cocroaian :3 oRpyHHOCTEH
//:‘/;/'////7//'{//7/’//1/;"/' 2 Anoanouns | =22 lpi R u op-

z— 2

oy
iy
S,

Y
NN

B
Puc. 61
z—z
TOTOHAJAbHBIX K HUM AYT arg L—9 (ecnn # > 0, To nyra pacnoJjioeHa cpa-
z— 29
Ba OT HanpaBieHus 72; eciu 8 < 0, — To caepa);

4) BepxHeMy NONYKpYrY COOTBETCTBYeT yKasaHHbIH Ha puc. 61 npamoit
yrod.

2.11. B nonyxpyr jwl < 1, Imw < 0.

2.12. B obaacTb, comepsrailyio Toyky w = ( u orpaHuveHHYIO Ayramu
okpy#HocTelt lw| =1 u |Jw + 5i/4] = 3/4.

2.13. B o6nacTe, nonydeHnyio U3 HumHeld nonynnaockoet (Imw < 0) yza-
JeHNeM HaxolsWeHcA B 3TOH MOJYIMIOCKOCTH 4acTu Kpyra |w—1/2+1/2] <
<V2/2.

2.14. 1) B o6nacTb, orpannyeHnyo npsamoil Rew = 1 n Kacamomeiica ee
OKpy#HOCTBIO |w — 1/2] = 1/2;

2) B o6i1acThb, OrpaHUYEHHYIO KacalOWHUMUCA APYT APYTa OKPYHHOCTAMH
lw—-1/2|=1/2 n|w—3/4| =1/4.

2.15. B npycBaA3nyio o61acTh, rpaHnia KOTOpoii cOCTOUT U3 npaAMoil Rew =
= 1/2 n oxpymuocTH |w — 3/4| = 2/3.

2.16.1)w=—§+1+hiunnw=g+hi; 2) w= (%-1)+
z z dg—di \ z

. _ dz (22._ ) . _d1(z—d2)
+hzlzumw---——dl_d2 . 1) + 1+ hi; 3)w_——_z(d1+d2)'



Taasa II 215

2i(z+1) | 2)w=(1+2i)z+6—3i

2.17. 1) w = — - .

4z —1-51 5(z — 1)

} . . . 1—i

2.18. 1) w= GFD2HLIFS )y _dzk24i g 1o,

(1+14)z+3+1i +1 2

Y . C A — 21 — i
2.19. l)w:( 1+§31)z+1 .1; 2) =z(l z? 2(1 .z);

(1+29)z—-1+1 2z(1—1) — (4 —1)
3) w= 2B -i) = (149

(1+14)(1-2)
2,20. w = ,Z — 11; BEPXHAA NOJYIJIOCKOCTH [1€PeXOAUT B eIUHHUYHBIH KPYT.
1z —
221. 1) w= azi—; rae a, b, ¢, d — geiicTBUTeNbHble yncna U ad — bec > 0;
cz
2) w= azi;, rae a, b, ¢, d — peficTBuTenbHble yucna u ad — be < 0;
cz
N w= i ha b, rae a, b, ¢, d — peiicTBUTenbHble Yncia u ad — be < 0.
cz

2.22. Dw=2/2-2); 2)w=-202z+1)/(z-2).
2.23. w= % - z; o6pa3oM BepxXHero noaykpyra faBiaserca yroix u > 0, v < 0.

z

2.24. 1) (2+414)/5; 2) 9/2 +i.

2.25. 1) |2| = 2; 2) npamaa ¢ = 1/2; 3) |z — i/4]| = 1/4; 4) zzo + yyo = 1/2;

5) |z — 20| = /| ~1 (1. e. 3Ta OKPYMHOCTb CMMMeTpHUYHa cama cebe
OTHOCUTENLHO €1MHMYHOI OKPY/KHOCTH);

6) (z* + y*)? — (> = 3?) = 0 (nemuuckara);

7) KpUBOIMHENHbI TpeyrolbHUK ¢ BepliMHaMy B Toukax 1/Z;, 1/Z, 1/z;,
CTOPOHAMH KOTOPOro ABAIOTCA YT OKPYMHOCTEH, NPOXOAALIMX Yepe3 napy
BepWUH U TOYRY 2z = 0 (o4Ha M3 AYr MOMKET OKasaTbCA OTPE3KOM MPSAMOi1).

(a—m/2)i

2.27. 1) (z) =a+2arg(z — B); 2) w'(8) = 6—25—;

3) ecnu b > 2, To BCA NONYIIOCKOCTh CrkUMaeTcs; ecan b < 2, To pac-
TArUBaeTcA 06iacTh, Temamas BHyTpH kpyra |z — 8| < v/2b. (OkpysHocTh
|z — B = V/2b naspiBaeTca usomempuueckoil.)

2—21 ,/2+3)z~(a+bi)

-1 5
2.28. 1) w = i Dw= 3) w = el .
Jw="rn Dusitas Yw Z—(a—b)
2.29. w=Ri’=  +wp. 230 w=-""2 231 w=-4_7F2
z41 z+ 21 z-~2—4i
2.32.w= ke(”“rg(”/“m/?z—‘i, rae k > 0. JlyyaMm, BLIXORAIIUM U3 TOYKH
2z — 29

w = 0 B nonyniaockoctt Rew > 0, COOTBETCTBYIOT B 2-TIOCKOCTH AYTU OKPY#H-~
HOCTeH, aealie BHYTPU Kpyra |z| < 1 ¥ Npoxoasuive Y4epe3d TOUKH 21 U 22;
JeRaluM B Noaynnockoctd Rew > 0 NONYOKPY#MHOCTAM C LHEHTPOM B TOYKe
w = 0 COOTBETCTBYIOT HaxoAAIMECA BHYTPH Kpyra |z| < 1 Ayru okpy#HoCTeit
ANOJIOHUA OTHOCUTENLHO TOYEK 21 U 22.

2.33. wp= 2°4 p=l2z2l
Zo — 29 2|Im 23}
2.34. UTb _gieaZze 985 wZE_zze
w—b z—a w—a z—a

2.36.1) () =a — ¢+ 2arg ('’ —a) =a — p + 2arctg sinp — Asind

a=Xe.

cosyp — Acos®’
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!
. i /
2) w'(0) = (1~ lale®, w'(e) = 5. /
“la
/
3) Eciu a # 0, To pacraruBaercA o61acTh, Jemaliad BHYTPH Kpyra
|z —1/a] < 1/1/|al? — 1, a cxumaerca obaacTh, flemallas BHE HTOTO Kpyra.

(OxpysuocTe |z —1/a| = y/1/[a|> — 1 nzomerpuyeckan.) Eciun o = 0, To
lw'(2)| = 1.

dw 14 |a dw 1—|a
4) max | —| = , min [ 22| = )
dz 1—|a dz 1+ |a
22 — ; ) - .
2.37.1)w= z 1; 2)w:222~f1; 3)w=-zz; 4) w _a =emz _a‘
2—z 241z 1 —aw 12—a_z
2.38. Ry If_-b =e* R, i_a .2.39.w:l:._z_ 2-40.11):2_2— +l”
R; — bw R{ —az z42 z42—2
: — -b 3 £—a s Z—0Q
2.41. ) w=R%* 2%, 2) LT o . w=R
Jw ¢ R’ a )Rz—bw ¢ R _az Jw R? _az
rie a — HReHCTBUTeNbHOE YMCHO U |a] < R.
2.42. w-e =6iwz__Z1,l"lIesD:7r—-a,rg 22__21’
1—aw 1 -2z 1—2Z129
Jz2 — 21|
a= 5 2 N
1= ziesl + V- [P (L - [22P)
_ vi—aZ _ —
2.43. w=z-2Z1EVIZa L ,l-Vi-d
(1-V1-a’)z~a a
246. Dw=z w=212=V3 . g 2o 24V3
1+ (2~ V3)2 1-(2-v3)z

2.49. ORpy#HOCTH, NPOXOAALIHUE Yepe3 TOUKY 2o ¥ UMeIOIlKe B 3TOif TouKe
KacaTelbHylO, oNpeflefifieMyl0 BEKTOpPOM h.

: 2

2.50. w = (—w,
z ~ (R + ki)

k = oo cnepyer nonomuTh w = z).

rae k — aedicTBUTENbHOE 4YuCIo, k # 0 (npu

A
2.55. Ecan |a| < sin 51 TO npeoGpa3oBaHue 31AMNTHYecKoe. Eciu 0603Ha-

iatA/2=m/D) B 2y = eilatA/2=m/2) B ¢ Ao _

\ g 9! 2 g 57 g 2

= tg = cos 8, To npeofpasoBaHre MOMHO 3anucaTh B BUIE Y2 _ g2 2
2 w— 2 z— 22

A
4uTh |a| = 51n§smﬂ, z1=e

A
Ecau |a] = sin 5 To npeobpa3oBaHue napaboandeckoe U UMeeT BUA
w — 2

1 o i _ A LA

=T + thz;, rne zg = e N2-7/2) p—tg 5 Ecau |a] > sin 5 TO npeo6pa3so-
LA . i _

BaHHWe TUllep6onrdeckoe. Ecau 0603Ha4YMT: Sin 5= la] sin B, z; = eH@+M2=m+B),

cos(A/2) + v/laf2 — sin?(1/2)

K = , TO mpeobpasoBaHMe 3alUIIETCA B BUAE
cos(A/2) — v/|af? = sinZ(7/2)

w—2z] Kz -2

w—z  z—z

2.56. I' = 2arctg (a/h); I = 2a/h + O[(a/h)*] npu manom a/h; I' = 7 —
—2h/a + O[(h/a)®] npu manom h/a.
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_ zosiny 1+ xo :7_)‘
2.57.I‘~'y+2arctg—-———1_zocos7_Za,rctg(u———~1_xotg2 ;T <y, ecan zo <0,

ul >, ecan zo > 0.
2.61. 1) w=-20/z; 2)w=—(2iz+1+ 2i).

2~ vRIZ=RZ ., h (h)2_1

2.63. w= —F—————¢ = =4 —
v 'PTR R
a4z —3 ; 3
2.64. h = §; w=2"2"0 ymw = e“’4—z—+—.
4 ) 4243 04 4z —23
2.65. w= 2 ¢y = 2T Rk, 2
z+ 24 3z 3
z—2z z— 2zh
2.66. w= A\ ;UM W = A -, Tle A — TpOU3BOIbHOE KOMILIeKCHO®
z — 22 zZ - Zl
uyucno, 2y = 21 + M, =2+ U-Z(—zzd;ﬂz, d =z —z|,
1
w = o1+ & =1 = P =+ PP = (= )],

uz = ﬁ(r% +d =1+ [ = (r1 4 ) — (1 — rz)z]);

1Y _ [(d+r2—ui)(r1 ~ u2)
“( o ) - (d+ r2 —u2)(t1 ~ u1)

2.67. 1) u=2 2)p=5+2/6.

2.69. I'pynna 6ygeT KOHeYHON, eCIM (@ COM3MEPUMO C 7.

2.71. OdynnameHTanbyble 061acTH (OAMH M3 BO3MOMHBIX MX BUJOB) MOKa-
3aHbl IITPHUXOBKOH Ha puc. 62. JKBHMBaJeHTHbie IPpaHUYHble CTOPOHbI COEAM-

1) 2) 3)

3

2 2 2
7)4 2
4
2
S
4 2
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HeHbI cTpedkaMH. Touku ¢ HUppaMH — HeNOABHMHble TOUYKU BpaimleHHH, BXO-
DAWMX B rpynobl (QMdpa yKasplBaeT YMCIO NOBOpoToB). JnA HociefHUX OATUH
NPUMEpPOB YKa3aH NapajlliellorpaMM ABOAKONEpHOANYEeCKON NOATPYRIIbL; B MPU-
Mepe 7) 3T0 KBajpaT, B npumMepax 8) K 9) aro pom6 ¢ yraamu 120° u 60°.

IIpuMeyaHue. MoiHO NOKE3aTh, YTO C TOYHOCTHIO A0 TMHEHHOr 0 Npeot-
pasoBaHUA rpynnamu 3)-9) MCYepNBIBAIOTCA IPYNNBI UHENHBIX Npeobpa3oBa-
HUit C OIHOM npenenbHON TOYKOMN (Tak HasblBaeTCA NpelelbHas TOYKA MHOMEC-
TBa 3KBUBAJEHTHLIX Mekay co60il TOUeK).

2.72. D w=e%s 2) Llogefll gy Wt eZzt
w1 z+1 w+1 z+1
) woo _ e ZT0
1+ aw 1+az
2.78. 1) u 2) locTpoentte 04eBUIIHO;
3) skBuaucranTamu “npamoin” af (o u B — “GeckoHeyHo yHaneHHble” TOY-

KM 3Toil NpAMOIL) ABAAIOTCA OYTH OKpYMHOCTel ¢ KoHllaMu «, O (oHu Ha3plBa-
IOTCA 2UNEPYUKAAML);

4) mpenenbHbIMU IMHUAMM A Nydka “NapannefbHBIX NPAMBIX” ¢ obwiel
“GecroHEYHO yAaneHHO” TOUYKOH a ABAAIOTCA OKPYMHOCTH, Kacamouueca (13-
HYTpH) eNMHUYHOH OKDYMHOCTH B TOYKe ¢ (OHM HA3bIBAIOTCH OPUUUKAAMLL).

2.79. 2) JinA nocTpoeHUA “npAMOMHelHoro” TpeyrolbHHKa C YriaMHU ¢r,
2, Q3 CTPOUM KpyroBoii cektop OAB c nenTpaibhbiM yrioM A = 7 — (o1 +
+@2 + @3), npoBoauM ‘npamyio” AB, a yepes Touku A u B — “npsaMble” nog
yraamu ¢: u @3 k AB nepecekajommeca B Touke C. AABC HUCKOMBIIA.

2.80. Dw=i(~a*) Yuw=,[z-T —i\/g

2 2
2.81. 1) w= 2 2)w=\/§; 3)w=—4<z“).
a? a 2\z-2

2.82. O6aacTs orpanuyena yaurtkoi [lackans: v = R(cos p+mcos2p), v =
= R(sin ¢ + msin2¢p). Ecan nepenecrn na-
4ajlo KOOPAMHAT B W-NMIOCKOCTH B TOYRY
w = —Rm, TO nony4um ypaBHeHUe YIHMT-
KM B 0o6pluHOM Bufe (B NONAPHON CHCTe-
Me Koopauuat): p = R(1+ 2msiné). Ilpu
m = 0 ynurka Ilackana oGpamaerca B
OKDYKHOCTb, Ipu m = 1/2 — B Kap-
AMOMAY C TOYKoi Bo3BpaTa w = —R/2.
O6pasaMy oxkpymHocTelt |z] = r < 1 sB-
AAoTcA Takme yauTku Ilackans, moasap-
Hble ypaBHeHUA KOTOPBIX JIE€rKO MONy4aloT-
CA NpM fepeHoce Hadala KOOPAMHAT B TOY-

!

KRy w = —Rmr’: p = Rr(l +2mrcosé).
OGpasbl pafiycoB OKPYMHOCTH argz =
= @ — napa6onrl, NPOXoAfAlive Yepe3 Ha-

Puc. 63

vano koopausatr: m{usin2a — vcos 2a)’+
+ Rsinafusina — vcosa) = 0. Paguycam & = 0 u @ = 7 COOTBETCTBYIOT OT-
pesky neiictBuTtenciof ocn 0 Cu K R1+m)u Rim—1) < u 0.

2.83. 06aacTh orpanMyeHa napabonoét w = —v? u Kpusoit p = 2 cosf/3,
[8] < 37/4 (puc. 63).
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2.84. 1) O6nactb orpaHu4eHa STULUKIOUAON: © = R(coscp + &0 nw) ,

. sinn
= R(sm<p + ———f), umeomeit (n — 1) Todek BO3BpaTa, KOTOpPble ABIANOTCA
n
o6pazamu Tovek 2 = "/—1;
cosn .
2) BHEINHOCTb THUNOUMKIOMAbL: U= R( cosp + ———w) , U= R(sm @ —
n

—s—m—nnf , Umewome#t (n+ 1) Toyex Bo3spaTra (o6passl Touek z = "“H/-1).
2.85. 1) jm| < 1/n. O6aacTb orpaHuyeHa y JAMHEHHON BMUUMKIONAOH (MU T-
POXOHMIOL), T. €. TpPaeKTOpHel TOYKH, HaXOLAIEHCA Ha pacCToTHUM MR oT
ueHTpa Kpyra pajuyca R/n, KaTAlleroca u3BHe no Kpyry paguyca R(n — 1)/n.
2) |m| € 1/n. B nepsom ciyuae BHEIIHOCTb €NMHUYHOrO Kpyra, a BO BTO-
POM Cliyyae ero BHYTPeHHOCTb 0TOGPaaloTCA Ha BHEIHOCTh “yKOpoueHHOH”
TUNOHUKAOUABI (THIOTPOXOHABI).

2(%_‘_ 1)e1ri/3z4/3
2.86. 1) w=2Y" 2Juw= )
)UJ z 1 )w (%—_2)6,”,/324/3—{-3\3/2

2 2 o2 B
2.87.1)w:(1+z); Bw= -l gy s S22
Z

y 2 222+ 32+2
2.88. l)wzfu_;__?ﬂl.; 2)w:22;+3z.z+2'
1z°+ 2z +1 222 - 3iz+2
2
2-89.11):(2—1) .
z+1
ZV/e 4 Rl/a\? Zl/a _ gl/ay?
2.90.1) w = (m); 2) w= (_zl/.a+R1/a)
_iN3/2 3
2.91. 1)w=_(2_zj;f?__f) ; 2)w=_(2z+\/§ oY
22— V3 22— v3—3
2 3—i\3 /2 5 _i\3/? _ a4
3>w=(_ZL\C_f);4)w=z(it_\C_f) ;5)11,:[?_[2_(1_%_)}.
2= VB~ 2 - V3 - z—V2(1+19)
) 2/3
2-94.w=e’”/3(ﬁ—1) L 2908 w=,/2tL
z-1 1—-2z

294. w=+/(z+1)/(i—2). 2.95.w=+/(z—2)/(z—2).

2.96. w = /(z+ R)/(z ~ R).

2.97. w=e" /275 2.98. w = i/ Dwmh/u=h?) [ZT T
z—1

2 2
2.99. w=vVZFR. 2100 w= YN
Z

2.101. w = (‘“1)2“ 2% 2102, w= ("l/ﬂ‘l)gﬂ 2 &
) T z41 8 2° ) T 2B 41 g 28"

_ (1 —2)*3 — (14 2)*/%)?
2.103. w= \/[(1 —22P (1 + 2)2/3] +

1
3

vZ+1)’
2.104. w = ioi) Tipu onHoM BLIGOpe BeTBH /z 3Ta GYHRUMA NaeT

peuwenue 3aga4u 1), a npu gpyrom — 2).
2.105. w = z/(1 — 2)%.



220 Omsemui u peusenus

2.106. OxpyxuoctaAM |z| = R (puc. 64) cooTBeTcTBYIOT CO(OKYCHbIE

Puc. 64
3JLIUIICHL w? 2 = 1 (okpy#HOCTH |2| = 1 — oTpe3ok v =0
(R+ /R ' (R-1/R) Py - P ’
—1 € v £ 1); ayyam arg z = a cOOTBETCTBYIOT BeTBH cODOKYCHBIX THIep6on
u? v?

> —— =1 (ayuy argz =0 —aydyv=0,u 2 1, nyuy arg z = 7 — 1yy
COs“ & sin” o«
v=0, u < —1; nydyam arg z = +x/2 — ocb u = 0).
2

2.107. 1), 2) BrewHocTs 3aiuica (Rf;R)z + (R—‘l;R)z =1 (puc. 65, 1), 2));

1)

2) @

® ® 7
@cs 1y
‘ |

“s

3)

-1

Puc. 65

3), 4) BcA maockocThb ¢ paspesdom no orpesky [—1,1] (puc. 65, 3), 4));

5), 6) BcA MIOCKOCTb C paspesaMu BAoap Aydeit (—oo,—1] u [1,00), ae-
Malyx Ha JeHCTBUTENbHON OCH;
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7) HUKHAA NONYIIOCKOCTb;  8) BepXHAA NOIYIIOCKOCT;
9) BepxHsA NONYNIOCKOCTb;

10) BepxHAA NOJOBUHA BHYTPEHHOCTH 3JUIMIICA 4 + i =1
P yIp (RT1/R) ' (R-1/RZ
11) HMMHAA NOJOBUHA BHYTPEHHOCTH 3JUIHIICA 4’ + Ci =1;
YIP (R+1/RY " (R=1/R)E
12) npaBas M0A0BHHAa BHYTPEHHOCTH 3JUIMIICA 4u? + 407 =1
P vIP R+1/RE " (R-1/RE
1 1
C pa3pe3oM BJO/ib OTPe3Ka, [1, §(R+ E)];
u? v?
13) obnacTe Memay BETBAMM ruUmep6oisl —— — —— = 1.
sina cos’a
2
2.108. 1) OkpysHOCTAM |z| = R COOTBETCTBYIOT 3JUIMICHI L—; +
(R—-1/R)?
2
+(Rfﬁ = 1 (okpysHOCTH |2] = 1 — oTpesok u = 0, —1 L v < 1), ayuam

2
u?

,U; — —— =1 (1yuaM ¢ = 0
s1n” o COS*

U @ = T COOTBETCTBYeT ocb v = 0, ayuy ¢ = n/2 — ayds u =0, v > 1, ayuy
p=-m/2 —aydsu=0,v<-1);

2) OKpPY#HOCTAM |z]=R COOTBETCTBYIOT 3/IAICHI

arg 2 = ( COOTBETCTBYIOT BETBU I‘Mnepﬁon

ay? + 4° _
(R+a%R)* * (R-a*R)*
= 1 (oKpy#HOCTH |z| = a — oTpe3ok v =0, —a € u £ a), AyyaM argz =
2 2
COOTBETCTBYIOT BeTBU rumnepbol — v — — = v — =1 (nyqy argz =0 —
a?cos?a  a’sin’a
aydav=0,u2a,ayuyargz=7—aydv =0, u £ —a, 1yuam argz = 7 /2 —

och U = O);

3) ceMeiicTBa COPOKYCHBIX 3/UIMNCOB U rMNep6ON, NONydYaeMble M3 COOTBET-
CTBYIOUIMX ceMeHcTB 1aa ¢pyHkIMu MRyKrosckoro (cM. 3aaauy 2.106) noBopoTom
Ha yrol 7y ¥ NoJo6HLIM Npeo6pa3oBaHueM ¢ KoahGULHEHTOM noxo6us [c| (ueHTp
nono6usa — B Hayale KOOPIMHAT).

i
2.109. 1) w = e—(z +vV2-¢?); 2w= ib(z+ V22— (a2=b%)); B
[+ a
06oMX ciydasX NpU OZHOM BbIGOpe BeTBHM KOPHA MoNydaeM oToGpaieHue Ha

BHEIIHOCTb EJUHHUYHOTO Kpyra, a Ipu APYroM — Ha €ro BHYTDPEHHOCTD.
az — by/22 — (a2 - b?)
a2 — b’l
2.111. w = A(z + 4/2? — (a2 — b?)), rie A — NpoU3BOILHOE KOMILIEKCHOE
a—b
Va2 + kT - VBT kT

2.112. Bes n10CKOCTh € pa3pe3oM 10 OTPe3Ky [—— ,

2.110. w =

YHCIIO; pt =

> 0; BCA MJIOCKOCTH C paspe3aMH IO Jydam (— 00,
ectu a < 0.

2.113. w = 5—}4% 2.114. w = \/%[(a+ l) - (z+ 1)]
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= V(@+1/2)+(?+1/a?)
z+1/z

2115.w_\/% z+ +a+ ) 2.116. w

1 1
2ar w= [[(e4 L) + (24 3)]

2.118. [H—(T}T)] (w+ ) (efa+§)—ﬁhj7).

1 4a 1 (1 - a)? , (1+a)?
2.119. —_= —-) — . 0) = S—————; AMUH
w-{-w (1+a)2(z+z TFPE w'(0) ™" AAVHa
_1_-g?
Iyrd, COOTBeTCTBYIOIell pa3pe3y, paBHa 2arccos fa—1-0o, OHa paBHa w

(1+a)? ’
npua=3—\/§.

1, 2(z41/2) = (a+1/a) + (b+1/b).

2120 w+ - =2 (a+1/a)+ (b+1/b) ’

w'(0) =

a+1/a4+b+1/b
IJUHBI OyT, COOTBETCTBYIOMIMX pa3pe3aM, paBHbI 4
—(a+1/a) + {(b+1/b)
(a+1/a) + b+ 1/b)

~(a+1/a)+(b+1/b)
(a+1/a) + (b+1/b

2.121. 1) O6pasom okpy#uoctu C ABIACTCH [yra OKPYAKHOCTH ¢ KOHLAMHU
B TOuKax 1, HakJOHeHHadA B ToOYKe 1 MoA yriaoM 2a K AeACTBUTeNbHOH ocH;

(T 2.
g/l T WO 1 u

Puc. 66

4
2 arccos

, 27 —2arccos —

BHEIUHOCTb [aHHOIl OKPY?KHOCTH 0To6pasaeTcA Ha BCIO IIOCKOCTb C pa3pe3oMm
Mo yKa3aHHON ayre;

2) o6pazom oxpyHocTu C apagerca (puc. 66) samrayTad kpusas (npodurs
yroeckozo) ¢ Toukoil Bo3BpaTa w = 1, IpUYeM KacaTelbHasA B TOH TOUYKe 06-
pasyeT c ReHCTBUTeNbLHOH OCbIO yrol 2q; Ayra oKpyAHOCTH C KoHuamu %1, o
KOTOpO# MaeT peub B 0. 1), comepRUTCA B 061acTH, OrpaHUYEeHHON npoduaeM
A yKOBCKOro; BHEIIHOCTE OKpy#HocTH C 0T0o6GpaxaeTcA Ha BHEIIHOCThL NPpodu-
aa #yroBcroro.

2.122. 1) O6pasom okpymHocTH C ABIAeTCA 3aMKHYTaf KpHUBaf, COCTOA-
mas U3 ABYX AYT OKpyHocTel ¢ o6WMHM KOHUAMU B Toukax 1, npuyeMm B
To4yke 1 KacaTeibHble K 3TUM Ayram o6pa3yioT ¢ AeHCTBUTENbLHOI OCblO YI-
JIbl, COOTBETCTBEHHO paBHble 2a — ad U 2a + (7 — )d; BHEUIHOCTb OKPYHKHOC-
TH 0TOGpaxaeTcA Ha BHEIIHOCTL 061acTH, OrpaHUYEHHON yKa3saHHBIMU JyraMy;
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o6paszom okpysuoctu C' spaserca (puc. 67) v
3aMKHYTas KpuBag C YIIOBOH TOYKOM
w = 1, npuyeM KacaTelbHble B 3TOH TOY-

Keé HaKJIOHEeHbl COOTBETCTBEHHO NOA YTrIaMH

20 —ad u 20+ (r— a)d & AeHCTBHUTEIbHOM

ocH; o6pa3 okpysHocTH C COOepMHUTCA B ; wé

obinacTH, orpaHHueHHOH 06pa3oM OKpYy#HOC- b’

Tu C’; BHewHOCTH okpy#HocTH C’ oToGpama- WO 1

€TCA Ha BHEIUHOCTH 06pa3a 3TOi OKPYHHOCTH.
2) BuyTpeHHOCTh oOKpyxHocTH C o0TO-

OpasaeTcA Ha BHEUIHOCTh 00JacTH, OrpaHu- Puc. 67

YeHHON AyraMH OKpYKHOCTeH, NMPOXOZALIUX

yepe3 Toukd —1, 1, mpuyem B Touxe 1 KacaTelbHble K 3THMM OKPYMHOCTAM

06pasyioT ¢ OeACTBUTENBLHOH OCbIO Yribl, COOTBETCTBEHHO paBHble: a) 2a +

+( — )d, 2a + (27 — @)4, ecan ¢pyHkuus w(z) onpefenesa B 2-NJIOCKOCTH C

paspesoM no Ayre oxpysuoctu C, nemameil B HWMHEH IOMYIUIOCKOCTH;

6) 2a — ad, 2a — (7 + @), ecam paspes, onpelenfowmi pyHKunio w(z), npo-

BefleH Mo qyre okpyxHocTu C, nexauieil B BepXHeii NONYNI0CKOCTH.

- i 4 jeiB/2
2.123. ¥ I ( 2€*7 +ie

wH+1 \ze" +ie~iB/2
ecin B < 0.

2.124. Ben nnockocTh ¢ pasdpesamu no aydam y =0, z < -1/2 u y =0,
z>1/2.

2.125. Ilonynaockocts ¢ > 1/2 ¢ pa3pe3om no orpesry y =0,1/2 <z < 1.

R

2
) , roe y=aq, ecin >0, u y=a+m7,

2.126. Bca nnockocTs ¢ padpesaMu BIoab dyueit y =0, 1 Lz <oouy =0,
—o<z -1

2.127. Yroa —n/n < argz < w/n ¢ paspesom no ayuy y =0, 3/1/4 <z <
< 00.

2.128. 1) Bea miockocTs C pa3pe3aMM Mo JIyvam |w| > —"1—\/1’ argw = 2km
n
142" 2/n
(k=0,1,...,n—1); 2)w= (—1‘1/_4—1

2.129. Dw=/224VzA - 1= %(\/zTﬁ+ VzE—1);
9) w= Y1t VIZZ :“Z‘ =z—1\7-§(\/1-k—22+\/1_1?).

2.130. ) w=(a" + ")~/ '\‘/z" +2z7n + \/(z" +277)? — (@™ + a— )2

n

1 1
Pemenue. Oynxuua ( = 5 (z" + —) oTOOpaxiaeT CEKTOp Ha HUMKHIOKIO
z

i 1 1
NOIYINOCKOCTD, IPHYeM TOYKH & ¥ ae™*/™ nepexoanaT B Tousu £-{ o™ + — ).

¢ o

m) U oT06Gpas3suTh ee Ha

eIMHNYHBbIA Nonykpyr (T = p+ /p? — 1). OyHKuUA w = 7 6yAeT UCKOMOIL.
2) w = (an/Z +a—n/2)—2/n(zn/2 +z—n/2+

+ \/(Zn/Z + 27n/2)2 — (qn/2 4 q=n/2)2)2/",

Hanee, cienyer cikaTh NONYMIOCKOCTh (p =
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V¥4 Val+ 1
2.131.w= ——— W= — \/z2+62+a+ 22+02+a 232 ,
‘/b§+C§— /z§+c§’ ﬂ( \/(\/ ) ﬂ )

rae a= %(\/a2 +c2—-VbT+c?), B= %(\/Lﬁ + ¢ + VB + ).
2.132. w=/VZZ+ & + VaZ +

2.133. w = —%(\/(z—i)‘ZJFH \Kjfi)z‘l)

——

2.134. w = ”‘; 1tz-2
—a::—T-(z—i)—\/z'-’—l
(¢}

N " a
zi+ctg-5+ctg5
2.135. llpub<1lw= ;
\/bf—f-ctg?g—,iz%—f—ctg?g
2 2
npnb:lw:\/1/zf+ctg2%+ctg%,
2 4 oct, 2 & t @
AitclsTy sy T4z, 1+4b

npu b > 1 w = ;2= ; b

- T1~b
\/zi-’+ctg2%+\/bf+ctgzg— 1-2

2.136. w = YE 1)+ 07+ 1/8?) + (a? +1/a?) + (07 +1/87)
Va2 +17a2) = (22 +1/27)

2.137. w = —1—(\/\/,24 +4+2+ \/\/z* +4—5).
V2++v5

Pemenue. Oyuknua ( = z° oToGpamaeT BEPXHIOI NOIYMIOCKOCTh C pas-
pesamu 1o otpeskaM [0,1 + @, [0, —1 + ¢] Ha o6aacTb 3agaum 2.132, KoTopyIo 1
oToOpazkaeM Ha BePXHIOIO MOMYyNIOCKOCTh. HalienHasa ¢pyHKUUA, B CHIY OpPUH-
oMna CUMMeTpUM, OToOpamaeT OaHHYIO B YCIOBUM 061acThb Ha ILIOCKOCTBL C
pa3pe3oM Mo HekoTopoMy oTpesry. OcTaeTcs 0TO6pa3uTh BHEIIHOCTD 3TOTO OT-
pe3ka Ha BHeIlIHOCTb €IUHUYHOIO Kpyra.

2.138. w= — [(z+\/z~—_"/°‘+(z+\/z-—’ Tr/e g o2 =
\/_[(z+\/—_—)n/(2a)+(z+\/—' —W/(Za)].

Pewenne. C novomsio gyuknuu = ™%, rge ¢ = z + V2% — 1 — ¢dyns-
UudA, o6paTHadA N0 OTHOWeEHUIO K QyHKUHUYN FAyKOBCKOro, BEpXHAA nonomma 3a-
DaHHOI 061acTH oTo6paskaeTcA Ha ob6aacTh |7| > 1, Im 7 > 0, KoTopaa GpyHKUHeI
Myroscroro oToGpamaerca Ha BEPXHIOIO MoJdynaIockocTh. IIpuMeHaa npuHIuN
CUMMeTpPHH, TolyqaeM oTobpazkeHe BHYTPEeHHOCTH NIPaBoil BeTBU runep6osl
Ha BCIO MIOCKOCTD C PaspesoMm 1o 1yuy (—oo, —1]; aTa nocrenuas o6nactb Aerko
oTo6paxaeTcAd Ha BEPXHIOKI MOJYIIIIOCKOCTb.

II puMeuaHue. MHuomurens 1/\/5 He UrpaeT poJM, Tak Kak npeobpa3ona-
une w' = kw (k > 0) oTob6paxaeT NoayNnA0CKOCTL Ha cebsl.

2.139. w = [e (2 +V2E = 1)/ ~[e7i oz + V2 - 1)]7/®F) | rpe

B=mn—-a.
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) VIZ 2P
2.140. w = [e_"’fi——z———c—] , The ¢ =+Va?+b2, a= arctg 2, p=
a

c
w

~ 2arctg (a/b)’

2.141. 1) O6nacTb CTPOUTCA CrelyiOWMM o6pa3om: KOALLO rl < |lw| < 73
paspesaeTcA BHONhL OTpe3ka r; < u < 73 NeHCTBUTENLHON OCH M K HHMAKHe-
My Kpaio pa3pesa NpPUKIEHBAETCA 4acTh TAKOro #e Koapna: ri < |w| < r3,
0 < argw < 2a; eciid @ = 7, TO BTOpOe KOAbLO —— MOJHOE U ero CBOGORHbIN
Kpail clieflyeT CKIGUTh CO CBOGOAHBLIM KpaeM NepBOro Koasua (B 3TOM ciyuae
nonyyaem ABYJHCTHOE KOIbIO ry < |w| < r3);

2) ecnn a € 1, To HepaBeHcTBO |2° — 1| < a onpepensier aBe o6nacTu (cM. 3a-
nady 1.39), kax/aan U3 KOTOPbIX 0TOGpazKaeTCA Ha OXHOMUCTHBIN KPYT [w — 1| <
< a; ecu e a > 1, To HepaBencTBo |z° — 1| < a ompenenseT omny o6aacTh,
KOTOpafa oTo6pamaeTcA Ha ABYIMCTHBIA Kpyr |w — 1| < a (mna Toro 4ToGbI
NOCTPOUTh 3TOT ABYJIMCTHBIA KpyT, AOCTATOYHO ABA ONMHAKOBBIX 3K3eMILIApa
Kpyra |w — 1} < a paapesaTh BIOAbL KaKoro-mubo pajguyca U CKAGHTb HUMHUH
Kpail paspesa 1-ro sk3eMIifApa ¢ BEpXHMM KpaeM paspes3a 2-T0 3K3eMIIApa,
a BepXHWit Kpait paspesa 1-ro 3k3eMIIApa — C HUAHUAM KpaeMm paspesa 2-ro
aK3eMIApa).

2.142. 1) O6aacTb CTPOMTCA CIEAYIOWMM 00pa3oM: K IUIOCKOCTH w,
paspe3aHHoi BHoNb oTpeska [—1,1], npuxienBaeTcs BHYTPEHHOCThL 3IMICA
4u? 40’
(R+ /R (R-1/R)
yeM K HUAHeMY Kpalo pa3pesa ILIOCKOCTH IpUKIeUBaeTCA BepXHMY Kpail pas-
pela annuIca, a K BepXxHeMy Kpalio paspesa INIOCKOCTH — HIKHUIL Kpaii pa3pesa
3/IMICA; w—1 w1

2) mByaucTHas obnacTh

+1 +1

JAfleT BHYTPEHHOCTBb KpyTra, eciu R < 1; monymwIockocTs npu R =1 1 BHEIHOCTh
KpyTa B cliydae, Korga R > 1). Paspe3 1 cooTBeTCTBYIOIINE CKIEAKH HAYT BIOIb
JUHUH, coeqnHAOImel TOYKky w = 1 ¢ Kakoil-1M60 rpaHuyHoOi Toukoi o6nacTu

w—1 5

R e
w+1

2.143. 1) u 2) lloBepxHOCTH COCTONT M3 ABYX JHMCTOB IJIOCKOCTH 2, pas-

pesaHHBIX MO oTpeary [—1,1], mpuuem HumHMI Kpail pa3pesa HepBoro JIucCTa
CKlleeH C BepXHUM KpaeM BTOPOro, a BeDPXHUIT Kpal paspesa NepBOro aucTa —
¢ HUMHMM KpaeM BTOpPOro.

2.144. 1) u 2) lloBepxHOCTL COCTOMT W3 ABYX JUCTOB, paspe3aHHbIX MO
JIy4yam, UAYHIMM COOTBETCTBEHHO U3 Touek —i, J, ¢ B 66CKOHEYHOCTD, HallpuMeDp,
napaalenbHO AeMCTBUTENLHON OCH B IOJ0KHUTENbHOM HanpaBieHHH. Humkuue
Kpaf pa3pe30B [epBOro JUCTA CKIeeHbl C BEPXHUMH KpasiMU COOTBETCTBY IOUNX
pa3pe3oB BTOPOTO JHCTa, ¥ Hao60poT.

2.145. [loBepXHOCTHL COCTOUT U3 TPEX TUCTOB MAOCKOCTH 2, pa3pe3aHHbIX M0
nyyam (—oo, ~1] u [1, c0). Baonb ayua (—o0, 1] ckienBaHye NpOH3BOJNTCA Clie-
IyIOIMM o6pa3oM: BepXHHUIl Kpaii pa3pe3a NepBOro JHUCTa CKISUBAeTCA ¢ HUM-
HUM KpaeM pa3pe3a BTOPOIO JIHCTa, BePXHMil Kpait pa3pe3a BToporo aucra —
¢ HWKHAM KpaeM pa3pe3a TpeThero JHUCTa U BepXHUIl Kpail paspesa TpeTbero
nMcTa — ¢ HMAHKM KpaeM pa3spesa nepBoro aucta. Baoas nyu4a [1, 00) caenyer
CKJIEUTb: HUKHUHA Kpail pa3pe3a nepBoro A4McTa ¢ BEepXHUM KpaeM pa3pe3a BTO-
POro JHCTa, HUAHMI Kpall pa3pe3a BTOpOro JUcTa — C BEepXHHUM KpaeM pa3pesa
TpeThero AMCTa U HHKHHUI Kpaii padpe3a TpeThero JIUCTa — C BePXHUM KpaeM
paspesa MepBOro JUCTa.

=1, Takse pa3pe3aHHOro BIOAb oTpe3ka [—1, 1], npu-

< R? onpege-

' < R? (HepaBeHCTBO

15 JI.U. BoakoBbickuii u np.
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2.146. 1) B noasapHyIo ceTky p = const, § = const;

2) B ciupamu p = e~0/* (npu k = 0 B ayun 6 = b);

3)Byrona<8< B (npua=0wup =27 — B INOCKOCTb C paspe3oM No
MOOAUTENbHOM YacCTU AeHCTBUTENbHON OCH);

4) BO BCIO IIOCKOCTB C Paspe3oM IO COUpaiyn p = €

5) B cekTop p< 1,0 < 0 < @ (npu @ = 2 — B eQAMHUYHBIN KPYT ¢ pa3pe3oM
no paauycy v=0,0 < v < 1);

6) B o6nacTk p > 1,0 < 6 < o (npu @@ = 27m — BO BHEIIHOCTb €JMHUYHOrO
Kpyra c paspesom 1o ayuy v =0, 1 < u < o0);

7) B o6nacTb e* < p < eP, v < 0 < & (npu § —y = 27 3Ta 06AACTL ABNAETCA
KOHIEHTPUYECKUM KOIBLOM C pa3pe3oM 1o oTpesky 8 =, e < p < P).

2.147. Yron 0 < arg (2 + n) < w/n; nonoca 0 < y < .

2.148. 1) B npamoyroabuylo aekaproBy cetky u = C, v = C,

2) B npamele; 3) Bromocy 0 <v<a; 4)Bnoaynonocy u<0,0<v<a;

5) B npAMoyroabHUK Inr; < w <lInre, 0 < v < 27.

2.149. 5) b = a|th (&/2)|, | = a|th (n0/2)]-

2.150. 1) CemeiictBo z = C npeobpasyeTcs B ceMeicTBO COQOKYCHbIX TH-

2 2 )

pw e R e =1); cemeitctBoy=C — B

2 2
u- v°

ceMeHCTBO COPOKYCHBIX 3IIUICOB C TeMU e GoKycaMu ( T + ol 1);
ch? sh?

2) B BEPXHIOIO NONYNIOCKOCTh;  3) B YeTBepPThI KBalApaHT;

4) B mpaByIO NOMYMIOCKOCTh C padpesoM o oTpesky [0, 1];

5) BO BCIO IIOCKOCTb C paspe3aMu Mo AeHCTBUTENLHOM OCH BAOAbL Nydeit
(~00,~1] 1 [1, 00); .

6) BO BHYTpeHH

) B YTPEHHOCTh 3JIMUIICa o7 + T

[-chh,—1] u [1,chh].

2.151. 1) B moaynonocy —n/2 < u < w/2, v > 0;

2) B monocy —w/2 < u < w/2;

3) B monynonocy 0 < u < 7/2, v > 0; 4) B nonocy —7/2 < u < 0.

2.152. 1) CemeiicTBo ¢ = C npeo6pa3yeTcs B ceMelCTBO COPOKYCHBIX 31-

'U.2 ’U2

@c T @mic T
ceMeHCTBO COPOKYCHBIX THIep6on ¢ TeMu e horycamu (

9.
’

nep6on ¢ pokycaMu B Toukax +1 (

=1 c pa3pe3aMH IO OTpe3KaM

1); cemelictBo y =C — B
2 2
- = 1);

cos?C  sin’C

2} BO BCIO MIOCKOCTBb C pa3pe3aMH 10 AefiCTBUTENbHON OCH BIOMb Nydeii
(—OO, _1] n [1) OO);

3) B BEpXHIOIO MOYNIOCKOCTL.

2.153. 1) B nonocy —n/2 <v<w/2; 2)smnoaynonocy 0 <v<w/2,u>0.

2.154. 1) CemeitcTBo £ = C npeoGpasyeTcs B MYYOK IYT OKPYMKHOCTEH C

KOHIIaMH B TOYKaX w = =%, BKIIOYAIOMM M COOTBETCTBYIOLIME YacTH MHU-
2, 2 2

Moli ocH; ypaBHeHHe Nyuka okpyxHocTel: (u — a)” +v° =1+ a° (a = ctg2C);
ceMeiicTBo y = C npeoGpasyeTcs B ceMeicTBO OKPYHHOCTe! ANOMIOHUA OTHO-
CHTeNbHO TOYeK w = +i (BRIIOYaIOllee U AeficTBUTEIBHYIO OCh); ypaBHEeHUe ce-
MeiicTBa OKpyHocTel Anoanonusn: u® + (v — b)?> =b* — 1, |b] > 1 (b= cth 2C);

2) B BEPXHIOIO MOMYIIOCKOCTH C pa3pe3oM N0 MHUMOM OCH BIOIb OTpe3Ka
0<vg

3) BO BCIO INIOCKOCTh C Pa3pe3oM 10 MHUMOH ocH BIoib oTpe3ka —1 K v < 1;

4) B monykpyr |w| < 1, Rew > 0; 5) B eqMHUYHBIH KpYT.

auncos ¢ GoKycaMH B TOYKax ﬂ:l(
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2.155. 1) Bo Bcio miIockocTh C pa3pesaMy IO AefCTBUTeNbHOM oCH BIOJb

nyuyedt (—oo, —1] u [1, 00);

2) B NpaBylO NOAYMJIOCKOCTb € pa3pe3oM IO AeliCTBUTEIbLHON OCU BJOJb

ayya [1,00).

2.156. w=¢e"1"9/h 2157 w=—ch @ 2.158. w = 2%/ (272,

2.159. w = ™ **/BE-D) 2160, w = cos n(z + 2)/(2z).

2.161. w = e™VE-I/(VE-D)

1+iv3,, mi(z +3i) %) w=—
2 4(z ~ 1) ' emilz+/(z=1y y 2 4 ¢

2evri(z+i)/(z—i)

mi(z+i)/(z=3) £ 9 _;
2.162. 1) w = — e t2-t,

3w = e

5 h, 27\'1'; +e—-27rh1
2.163. 1) w=ve 3miz +e ™ 2) = e27rzz + e—?ﬂ'hg
2.164. w = /coswz—coswh 2.165. w — /coswz—cosrhll
1+ cosnz cos Tz + cos wha
2
2.166. w = \cos 27 FCh2h.  2.167.w = /222t M2
cos2z + 1
cos2z+ch2h1 2.169. w = smgn/z) ‘
cos 2z + ch 2hy 1 + sin(w/2)

2.170. w= \/ 1 4 cos(4n/z) 2.171. \/cos(4¢r/z) — cos(4m/b)

cos(4m/z) — cos(4r/a)’ cos(4w/z) — cos(4n/a)

— —2n/B _ 2nifz
2.172. w = cos(2r/2) cos(27r/b)' 2.173. w=4/¢ erri/z
cos(2n/z) — cos(2w/a) elrja _ginifz

2.174. w = \/M

1 —cos(n/z)

2.175. w = ich gi, w = thza—ﬁ (cMm. mpuMeuvaHue K oTBeTy 3ajia-
8] 167

yy 2.136).

. sinz .
2.175. w = arcsin ——. Peme Hne. ®yHnkiusa sin z oTobpamaeT NONyNoI0-

cna
cy y>0, —7/2 <z < /2 Ha BEPXHIOIO NONYIVIOCKOCTh; PH 3TOM TOYKHM *7/2 +
+at nepexogﬂr B Touku tcha. OTclofga HeTpyAHO NOMYYUTh, 4TO GYHKLUUA

w = arcsin T 6yner omGpamaTb YKa3aHHYIO NOAYNoJoCcy Ha cebA Tak, YTo

ayyam = = +7/2, a € y < oo GyAyT COOTBETCTBOBaTb Ny4u u = =+m/2,
0 € v < oo. llpumenssn Heorpaﬂuqeu}{oe YUCIO pa3 NPUHUMI CUMMETDPHUH, Y6ex-
LaeMCH B TOM, YTO HalfeHHaA QYHKUUA UCKOMaH.

15*

_b arcsin(ish z/cha)
arcsin(1/ch a)
arcsin(1/ch a) + y/(arcsin(1/ch a))? — (arcsin(sin z/ch a))2
arcsin(sin z/ch a)

2.179. w = arcsm(sTn z/cha) — arcsTn(sTn p/cha) )
arcsin(sin g/ch a) — arcsin(sin z /ch a)

2.177.

2.178. w =
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2.180. w = arcsine?*. Pemenune. Oynrnun ¢ = e*** oTobpamaeT nosnocy

0 < z < 7/2 Ha BepXHIOIO NMOMYMIOCKOCThb, @ PYHKIUA w = Arcsin { BepXHIOIO
HOMYMIOCKOCTh — Ha moaynoaocy —n/2 < u < w/2, v > 0. OyHKuMA W =
= arcsin e**, oTo6pakaoLian NoI0CY Ha MOAYNOIOCY, NEPeBOUT Ayuu z = 0,
~00<Yy<0;z=n/2, —oo < y <0 cooTBeTCTBeHHO B Ayun z =71/2, 0 < y < o0;
z =-m/2, 0 <y < oco. [IpumeHAa HeorpaHHYEeHHOE YHUCIO pa3 MPUHUHI CHM-
MeTpuM, y6exmpaaemcsa, 4YTO HaijaeHHaAa (QYHRIWA ocyllecTBiAeT TpebGyemoe
oTobpasenue.

2.181. 1) Ecan b < 27 — KpHUBOJIMHEHBIA npAMOyroabHuK: 1 < p < e,
0 <8 <becan b=2r — roavuo 1 < p < e c paspe3oM no oTpesry [1,e%];
ecin b = 2kw (k= 2,3,...) — MmHoroaucrHad o61acTb, cocTaBleHHasa U3 k Ko-
nen 1 < p < €%, paspesaHHbIX 00 OTpe3Ry [1,e%] M CKIeeHHbIX TaK, 4TO HUM-
HUI Kpaif pa3pesa MepBOro Kolbla CKIESH C BEPXHUM KpaeM paspesa BTOPOro
KoJblia, HUMHUI Kpall pa3pesa BTOPOro Kolblla — C BEPXHHUM KkpaeM paspesa
TpeTbero Koasua U T. A ecaub=2kn+ G (k=2,3,...,0< 8 < 2x), T0 & CBO-
60OHOMY HMMHEMY Kpalo NocJefHero Koablia IOCTPOeHHOH NOBEPXHOCTH HY HHO
NPURNEUTD BIOIbL 0Tpe3ka [1,e®] KpuBoIMHeNHBIH HpAMOYTONBHUE 1 < p < e,
0<6<p

2) 6ecKOHEYHOINCTHAA 06nacTh, COCTOAIAA U3 Koten 1 < p < e*, paspeaan-
HBIX BOJb OTpe3Ka {1,e®] ¥ CKieeHHBIX YKa3aHHbIM Bblilie CIOCOGOM;

3) GeckoHeyHONHCTHAA 06MacThb, COCTaBleHHana U3 Koien 1 < p < e”, pas-
pe3aHHbIX BAOAL OTpe3ka [1,e”], 3aHyMepoBaHHBIX C MOMOUIBIO LEJbIX YHCeN
(-ry =2, -1, 0,1, 2, ...) 1 CKIIEEHHBIX TaR, YTO HWMHUIT Kpail paspe3a KamIoro
KO/bla CKJIeeH C BePXHUM KpaeM paspesa Kolblla ¢ HOMepoM Ha eAUHULY 60Jb-
wuM. Jta 061acTh ABIAETCA YaCTHIO PUMAHOBOI NMOBEPXHOCTH PyHKIUM Ln w,
nexkameit Hag KoabloMm 1 < p < e®.

2.182. 1) [JByaucTtHaa o6iaacTb, MolyveHHas CKIEMBaHWEM [BYX [pPaBbIX
MONYIJIOCKOCTEN, Kasmgan U3 KOTOPLIX paspesada no ayuyy v =0, 1 < u < oo;
Kpaf pa3pe3oB CKIEHBAIOTCA KpPecT-HaKpecT, T. €. Tak, YTO HUMKHUN Kpai
pa3pe3a NepBOro JWUCTa CKJE€EH ¢ BEDXHUM KpaeM pa3pe3a BTOpOro JucCTa, U
HaobopoT;

2) ABYIHMCTHaA 061acTh, COCTOAINAA M3 ABYX INOCKOCTell ¢ paspe3aMM IO
AeHCTBUTeNbHOM ocu BAoab Aydelt —oco < u € —1 1 1 < u < 00 U CRIGEHHbIX
KpecT—-HaKkpecT BJONbL pa3pe3oB —oo < u < —1. Kpas paspesoB 1 € u < oo
OCTaIOTCA CBOGOIHBIMH.

2.183. [IsyaucTHaa o6nacTb, COCTOAIMaA U3 ABYX IJIOCKOCTell, paspe3aH-
HBIX 0 MHHUMOM OCH BJoAb oTpe3ka —1 € v < 1 U CK/I€EHHBIX TaK, YTO NeBbIit
Kpaft pa3pesa epBoro JUCTa CKJIEEH C NpaBbIM KpaeM pa3pe3a BTOPOro JIUCTA.
OcranbHbie Kpas CBOGOJHBI.

2.184. PumanoBa noBepxXHOCTh GeCKOHEYHOINUCTHA U HMeeT [Be Jorapud-
MHYecKHe TOYKM Hajy ToukamMd w = 0 m w = oco. O61acT¥ 0OJHOIUCTHOCTH B
Z-INIOCKOCTH, COOTBETCTBYIOUINE TUCTaM W-IJIOCKOCTH C pa3pe3aMy 10 NOJ0KHU-
TeNLHOM NelCTBUTEAbHON OCH, OrpaHnYeHbl okpysuocTaMu 2kw(x” + y°) + y =
=0(k=0,%£1,%2,..).

2.185. 11 = 00, 72 = r3 = 1. O6pa3 kpyra |z| < r1 — BCA IIOCKOCTBH C
BBIK/IOYEHHOH TOYKOM w = —1; obpas upyra |z| < ro (u Kpyra |z| < r3) —
moxymrockocTk Rew > —1/2.

2.186. 7 =1/2; 2)ri=1/(2Jal); 3)m=1

2.191. 1) r:=1/4; 2) r2=1/(4fa]); 3) r2=2-V3.

2.192. rpy=m, 2 =1 2.193. 713 =1/2; 2) rs=1/(2la]); 3) rs = 1.
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I'naBa III
3.3. 1) I = 2+1:, Ip=1 +i/2; 2) L = 1:7[’/2, I, = —71’/2;
3) L =inR? I, = —7R%.
3.4.1) V3(1~i/2); 2)2 3)2; 4)0. 3.5.mi. 3.6.4/3.
n+l
3.7. 1) R—[(—l)"‘+1 — 1], ecnu n # —1; i, ecan n = —1;
n+1
2) n 3) 0, ecnu n # —1; 2mi, eciu n = —1.

3.8.1) —2(1 —4); 2) 2(1—1); 3) —2(1 +1); 4) —4; 5) 4i.
3.9. 1) 2m3; 2) —2m; 3) 2wRi; 4) 2w Ri.

3.10.1) 2m ,ecan n # —1; =27, eciu n = ~1;
n+1
2) (—1)"“—27—11, ecin n# —1; —27°, ectu n = —1.
e?oﬂri -
3.11. e ecan o # —1; 2mi, eciut ¢ = —1.
a

3.13. 1) |o| £ 7/2; 2)sinpa 20. 3.27.1) n/3; 2) —x/3; 3) 0.

3.28. Ecnu koutyp C comeps#uT BHYTpH ceba Toyky 0 ¥ He colepsuT 1
u —1, To I = —27i; eciu COOepsKUT TOMBKO ONHY M3 Todek —1 uiam 1 u He
conepsUT Touky 0, To I = wi. OTciona ACHO, YTO MHTerpal MoeT NPUHMMAaTh
IATH Pa3NUyYHbIX 3HaYeHu#t (—2mi; —mi; 0; wi; 27e).

3.29.2" —1l,eciun >1; 2,eciun=1

3.30. mi/2. 3.31.sina/a. 3.32.¢%*(1+a/2).

3.33.1) 1; 2) —e/2; 3)1—e/2. 3.35.1)2/3; 2)1—2i/3.
3.40. R=1. 3.41.00. 3.42.0. 3.43.2.

3.44.e. 3.45.1. 3.46.1. 3.47.1. 3.48.1/4 3.49.1/e.
3.50. 1, ecau |a| < 1; 1/|al], ecin |a] > 1. 3.51. 1.

3.52. 1) R; 2) R/2; 3) oo; 4) 0; 5) RF;

6) R, ecin |z0| < 1, m %, ec [zof > 1.
20
3.53. 1) R > min(r1,72); 2) R 2 rire; 3) R rmi/re.
z . _ . l 1+z
354 1) i ) ~In(1=2); 3) gl 725 4) In(1+ )

3.55. PacxoauTca Bo Bcex Toukax.
3.56. Cxopurca (HeaGCOMOTHO) BO BCeX TOYKax, Kpome z = 1.
3.57. Cxogurca a6ConOTHO.

3.58 Cxogutca (HeaGConl0THO) BO Beex Toykax, kpome z = —1.
3.59. Cxopurca (HeaGCOMOTHO) BO BCeX TOYKAX, KpOMe TOUeK 2 =
— p2kmi/p -
= e k=0,1,...,p—1).
( b b 7p ) 1i’i\/§

3.60. Cxoautca (HeaGconoTHO) BO BCeX TOUKax, KpoMe TOUER 2 = >

uz=-1.
3.61. Cxoaurca abcomoTHo.  3.62. Hanpuwmep, ¢, = (—1)".
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3. 64 Pemenne. CHayaza MccleayeM CXOAMMOCTL B Touke z = 1. YmeHsl

pAna Z (-1t co anamenatenamu k%, k2 +1, ..., (k+ 1) — 1 uMeloT 3Hak

(~=1)%; oﬁosna!mm CyMMY 3THUX 4JIEHOB Hepes (~1)*ox u nokamem, uto ok — 0
(k+1)2—k>  2k+1

MOHOTOHHO., UMmeem 0 < g4 < — 0 npu k — oo. Hanee,

k2 k2

pas3HOCTh
ororn= [~ ] ks )
PO E R T ey 12 K+l (k+12+1) 7

+[ 1 _ 1 ]_ 1 N 1 S

ULk +1)2 -1 (k+22-3] (k+22-2 (k+2)2-1

1 1 1 1
- - - > 0.
>(2k+1)[(k+1)2—1 (k+2)?~3] (k+22-2 (E+2)?2-1

JTuM [JOKa3aHo, YTO RaHHBbIM PAR cxofuTca npu z = 1. Ecau |z] = 1, Ho 2 # 1,
TO, COTJIaCHO YKa3aHMIO, NONb3YyeMCHA MPU3HAKOM CXOAMMOCTH U3 3amaun 1.90
NONOXKUB Ay, = (—1)[mz", bn = 1/n. llepsle gBa YCAOBUA, OYEBULHO, CIIpaBes-
JUBBI; JUIA 10KA3aTeNbCTBa TPETLEro oUeHUBaeM Sp:
Sp=—z2-22=2 42+ .+ (-1 =
1-28 1-2° 127 21 — 2%+
—z + 2! -2 4P F (P 427,
1—-2z 1—2 - 22 1-2
rae p = [/n] — 1. Otciopa |Sn| < —— T3

Aoro z cymecrtByeT Takoe k, 4To |S,| < kp < k\/n, 1 3TUM [0Ka3aTENLCTBO
3aBepLIeHo.

+ 2p + 3, clenoBaTelbHO, NAA KaM-

X 22 n+1
3.67. ,R=o00. 3.68. R = co,

2 Gy Z«z T
3.69. 3 (- 2 B oo, 370 +Z——22n = R= oo
e ot (en)t 7T T : = (2n) T

3.71. a® i (‘;) (2)" rre (cg) _1, (n) _ala- 1)...75? ~n+1)

n=0

3.72. 1+z[ +“+Z( 1)n- 11-3..(2n - 3)(5) ],R:l.

V2 = 2-4..2n
na’z® b
3.73. Z( 1) w0 B=1
. OO _ n 2 oo
3.74. éz (2 3’) ( 30" o = 3 enz”, e
n=1 n=1
[tn—1)/2]

Z (__l)m(m"-:. 1)2n—2m—-132m’ R = \/ﬁ

o0 ‘7n+1
3.75. 3 (-1)*(n—-1)2", R=1. 3.76. 222 7 ,R=1.

n=2
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oo

3.77. 3 (-1)" 2 =1 3.78 z+§(—-l)"——-—1 3020~ 1) i1t p_y.
= 2n +1' LT “~ 27 . nl(2n + 1)
= n o In4l

1)z
3.79. 1n2—2(1+2—n)7,R_1. 3.80.1{2"!—(2?;—15,12_00.

n=1

In+1

3.81. S (-1)" —~—— R=co.
n=0

(2n +1)!(2n + 1)

1 — n l(z - 1)71 —
3.82. §+22(—1) e RB=3
n=0

> Sl -1+ e -1y, R=

n=0

+i( Yrn=3E-U" p_y

on+2

3.83.

W

3.84.

| -

n=0

3.85. MZ( 11/13 )(z—l)",R:l.

2
n=0

— _ n+1(z—1)n —
3.86. > (-1) —— R=1

n=1

oc . 4
3.87. 5 ﬂl:f‘ﬂ(z ~1)™ R=co. 3.88.1+7+ % +..

n=0

2 4 .
3.891-2 -2 4 3901+ - %z3+§z4— %z°+...

,
3.91.1+z+22+> z—gz+ 2+ 392, z+—+2—z,—+9i+
> C; 1
3.93.In2 e =1n2 L
n2+ 2 + 192+ n +§)(n+l)z 3 Co 3

co+ner+n(n—1)c+..+nlca_i+2nle, =1, n 2 1.
i <1+1+1)z—4+
2 3/4 7

2
3.94. 2 1
[2+(+ )3
1 1 1 zn
. 14+4=-+-+... — 4+ ...
+(+2+3+ + )n+]

n-—1

2 3
3.95. —4r +2[ —2miz+ (1 — 27ri)2— + (1 +io 27ri)% + ..
R +———2m) +]
1 n

1
1\ 2% 28

3.96. 2—(1 -)— (1 1 -)_—...
z t3)2 T +3+5 3
1

1 1
(-1 "“( S+ -4
+(-1) +attet

1 22"
2n—1)T+‘”]‘
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1) 2% 1,1 1)\2°
3'97'2[(”5)3—(l+5+§+2)3+‘"

1,11 1, 27t ]
S DLASY § [ N =
w4 (-1) ( tytztitetso) +.

3.98. 1+Z[zi:kl( n-l )]z"

k=
22kB9k22k
3.102. 1+ S (-1)* =22 R=rn.
:L:}( (2k)!
o 22kB?k
. .1 ~1)k 22k 2k =
3.103. 1) 1+§;( ) STETY o
bt 2%k (228 _ 1)B
9 1)k-1 2k %1 _Tr
) S R R
el 22k(22k _ I)B2k Y
W s R =
3) kg( 2k(2k)!  RB= o
o0
(2% = 2)By
)1+ )k 1{ , R=
kZl (2k)!
n+l _ n+l "
3.104. ¢ = L[(H‘/g) - (1 ﬁ) ],nZO, R=Y3-1
5 2 2 2
A B - BA 2C — afiB + (52 ~ ay)A
3-105-0():;,61=a azﬂ =l of ;(ﬂ ay) :
acn + fBen—1 +Yen-2+dca-3 =0 (n=3,4,...).
—zt/(1—t)
3.111. 5—1—_t—; Lnii(2) = (2n+ 1= 2)Ln(2) + n’La_1(2) =0 (n > 1).
9 z4n+1

+ . 2] < oo.

S
112 L A
SN2t s Tt s e T T T s e dn@n )

(n41)=1-2 5 [(n+1)~1-2n(n+1)=3-4] ;

3.113. z - = i 2+ - Dt
L [nn+1)-1-2)n(n+ 1) — 3-4]...[n(n+ 1) — (2k — 1)2k] SRy 2] < 1.
(2k + 1)
3.114. — 2
122

2 2,2 _ o2
3.115. 1 — —T;L'z2+ mim” = 27) 4

4!
) mmi(m? — 22 ..[m? - (2n — 2)?] 4,
-r(—].) (2’!1,)' 27+
ala + 1)b(b+1) 5
3.116. w-F(abcz)-—1+—c WZ
EICES PR g I CR VR TED  JR Y

nle(e+ 1)...(c+n —1)
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3.117. Pemenue. llpoanddeperurpoBaB runepreoMeTpuieckoe ypas-
HeHHe, nolyyaeM YpaBHeHHUe, KOTOpOMY YyROBIeTBOpAeT ¢yHKHua ( =
= iF(a,b, c, z):

dz d2( dC

z(1— Z)IzE +llc+1)~(a+b+ 3)z]$ —(a+1DB+1) =0 (1)

Tak rak QyHKUMA ;—F(a,b,c, z), 6yayun npousBonHoit pyuxuuu F(a,b, ¢, z),
V4
aHaJIUTUYECKOIt B Touke z = 0, Toxe ABAAeTCA QYHKIHeNH, aHaTHTHYECKONR B
Touke z = 0, a BCAKoe peuleHye ypaBHeHus (1), aHaruTHYecKkoe B ToUke z = 0,
nomxuo uMeThb Bull kF(a + 1,b+ 1,¢ + 1, 2) (cm. 3agauy 3.116), rae k — nocro-
fAHHAA, TO diF(a,b, ¢,2)=kF(a+1,b+1,c+1,z2). Monoxkus z = 0, Haitlem,
Z

uyTo k = ab/c.

3.120. 1) 4; 2) 15; 3) 3.

3.121. 1) Hynem nopsaaxa k + [;

2) HyleM, NOPAAOK KOTOPOro He Hue, yem min (k, 1);

3) Hynem nopanka k — I, ecan k > [; npaBUAbLHON TOUKOH, He ABIAIOLIENCA
HyneMm, ecnn k = [, u ocoGoil Toukoit, ecmn k < [.

3.122. Touku z = £3i — nyau 1-ro nopsapka.

3.123. Touru z = £37 — Hymm l-ro nopaAnka; 6eCKOHEeYHO yJaleHHaA TOY-
HY/b 2-10 NopflKa.

3.124. z = 0 — nyab 2-ro nopazaxa; z = kn (k= £1,%2,...) — uyau l-ro
NopsAAKa.

3.125. z = +2 — Hyuu 3-ro nopagka; z = 2kni (k =0,£1,+2,...) — Hyau
1-ro mopaAaka.

3.126. z = 2kn (k = 0,£1,+£2,...) — Hyau 2-ro nopsaka.

3.127. z = &7 — Hyau 3-ro nopaAgka; Bce ocTalbHble TOYKHU BHIA z = AT
(k=0,%2,+3,...) — Hyau 1-ro nopaznka.

3.128. z = w/4 + k7 (k =0,%£1,42,...) —Hysu 1-ro nopsagka.

3.129. Hyueit uer.

3.130. z = kw (k=0,%1,+2,...) —Hyu 3-ro nopangka.

3.131. z = 0 — Hyab 2-ro nopagka; z = kn (k= £1,42,...) — uyau 3-ro
nopsAgKa.

3.132. z = 0 — wuynb 3-ro nopanka; z = VkT U z = %\S/kﬂ(l +iv/3)
(k= =%1,+2,...) — uyau l-ro nopsaxa.

3.133. z = (2k + 1)% (k=0,%+1,+2,...) — Hymu 3-ro nopanKa.

3.134. 2= 3/(2k + 1)% Mz= % 3/(2k + 1)123(1 +iv3) (k=0,41,42,..) —

Hyau l-ro nopanka.
3.135. z = 4 — HyJab 3-rO MOpAIKa ANA ORHOR U3 BeTBeM.

3.136. 3pech 3amaHbl ABe GYHKIUN: OJHA U3 HUX HMeeT HYNIU 2-T0 nopAaka
B TOYKax z = 2kx &+ /6, gpyras — Hyiau 2-ro NOpsAKa B Toukax z = (2k + [)w £
+7/6 (k=0,%1,+£2,...).

3.137. IlpenenpHoit TOuKOH MomeT ObITH TOALKO OGECHKOHeYHO yJHajJeHHas
TO4Ka.

Ka
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3.138. 1) 2) u 3) He cymectByet; 4) cymectsyet (f(z) = 1/(z + 1)).
3.139. 1) Cymectsyer (f(z) = 2%); 2) ne cymecrsyer.

3.140. He npoTuBOpeUYHUT, TaK KaK TOUKA z = 1 He NpPUHAMIEHKUT 06JACTH
aHaNMTUYHOCTH QYHKIUMU.

(e o]
3.141. Pemeuue U3 pasnomenus f(z) = ch(z — 20)" caepyet

co + ) n=0 . n
u(z,y) = + Z{cn[(w — @) +i(y — yo)]" + Gn[(x — x0) — iy — w0)]" }-
Honoxus 3gech ¢ = xo + C_Q 0 Yy =1y + <= zo, rge ¢ JocTaToYyHO GIU3KO
K Z, NonyyuM (060CHOBATL 3TO) u( S ¢ > ) = %[60 + f(Q)] m»
1

3aMeHUB ( qepes Z, IpUIEeM K noxaabmaemomy paBeHcTBY.

3.143. 2° +2+Ci.  3.144. ze* —i/2+ Ci. 3.145. (1 +14)z —3i + C.
3.146.sinz — ch z + C (C — npounssonbHad neiicTBUTeNLHaA IOCTOAHHAA).

3.153. 2) 27° M.
T'nasa IV

¥4
0 (5) npu |z| < 2; Z — npu |z] > 2.

i::(nwc—l)(g)" npu |2] < Jal; Zlkij:(n—f—k—l)(;)

I\Jlr—l
s

upH |z| > |a|

1 & 1 & n
.3. - n f— — -1\ _ 1:
4.3 -+ n§:0Z npu |z| < 1; i nE:O( D*z—-1)"npu0< |z —1{<1;

=1
—E ;npu]z|>1‘
n=2

oo
bﬂ.+1 — an+1

1 (z—a)"
44— 3 2 o |z <lal; — [ Z( )n+l] fipu
n=0

1_an—1
e npu |z > la; aTI;Z (b—nﬁ‘*‘
n=0

0<|z—al < b—

Q
I\’AMB
°5

+

") mpwlal < l2] < o

Zn+l

24 )"t — (2 —4)nt!
4.5. —+zZ( 1)"( ) 5n+1( ) (z=2)" mpn 0 < |z — 2| < V/5;
o 1 00—0
22(_1)nﬁ_ 2n+l npﬂl<]z| < 2.
n=1 n=0
i 1 o (n + 3)i"(z — )" : .
4.6. R TP i T +Z_: e mpu 0 < |z —i| < 2

o0
n
Z(—l)n;m npu IZl > 1.

n=1
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1 > Cen
4.7. i[z - §(a+b) +nz=1;;-] npw |z| > |b|, rae

ey = (_1)n[(11/12)b,, N (n1£21) (1{2)bn_1a+
+(n1£22) (142)bn~2a2 + .+ ( 17/12 )a"].

oo c 00
-1 n
4.8. E -z—"-+ E Ccnh2 , TAe
n=1 n=0

4.9. —+z+z +Z npu 0 < |z| < oo.

__1____
n+ 21z
1 oo
4.10. E ( H" 1)" mpu 0 < |z — 1] < o0; 1— ;+n§=?c_nz“n npu

n-l k+1
1 n-—1
|z|>l,r)1ec_n:—1+ ((k-}-—)l)'( )(n—23 ).
1

k—142k—1 ; _ 1Yk 42k
4.11. cosl-l-Z{ ) 4 sin 1 (—1)*4 cosl] P

% — )iz — 252 | (2K)i(z — 2)*
0<|z—2] <oo.

(=1)*=11/(2k — 1)+ 1/(2k + 1)]

4.12. (z—l)+2+i[

k=
port (z —1)2k~1
2(—1)*
m], npu 0< |z - 1| < 0.
[o9) o=} (o)
4.13. chz"+Zc_nz'", rAe Cp = C—n Z (n=0,1,2,...).
Ok' n+k

[ee] o0
-
4.14. > ™ + > co9nz™™, rae
n=0 n=0

1
kgo (2k + 1)!(2n + 2k + 1)!

Con = Cogn = (—1) (n=0,1,2,..).

npu 0 < |z — 1] < o0

. nm
oo Sin (1 + 7)
4.15. =" ST
cosl sinl—2cosl 6sinl ~5cos 1

—sinl— =+ i + 53 +...opu |z] > L.

n=0
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4.16. - +Z( 1) 2(23)2'" 2"~ rme Bs, — uucna Bepuyamu (cM. 3aga-
1

ad 2n 0 22n g 2
gy 3.100), npu 0 < 2| < 27; - +2Z Z;r—n;l + Z [(_1)" (2n)2'n + ﬁ] S2n—1
n=1 n=1 )

npu 7 < |z| < 27.

e b — g™
4.17. % npu |z| > max (|a], |bf).
n=1
i 2k —3 2k—5 k41
Con A 2k -1 2= 2 (—-1) 2)
4.18. == o = —1(2 - -
nz_l,zn’mec% ’( 3 775 ETESWA
- 1 Xzn e
C k) = 2c- (K = 1,2,..), mpu |z| > 2; iarctg§~z T +Z-ZT", rue
n=0 n=1
k-1
) 1 ok - 1 ~1)m
c-1 = 2t arctg 3 coox = 2%%i[ arctg 5 Z (2—771—(]_-1-)_2‘2,”—“ ) C—(2k+1) = 2C—2
m=0

(k=1,2,..), mpn 1 < |z| < 2.

4.19. 1) Ha; 2) ma; 3) Her (Touka z = 1 He ABIAETCA KU30JIMPOBaHHON
ocoGoit Toukoit); 4) HeT; 5) Het; 6) Her; 7) HeT; 8) HeT (B 1060M KoOAblie,
OKpysRalolleM TOURY z = 0, GyHKLUUA He ABAAETCA HelpepbIBHOH); 9) Her;
10) ma; 11) ama, ecau o — uHeldoe YHUCIO WK HyIb; HET BO BCEX OCTalbHbIX
cryy4asx.

4.20. 1) Her; 2) na, pasnoseHue aonyckaiooT obe BeTBU; 3) mer; 4) na,
BCe TPHU BETBM JONYCKalOT pasnoskeHue; 5) Her; 6) pa:momeune JOmyCKa-
IOT [Be BeTBM (U3 ueThlpex), ompefeiadeMble ycaosuamu v/1+ 1 = £/72;
7) Her; 8) mer; 9) Her; 10) na, pasnomeHue JONyCKaiOT BCe 1eCTh BeTBel;
11) uer; 12), 13) u 14) pa, moGas U3 BeTBell JonyckaeT pasnomenue; 15) HeT;
16) net; 17) paanoxeHWe [ONyCKAaIOT BCe BETBH, KPOMe ABYX, ONpeleldeMbIX
anauenuem Arcsin (v/2/2) = w/4.

4.23. 2 =0, z = £1 — nomiocse! 1-ro nopaika, z = co — NpaBUlbHAA TOUYKA
(nynb 3-ro nopaaka).

4.24. z=(1£14)/v?2, z = (=1 £ i)/V2 — nomocs! 1-ro nopajka; z = 60 —
IpaBUIbHAA TOYKa.

4.25. z =1 — nomoc 2-ro nopAAKa; z = 00 — NONIOC 3-I'o NOpAAKa.

4.26. z = (0 — nomoc l-ro nopsagka; z = £2i — NoJlockl 2-ro NopsAAKa;
2 = 00 — npaBuibHafA TOuKa (HyIb 5-r0 nopaaka).

4.27. z = +1 — nonaiockl 1-ro NopAnNKa; z = 0O — CYLECTBeHHO ocobas
TOYKa.

4.28. z = 00 — CYIeCTBEHHO ocoban ToYKa.

4.29. z = 00 -— CyWIeCTBEHHO 0cobas TOoYKa.

4.30. z = 2kmi (k = £1,42,...) — noaiocs! 1-ro NOpAIKE; z = co — TOUKa,
npefenbHan A NOMIOCOB.

4.31. z = 0 — pomoc 2-ro nopsanka; z = 2kwi (k = £1,%2,...) — nom;tocsl
1-ro nopaAaka; z = 00 — TOYKa, NpedelbHas IIA MOIIOCOB.

4.32. 2 = (2k +1)mi (k=0,%1,+2,...) — noxtock! 1-ro nopagka; z = 0o —
TOYKa, NpenelbHad QA NOTIOCOB.
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4.33. z = 0 — nomoc 3-ro nopanka; z = 2k +iln (2 + v3) (k = 0,1,
+2,..) noniocel 1-ro nopAnka; 2 = oo — TOYKa, NpejelbHaa IJA IOJIOCOB.

4.34. z = kmi (k= 0,%1,42, ...) — noxtocs! 1-ro nopsgka; z = 00 — TOYKaA,
npegenbHad AAA MOTIOCOB.

4.35. z = 0 — cymecTBeHHO oco6ad TOYKa; z = 0O — MNpaBUlbHaA TOYKa.

4.36. z = 0 — cyutecTBeHHO 0co6af TOYKa; 2 = 0O —— nojlioc 1-ro nopaAjka.

4.37. z = 1 — cyuecTBeHHO ocobaf TOYKka; z = 0O — NPABUAbHAA TOYKa.

4.38. z = 0 -— cymecTBeHHO oco6as TOYKa; 2 = 0O -— CYILIeCTBeHHo ocobasn
TOYKa.

4.39. z = 1 — cymecTBeHHO ocobad Touka; z = 2kni (k=0,%1,%2,...) —
NOMIOCHI 1-T0 MOpAZKaE; 2 = 00 — TOYKa, NpefeNLHasa Al MOTIOCOB.

4.40. z = kmw (k=0,%1,+2,...) — noatocel 1-ro mopagka; 2 = 00 — TOYKa,
npefenbHas AJA MOMIOCOB.

4.41. z = 0 — nonoC 2-ro NOPAAKAE; 2z = 0O — CYLIECTBEHHO ocob6an To4Ka.

4.42. z = (2k + l)g (k=0,+£1,+£2,...) — noniocs! 1-ro nopagka; z = 0o —~—
TOYKa, NpefeibHas AIA OMIOCOB.

4.48. z = (2k + 1)E (k=0,%1,42,...) — nomocs! 2-ro NopaaKa; z = 00 —
TOYKa, NpefienbHasA A NOMIOCOB.

4.44. z = 0 — noatoc 3-ro nopaAakra; z = kn (k = *1,£2,...) — noniock
1-ro mopsagka; z = 0o — TO4Ka, NpejedbHang A MOMIOCOB.

4.45. z = kn (k = £1,+2,...) -— nomocsl 1-ro nopsjka; z = 00 — TOYKa,
npeaenbHasa Ais 0I0COB.

4.46. z = km (k=0,%1,+2,...) — noaiocs! 1-ro nopajka; z = co — TOYKa,
npefienbHas LA NOMIOCOB.

4.47. Ecnua #mr+7n/2 (m=0,£1,42,...), o z =2knr+au z = (2k +
+1)m —a (k=0,%£1,%2,...) — npocTsle NOMIOCHI; €Cii¥ a = Mz + 7/2, To npu
m 4YeTHOM z = 2kw + 7/2 W npu m HeueTHoM z = (2k + 1)7 + 7 /2 saBasA0OT-
CA HoMocaMH 2-To HOpAAKE; z = 00 BO BCeX CIyYaAX TOYKa, npeleibHad AAA
IIONIOCOB.

4.48. Ecnu a # mm (m = 0,£1,4+2,...), T0 2 = (2k + )r xa (k = 0, %1,
#+2,...) — nontocs! 1-ro NOpARKa; eciv @ = mm, To NPH M HedeTHOM z = 2km, a
npyu m yeTHOM z = (2k + 1) — nomOCel 2-ro NOpAMKaE, 2z = 00 BO BCEX CIyYanx
TOYKa, NpeAeabHan IUiA NOJIOCOB.

4.49. z = 1 — cymecTBeHHO ocofas TO4ka, z = OO — INPaBHIbHAA TOYKa
(nyne 1-ro nopspka).

4.50. z = —2 — poaioc 2-ro NOpARKa; z = 2 — CyWecTBEeHHO ocobanA ToOUKa;
z = 00 — momoc 3-ro nopAjka.

4.51, 4.52. z = 1/(kn) (k = +1,+2,...) — noatoce! 1-ro nopsaka; z =0 —
TOYKa, NpefleJbHasA AIA MOJIOCOB; 2 = 0O — Nodioc 1-ro nopsanka.

4.53. z = 0 — cymecTBeHHO ocofad TOYKa; z = 0O — NpaBUAbHAfA TOYKa
(uynb 1-ro nopagka).

4.54. z = 0 — cylecTBeHHO ocobad TOYKA; 2 = 00 — CYIIeCTBeHHOo ocobas
TOYKA.

4.55. z = 1/(kr) (k = +1,+2,...) — cymecTBeHHO 0coGble TOYKH; 2z = ( —

TOYKa, NpeflelbHaA NI CyMeCTBEHHO 0CO6BIX TOYEK; Z = 0O — CYIIeCTBEHHO
ocobaa To4yKa.
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4.56. 2 = __2__ (k=0,%1,+2,...) — cyluecTBeHHO 0COGbIe TOYKU; 2 =

(2k+ U)m
= { — TouYKa, npefle/bHasA JJIA CYIEeCTBEHHO 0COGhIX TOYEK; Z = 00 ~— NPaBUIb-
Haf TO4YKa.
4.57. z=1/(kn) (k = £1, £2,...) — cymecTBeHH0 0c0ble TOYKH; z = 0 —
TOYKA, NpefelbHad A CYLUIECTBEHHO 0COGbIX TOUEK; 2 = OO — CYINEeCTBEHHO
oco6ast TOYKa.

4.58. z = __z (k=0,%£1,+2,...) — cymecTBeHHO 0CO0ble TOUKH; 2 =

2k +1)m
= 0 — TOYKa, npelenbHas MIA CylleCTBEHHO 0COBbIX TOUEK; Z = 00 — I paBUIb-
HafA TOYKa.

4.59. [Ina oaHol BeTBU NpaBWiIbHaAA To4Ka, 0JIA APYFroi — momioc 1-ro mo-
pAnka.

4.60. [Ina onHoit BeTBU Noatoc 1-ro nopAjaKa, A/A ocTalbHbIX NATH BeTBeMH
IpaBMibHasA TOYKa.

4.61. [Ina ogHolt BeTBU NpaBUIbHAA TOYKA, 4JA Jpyroit — mojioc 2-ro no-
pARKa.

4.62. [Ina onHOl BeTBM NpaBUIbHaA TOUKa, MIA APYroil — CyWeECTBEHHO
ocobaf TOYKa.

4.63. Ina o6eux BeTBel noatoc 1-ro nopanka.

2
4.64. z = (1 + 1/(k7r)) -— npaBHJbHafA TOYKa MJIf OZHOM BETBU M MONIOC
1-ro nopagka aaA Apyroif; z = 1 — npaBunbHad ToYKa MJIA OHHOIl BeTBU M
Heu30/1MpoOBaHHas ocoban TouKa, NpelenbHas MIA NOAOCOB, 0JA PYToi BETBH.

4.65. Kampaan 3 3aaHibIX TOYEK — NpaByIbHaA A4f ONHON BETBU U TIONIOC
1-ro nopangka QA APYrow.

4.66. [IpaBuibHaa To4yka i OLHOM BETBM M CYWIECTBEHHO 0cobafd TOYKaA
IJIA OpyToii.

4.67. 1) Jina Bcex BeTBeli Noaoc 1-ro nopAnka;

2) nnsA ogHoro GeCKOHEYHOr0 MHOKECTBa BeTBel mpaBHUibHasg TO4YKa, 4JA
OCTaIbHOro GeCKOHEYHOr0 MHOMECTBa BeTBell NMonc 1-ro NopAaKa.

4.68. 15 onHoro 6eCKOHEUHOr0 MHOMECTBa BeTBell NpaBUibHaA TOYKE, AlA
ocTajbHOro 6eCKOHEYHOr0 MHOMeCcTBa BeTBel CylecTBeHHO ocofafd TO4Ka.

4.69. 1) Toyka z = co — noatoc nopaaka k = max (n, m), ecnu n # m; eciu
e n = m, To 2 = co — au60 Monioc nopazaka k < n, AM60 NpaBUIbHAA TOYKE,;

2) momioc mopAAKa m — M, eCId m > m, U NpaBUIbHAA TOYKa, eClIU n < M;
ecin n < m, TO 2 = 0O — HYJAb NOpAIKa M — N,

3) noaioc nopanka n + m.
4.71. Tpumepsr: 1) 2%, 2) 1/2% + 2z, 3)1/z2" - 1.
4.72. 1) -2 (a #0) um az + b (a # 0);

2)

ap+a1z+...+a Zntm
4) S (a0 #0, Gntm # 0);

ag + a1z + ...+ an 2™
(z — a1)(z — a2)..(z — an)

zZ—Q
(@ #0) ut ag + a1z + ... + an2” (an #0); 3) ;12_4_0;

a
(z—a)r

5) (ax # o1 npu k # | u no kpaitueir mepe ox-
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n
HO M3 YMcel @p, OTAUYHO OT HYNA) UM sotuzt . +an2 (an # 0,
(z - a1)(z — a2)..(z —@n-1)
ar #ognpu k #£1).
4.74. 1) 2o — ycTpaHuMas ocob6as TOYKa;

2) zo — MoMIOC nopsAjka n, ecln (2z) OAHOMUCTHA B OKPECTHOCTH TOUKH 2g,
Y NOMIOC NOpAAKa nm, eciu ¢(2z) m-TNCTHA B OKPECTHOCTH 3TON TOYKHM;

3) 20 — cyilecTBeHHO ocobas TOUKa.

4.75. 1) Touka zJ — Nomoc HopAAKa n, ecau ' -— NPAMOJAUHEHHbIH OT-
Pe3oK, U NpaBUIbHAA TOYKa KPATHOCTH M, ecid ' — [yra OKpy#HOCTH, T. €.
F(z) — f(z5) = (2 — 25)"¢(2), rne p(z) aHanMTHYHA B ORPECTHOCTH TOYKH 25 U
e(zg) # 0. Ecau z; = oo, TO 2TO YyciloBMe 3anMChiBaeTCA B Bule
f(2) = f(c0) = 27 ™p(2), rae ¢(z) ananuTuuHa Ha 0o U p(oo) # 0; 2) 25 —
CyLIeCTBEHHO ocobas ToYKa.

4.77.1) -1; 2)0; 3)0; 4)0.

4.78. 1) CywecTBeHHo ocofasi TOYKA 2 = 00; HCKIIOYUTENLHOe 3HauyeHue 0
(1 00); € = 0, ecit z = —00 (e* — 00, ecnnt T — +00);

2) cyiecTBeHHo ocobasg Touka z = 0; MckIounTeNbHOe 3Havenue 0 (U co);
e'/* 5 0, ecan z — 0, Hanpuvep, BIoas nyTHy =0,z < 0 (¢/* 2 oo nput 2 = 0
Booas nyTu y = 0, = > 0);

3) cyuecTBeHHo ocobas Touka z = (; UCKIIOYMTEIbHBIX 3HAYeHHI HeT (He
cuuran o0); cos(1/z) 2 conpuz =0, y = 0;

4) cylecTBeHHO 0c06af TOYKa z = 00; UCKIIOYHUTENbHbIE 3HAYeHUA § U —1i.

4.79. res[f(2)]z=41 = —1/2; res[f(2)]z=0 = 1; res[f(2)]z=00 = 0.

4.80. res[f(2)].=i = —i/4; res[f(2)):=—i = i/4; res [f(2)]z=c0 = 0.

2n)!
.81. ey = (= O =
4.81. res[f(2)]z==1 = (~1) YT res[f(z)].=
— (_1)11 (2n)!
(n—1)(n+1)1"

4.82. res[f(2)]:=0 = 1; res[f(2)]:=+1 = —1/2; res[f(2)]z=0 = 0.

4.83. res[f(2)]:=0 = 0; res[f(2)]:=1 = 1; res [{(2)]z=c0 = —1.
4.84.res[f(2)]:=—1 = 28in 2; res [f(2)]z=00 = —25in 2.

4.85. res[f(2)].=0 = 1/9; res[f(z)]:=3: = —1/54(sin3 — i cos 3);

res [f(2)]z=-3 = —1/54(sin3 + icos 3); res(f(2)]z=c0 = 1/27(sin3 — 3).

4.86. res [f(z)]z=(2k+1),r/2 =-1 (k = 0, il, :E2, )
4.87. res[f(2)]z=kr = (=1)* (k =0, %1, £2,...).
4.88. res[f(2)]s=kr =0 (k= 0,£1,£2,...).

4.89. res[f(2))=kr = =1 (k = 0,1, £2,...).
4.90. 1) res [f(2)].=2 = res [f(2)]z=00 = 0;
2) res[f(2)]:=2 = —res[f(2)]:=c0 = —143/24.

o)

4.91. res[f(2)]z=0 = —res[f(2)]:=c0 = Z !

ot nl(n+ 1)1

4.92. res{f(2)].=0 = res{f(2)]z=c0 = 0.
4.93. res[f(2)]z=—1 = —res[f(2)]z=c0 = —cos 1.
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4.94. res[f(2)]:=—3 = —res [f(2)]:=c0 =

n o 42n+1 ]

. oo 4_
= —sm2[§m+?m

=0
4.95. res [£(2)]e=0 = 1/2; res [f(2)]s—ohmi/n = 5:—75 (k = £1,42,...).

4.96. res{f(z)).=0 = 0, ecit n < 0, a Takme eciu n > (0 HeyeTHoe;
_1\n/2
res[f(2)]z=0 = ((EII)T)T’ ectn n =0 uan n > 0 — veTHOe; res[f(2)]:=00 =

= —Tres [f(Z)]z=0~
1

4.97. res[f(2)]om1/hm) = ("l)k“ﬁﬁ (k = +1,£2,..); res[f(2)]e=o0

il

4.98. res[f(2)],ok202 = (—1)F2k% 7% (K =1,2,...).
4.99. res[f(2)].=0 = 0, eciu n HedyeTHoE;
22k(22k _ 1)

res [f(2)]z=0 = (—1)"“———(—2?)’——B2k, ecn n =2k (k=0,1,2,...), rae

Byr — uucaa Bepuyan (cm. sanagy 3.100);
= - (k= +2,..).
res [f(z)]z=(k+1/2)7r (IC+ 1/2)"7T"' (k 0,1, ) )
4.100. 1; —-1. 4.101. 0; 2.

4.102. —2¢*7%% ecqu +/1 =1 u Ln1 = 2kni; 0 11a BeTBeit, onpeneisieMbIx
3Havennem /1 = —1.

4.103. +(a — b)?/8.

4.104. 1) a — 8 (aan Bcex BeTBeit); 2) e —e? (naa Bcex BeTBeit).

4.105. 1) 2kmi + %3' - :1—_1-5—! + ..., ecmu Ln1 = 2kmi;

2) —% + §—IZ — 5_16—' + ... (mna Beex BeTBeit).

4.106. res[f(z)].=0 = kw, ecin Arctg0 = km; res[f(2)]:200 = _(2k_-;1)_7r’
ecm Arctgoo = M

4.107. res[f(z)]z=0 = 0, eciu n > 0, res [f(z)].=0 = Ln %, eciun=—1,u
res [f(2):o = —— (@™ = B™*), ecam n < =2 165 [f(2)]smen = (@7 =
—B™*), ecau n 2> 0; res[f(2)]:=c0 = —2kmi, ecnu n = —1 u Lnl = 2kwi, u

res[f(2)]:=00 =0, ecn n < —2.
4.108. —2CQCI.
! (k—1)
4.109. 1) Ap(a); 2) corp(a) + S2E@ 4y ok (0
I (k- 1)
4.110. 1) n; 2) —n.  4.111. 1) np(a); 2) —nep(a).
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4.112.

4.115.
4.118.

4.122.

4.123.

4.127.

A
¢'(a)
—mif\/2. 4.116. —27i.  4.117. —7wi/121.

mi.  4.119. —271/9. 4.120.1. 4.121.0.
2" (4 1)), ectnn 2 -1, u 0, ecn n < —1.

ﬂ* — a)n.+1

k —
4.113. AB.  4.114. 3 (-1)" "c"‘(RZn

n=1

32mi. 4.124.0. 4.125. f(o Z f(ak)
ke 1ak9 ak)

0, ecan r < 1; +1, ecin 7 > 1 (3HaK 3aBHCUT OT BhlBOpa BETBU

NOJbIHTEr palbHOH GYHKINHT).

4.128.

4.132.

4.134.

1 1 em/? 27
-1 2. 4129, ————. 4. . . 4.131. .
4 +v2 (1 + a) 1+e™ a? -1
2ma (2a + b)w
—_———. 4.133, ——— .
(@~ &7 [a(a + D)7
——, eciu |a] < I 2 ecau |a| > 1; 0 (r1aBHoe 3HauYeHHeE),
a° a2 -1’

eci |a| = 1 a # +1 (npu @ = %1 raaBHoe 3HaYeHUe He cymeCTByeT).

4.135.

n(a® + 1) 1-ql?

(a +1)
MRS T(Em—l)ec.ru/x]a|>1 @D

,eca |a| < 1; 3 (rnaBHOe

3HayeHue), eciiu Ial =1, a # +1 (npu a = =1 r1aBHOoe 3HaYyeHMe He cymeCTByeT).

4.136.

4.137.
4.138.

4.142.

4.143

4.148.

4.150.
4.154.

4.155.

4.157.

4.158.

4.161.

27
—,ecaun 2 0;0,ectu n < 0.

wisigna (npu @ = 0 r1aBHOe 3HayeHMe WHTerpana pasHo 0).
—2risignlma. 4.140. —7r/27. 4.141. 7/(4a).
1-3-5..(2n—3) =«

— Y. ectun>1; -, eciun=1.
2.4-6..(2n—2)2’ 2’

w 2 T 7 sin(n/(2n))
—. 4.144. ~ 4.145. ————. 4.146. - ———2
ab(a +b) 5 nsin(r/n) n sin(w/n)
D 414 1) = (cos1—3sinl); 2) —(3cosl+sinl)
(2th —z)k" 7777 3¢3 ’ 3e3 )

T . me—eb T _ab
g (2 cos 2 + sin 2). 4.151. 4.152. 5 e %,

mi,ecmut > 0; 0,ecnint =0; —xi, ecau t < 0.

m(2sin2 — 3sin3). 4.156. g(cosl ~ iq)
P

g l:sin [¢] +e_“"/§/2(sin i%; 3cos t)}

f[e-“‘—sinm]. 4.159.71'(6_“—%). 4.160. = (1 —e™%).

2b2

- —ab1  4.162. n(b—a). 4.163.%. 4.164.°".
4b4[ (2 +ab)e™*] 62. 7(b—a). 4.163 5 4.164 3

16 JI.U. BoakoBbICKHH # Ap.
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4.165.

1) Lir) C(;(”p /2) i 2) L(e) smp(ﬂp /2 ; LAl TOro 4To6bl y6eAUThCA B

CIpaBeaUBOCTH oTBeTa A1 —1 < p < 0, AOCTATOYHO 3aMeTUTb, YTO MHTerpan
Npy 3THUX 3HAYEHUAX P CXOAUTCA, a GYHKIMA, CTOALIAA B OTBeTe, aHaAUTHYeC-

Kad.
4.166.

4.168.

4.170.

4.173.

4.174.
4.176.
4.180.

4.182.

4.184.
4.187.

ir(l) cos &,  4.167. 11“(1) sin -~
p \p 2p P \p 2p

1 1 T w
——F(—) cos — (npu p = 1 nHTerpan paBeH —).
p-1 \p 2p 2

,7r o472, —
sin pm 2 cos(np/2)

m(1 - p) (n U p = 1 UHTerpan paBeH 1)
4cos(mp/2) PHP = patp 2)

*  sinpA

—————Jecu A £ 0, u _pw , ecan A = 0.
sinpm sin A sin pw

0. 4.177.~7/4. 4.178.wctgmp. 4.179. mctgpr.
U -p) 481, —’1—(21’/2 cos 27 1).
i 4

23—Psinpr sin pm
P

.l [2?(1—‘3)—1]. 4.183. [1—( 2 )]
sin pm 2 sinpmw l1+a

p—1 3
P % 4.185. " (sin’ﬁcosﬂ—l). 4.186. "4
sinpr (1 + a)P+! sin pw 2 2 V3
Ecnn @ He npunagaexuT untepany (—1,1), To [ = — il s

VaZ -1

rae vVa?—1 > 0 npu a > 1 (B miockocTH ¢ pa3pesom o oTpeaxy [—1,1] Be-

b . — i _ 7{ (3w /4—a/2).
anuuHa Va? —1 ogHo3Hauwa); npu a = +e'* I = =+ el ;
V2sina

npu a =1y I =

4.188.

signy; npu ~1 < @ < 1 I = 0 (rnaBHoe 3HaueHue).

me
ity

Ecnu b ue npunapiemut unrepbany (0,1), To I = i

Bl(b —

sin pw

~1)"? rge (b—1)"?>0, b»"' >0 npu b>1; ecin 0<b<1, T0I=
= —mb?~!}(1 — b)"°ctg pr (rnaBHOe 3naueHuUe).

4.189.

4.192.

4.193.

4.197.

4.198.

4.199.

T 4.190. *
2

a

T, 2 2 ’
. . . — i .
gy Ina. 4.191 8a(‘n’ +4Ina)

__ﬂ_(.:ilna._l_?:ll:)
2a%v/2a \ 2 4 )

—. 4.194.’{1;12. 4.195. -~ In? -2

1
2 1+a

1
l—~a

S S
m+1\2a & e+ (k+1/2)272  1+a? )’
2n—1

1 1 i k+1 2k+1 }
—y—— t+ = -1 .
211{1+a2 2a k,Z:o( ) In?a+ (k+1/2)%x2

1)

1 1 \ ™ 1
— =1I= —); 2 - .
+ Ina (npﬂ a 2 ) 2a(In%a + 72/4) 1+a?
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—9a—1
4.201. "= (pwa=1I=1n2). 4.202. Tth ™2
sinam 2 2
™ wle™? 1
4.203. —F——. 4.204. ———. 4.205. ———.
3 2ch (ra/2) 04 (eme + 1)2 5 2 cos(a/2)

1+a
a

,ecan a > 1.

4.206. gln (1+a),ecmm0<a<l; ;—rln

n n
4.208. 1) t—;; 2) l_n_'_t’ ecint>1; 0,ecmmt<l; ecamt=1,10I=0
. n.
npu n > 1 u I =1/2 (rnaBHoe 3HaueHue) npu n = 1.
eattn

4.209.

4.210.sin¢.  4.211. 1) cost; 2) t —sint.

eat ebt ect

t-alc—a) @ b=t  @-ob-0
4.213. —1—(1—%) ,ecmt 2 1; 0,ecnnt < 1.

n!

4.212.

- —~1t
4.216. 1) £—; 2) .
) \/7rt’ ) vt
4.218. e terf . 4.219.sint, ecan t < m; 0, ecmat > 7.

4.220. l,ecin 0< t<a; 0,ecant =a; —1,ecima <t < 2a; —1/2, ecin
t = 2a; 0, ecnu t > 2a.

4.221.n+ 1, ecimna<t<(n+1)a; n+1/2,ecint=na (n=0,1,2,...).

u
4.217. erf /i, rue erf u = /e_zz dz.
0

4.222. 1 — erf -2 (cM. oTBeT K 3agaue 4.217).

2Vt
l - _1\n _n2"2t/a28in(n7l'7‘/a)
4.223. - +2:§( 1) —

t
4.224. —Ei(~t), rae Ei(t) = / € du.
u
-00

2sht 4206, 7 4.227. 0, ecnu b < O; a.rchs, ecan b > 0.
Q

1
4.230. VvVz2+1>0npu z>0).
V2 F1(z+ V22 + 1)n ( P )

4.231. 1)

4.225.

ecin a > b; 0, ecnu a < b;

1

1
2) 0, eciu a > b; Wil ecau a < b.
T a2

4.232. (w/2)Jo(i]a] V't — b%).
4.233. Ecin geficrBuTeNbHad YaCTh XOTA Obl OJHOr0 MOJIOCA MOMOKUTENb-
Ha, To lim f(t) = 0o; ecau pelicTBUTEeNLHbIE YaCTH BeexX MOMIOCOB OTpULATENb-
t—o00

Hel, To lim f(t) = 0; ecn HEKOTOPBIE MOTIOCH! PACIONOKEHbI H8 MHMMOM OCH,
t— o0

a BCe OoCTajbHble MMEIOT OTpULATeIbHY O AeHCTBUTENLHYIO YacTh, To f(t) npu

t — 00 KonebaeTcs, NpUYeM aMIANTy da KolebaHHi HeorpaHUYeHHO BO3PACTAET,

16*
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ecnu XOTA Gbl OfMH MOMIOC Ha MHHUMOI OCH MMeeT NOPAACK Bhlile NepBOro, U
OCTaeTCA OrPaHUYEHHOI, eC/IM BCe MOMIOCH], PAacnoNoKeHHbIe HA MHUMOI OCH, —
npoctsle. Eciu Ha MEMMO OCH TONLKO OJHH NONIOC — B Hayane KOOPAMHAT, TO
f(t) = oo, ecau momoc — kpaTHsti, u f(t) — res[e**¢(z)]z=0, ecau momoc —

NPOCTOH.
at—3 W iwenfratew?
4.235. t) ~ . 4.236. i) ~ e“’-’ 2w —w .
1@ a f® V2aiw — ?

z e—z—t ooe—z—
4.239. Pemenue. [IpeacraBum uHTErpai B BUle / p dt + /
“z T
Taxr Kak npu aCUMITOTUYECKOM Pa3NoKeHUU N0 OTPUUATENbHBIM CTElCHAM X
e” % ~ 0, To u3 pemmenun 3agauu 4.238 cieayet, 4T0 BTOPOit HHTErpal aCHMITO-
THUYeckU paBeH Hymo. CornacHo onpeleneHHio rIaBHOr0 3HaYeHUs WHTerpana

R E ot y—
/e dt:e“”nm[/‘i—dur/f—-dt]:
t e—0 t t

-z - €

z z
t -1 t
€ — € - € — €
- dt=e z/————dt
£—0 t t
€ 0

(B mocnemnem ldHTeraHe nonmeerpaanaﬂ q)yﬂkuvm HereprBHa) Tanee,

m-—t ot e—t - ot
/ t dt:/ : dt+/-»dt+/-dt 0(1)+/ dt.
0

0
NuTerpupys mo yacTAM, noJydum

z
¢
e _ zf1 1 (n—l
/Tdt_C«l-e (;+;,_;+. ) /tn+1
1

rae C = C(n) — nocroaunas Beauyuna. OcTanoch yCTaHOBUTE, YTO

z

¢

. n -z [ € .

zh_)noloz e /th dt =0,
1

a 3TO Jerko Aora3aTb IPH MOMOUIM IIpaBuia Jlonurans.

4.242. Pemenune. Paccmorpum /e’z"') dt, rge koutyp C u3obpaieH Ha

C
puc. 68 (npu Rez > 0). AToT MHTerpan paBeH HymO U mo3ToMy (2 = & + 1y)

z oo oo
/eZQ—tzdt = /ezz—tzdt - /ez2"(t+i”)2dt.

0 0 z
. " T 22
[lepBoLIit MHTerpan B NpaBoil YacTH paBeH —— e°
2

BTOpO# 3anuineM B BUJe

00 00 ‘
1/ 1 de’z'(‘”y)z—l 1 fer=(t+iy)?

2) t+iy 2z 2J (t+)?
x x

Puc. 68

IloBTOpPAA MHTErpUpOBaHHe MO YacTAM, NMOAyduM TpeGyemoe paaiomenme. [Lnsn
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ocTaTKa MMeeM OHEHRY
o , [ee]
1-3..(2n — 1) [e* —(t+i)? 1-3.2n—1) [ et
: t| < — dt.
2n (t +iy)*r 2" [t + iyf
T T
2_42
CHOBa MHTErpupys @O YacTAM, MOIydaeM e dt < ! OTKYyZAa U
HO.
’ [t+ iy Sepng’ 1Y
z

cleflyeT, UTO pa3nomeHHe ApaAeTcA acumnroruyeckuM. Caydait Rez < 0 pac-
cMaTpuBaeTcA aHaxoruyHo. Eciun me Rez =0, To

? 22 ~(t+iy)? P -
e iy) et NZ3
ol Jotan i
(t +iy)* v 2yn
0 0
1 7\ 1 [T(3/2) T(7/2)
4.244. f(t) ~ ;Sll’l (wt + Z) ;2—1; [W— - D272
I'(2n+3/2) )
(et +]
t 2wt)? 2wt)* t
npu Mamom it @) = 2\/;[1 - 1(‘3‘)5 + 1';5.)7.9 —] = 2 —
4.245. f(t) ~ 1+ li(—l)"w' npu Manom t f(t) = o
- 429. b pnisjz 0 P ! T(5/2)
3 + $9/2 4t3/2
r(4)  TQ1/2) 7 3/m
4.246. 1. 4.247. 0. 4.248. 4. 4.250.1;3. 4.251.0; 4.
4.252. 2. 4.253. 1. 4.254.n. 4.255.n.

4.257. Pewenne. Tak kaxk nocienoBaTeAbHOCTh GyHRIMM fr(z) cxoquT-

ca k ¢yHrunn e/? Bciogy, kKpoMme ToukM z = 0, To aaA mo6oro kpymra K, ¢
UEHTPOM B TO4Ke z # 0 U He cofepasalllero Hayana KOOpAUHAT HU BHYTpH cebs,
HM Ha rpaHule, npu 3anaHHoM & > 0
MO HO YKadaThb Takoe N, YTO Hepa- B//
BeHCTBO |fa(2) —e'/*| < € GymeT BbI-

NOJHATBCA [OJA BCeX TOUYEeK KpyYra K

npu n > N. Ocraercsi BblGpaTh & < /

< Iniél le"#|, rae C — okpy#HOCTD Kpy-
z€

ra K, v npuMeHUTEH Teopemy Pyure.

NDpumeuanue. YTBepmIeHHe 3a-
Jayyd HemoCPeACTBEHHO CllefyeT U3 Te-
opemer ['ypBuua (cm., Hampumep, [1,
ra. VIII, . 2]).

4.261. 0. 4.262. 2; 1.

4.263. B xaxIoM KBagpaHTe 1O OJ-
HOMY KOpHIO.

4.264. Bo BTOpOM M TpeTheM KBa-
IpaHTax No JBa KOpHA.

4.266. B o6nactu 3 > 0, @ > ++/B (o6nacts I ua puc. 69) m = 0; B o6macTu
B >0, a < ++/B (o6aacts II) m = 2; B obnactu B < 0 (o6aacts III) m = 1.
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4.267. B o6aacti a > 0, 3 > 1/a (o6aacts I na puc. 70) m = 0; B o6aac-
™™, rpe i a < 0, man « > 0, B8 < 1/a (o6nacte II), m = 2.

4.268. B obaactu @ > 1/2 + /B2 +1/4 (o6nacts I Ha puc. 71) m=0; B
obnactn 0 < a < 1/2 + /2 + 1/4 (o6aacts I} m = 2; B o6nacTH, rie Wau a <

B

%4
7 5
=i 6,/0
%4 |[”
I

% I 7 [vd

L=

//llllllllmm/m

\

.

-
I

Q

S AR

Puc. 70 Puc. 71

<1/2—+/F+1/4,nm1/2 — /B2 +1/4<a<0,3>0 (cbaacTe II), m=1;
B o6nactn 1/2 — /2 +1/4 < a <0, 8 <0 (o6nactb IV) m = 3.

4.270. O6nacTb, cofeprralllad NONOKUTENbLHYIO HOJYOCh @ M OTPaHUYeHHad

_ a = —tcos7t/sin T, ™
MMHUAMU @ + b =0 u b= t/sinrt, 0<ts 5.

4.271. ObnacTs, 1examas B NePBOM KBaJApaHTe U OrpaHHYeHHAasA TUHUAMU

_ a = tg i, E
b=0n {b=t2/cosrt, 0sts 27"

4.272. KoneuHas o6aacTh, orpanudentas orpeskomM b =0, 0 < a £ n/(27)

a =tsinTt, ™
, <
"aym”{b=t2cos7*t, OSt\zT.

1282, 2 =a+ % f(@)+ 2L {f@F) + o+ T (@) +

1 ad ann+1)..(2r-2) .
4.283. 2= _w+ P G e A

22n—1 . pl !
n=2

y= —9 %w 4 i(_l)n n(n+1)...(2n — 2) W

ot 22n—1 . nt
— w1 2 w2 1 d 2 2
4.284. z—a+ﬁ§(a —1)+§T§5£[(a’ -1+ ..
wh 1 gnml
+F2_"—dan—1 [(@®=1)"]+ ...
o L)
77‘n—lan—l n. ba (an-{—b)"‘l N
4.286.1)z:ZTw, 2) e =bz____n! w™.
1

n= n=0
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4.287. z_a+2 i

— e 1(sm a).

z—m/2
x sin z .
< r,ecnu r < 5 M He UMeeT B 3TOM Kpyre AOpPyrux HyJjeil, kpome z = 7

4.288. Pemienve. Pynkuna w = aHanMTU4HA B Kpyre |z — gl <

2r
Ha orpy#HocTH 3TOrO Kpyra |w| > prrgpeery 03TOMY KpYT |w] < p paauyca
s
p< = g oTo6paxaeTcA Ha COOTBETCTBYIOMYIO OKPECTHOCTh TOYKU z = >
e +e~
B3aUMHO OJHO3HAYHO U pasnomeHue z(w) B 3TOM Kpyre cxoauTcA. PyHRUUA

2r - 41 T
—  MMeeT MaKCUMYM npu 7 = r*, rae 27 = r*=1,19.. < =},
e’ +e " r*—1 2
2r*
M 3TOT MakCHMYM paBeH P np— = r*2 —1 = 0,6627... Takum o6pazom,
€ [
HCKOMBIl paguyc cxonumocTu He MeHbule yem 0, 6627... B To #e BpeMA TOYKH

dw T
w, B KOTOPbIX T =0, T.etgz=2— 5 He MOTYT HaXOOUTbCA BHYTPHU Kpyra
z

T
CXOAUMOCTH pasioxeHnn z(w). O603HauMB z — 5= t, npeo6Gpa3yeM ypaBHeHHe

dw i it+1 . .
e =0 & BURY ctgt = —t uan et = - + T CrnenoBaTenbHo, it = r* — KopeHb
z it —
dw t 2ir*
aBHenua — = (). CooTBeTcTBylOUmEee 3HAUYEHNE W = —— = ————
YP dz Y cost e +e
2r*
oTKyna |w| = =Vr*? =0,6627... ITa TOYKA HAXOJUTCA, TaKUM 06-

pa3oM, Ha OKPYHOCTH Kpyra CXOAMMOCTH, U pajuyc CXOAMMOCTH paBeH, cie-
noBatensHo, Vr*? = 0,6627...

'maBa V

5.1. Konbuo 1/2 < |z] <1.  5.2. BHewHocTh eaunuyHoro kpyra ([z| > 1).
5.4. [lorynnockocts Rez < —1.

5.5. JeficTBuTeabHasn och.

5.6. Bca naockocTh, Kpome Tover z = 0, £1,£2, ...

5.7. |z >1. B5.8.]z| <1

5.9. Bea miockocTs, KpoMe eJUHUYHOM okpysHocTH (|z| # 1).

5.10. Bes miockocTs, Kpome Touek z = 41/3e@HVT/n (p n — 1.2 ).
oo
5.11. Pemenne. Eciu pag Y an cxomuTes, To mpu |z| <1 cxomu-

n=1

o
an2™ An 2
MOCTb pAAa E I i oYyeBHJAHa, a U3 TOMAECTBa E 1" - =- E an —
— -z

n=1 n=1 n=1
o0

1
Z lan (1// - ClleflyeT, UTo pAk CXOZMTCA u npw |z] > 1. Ecau pag Zan
oo n=1

n

PaCcXORMTCA, TO PAN »  Gnz" uMeeT pamuyc cxomumoctd R < 1. Ipu |2| >

n=1
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anz™

1—2zn

cleiyeT U3 TOro, UYTo B IPOTHUBHOM Cily4ae

an an2™ ) _

1—2zn 1—2zn

oo

> 1 pacxoauMocTh pAga y

00 n=1 0o
Qn

cxopmiacs 6bl pAL Y " @ CHe[IOBATEALHO, W PAA > (

n=1 n=1

o0
= Zan. Ecau e |z| < 1, To Mogyinb oTHOLIEHMA g OGIIMX 4AeHOB PAJOB

n=1

o0 o0 n
aAnz
Zanz" b Z 7 s — 3akIiOYeH B npegenax 1 — lz| £ ¢ € 2 n, cnegoBaTeb-
—Z
n=1 n=1
HO, 06a psAga CXOAATCA UMK PacXoJATCA ONHOBPEMEHHO.
o0
5.12.1) > buz", rRe by =) ap, MpHYEM CyMMHUpOBaHHe PacpoCTpaHeHo

n=1
Ha Te MHAEKCh! p, KOTOpble fIBAAIOTCA AEIUTENAMHU 4YHC/Ia 1, BRIKOYasa 1 un.
o0

Panuyc cxogumoctu R =min {r, 1}, rae r — pagnyc cxoguMocTH pana Z anz™
n=1

1 w2
2 e)
1

5.13. ian(z—- 2)*, roe an = (—n1|)" i (ln]:)n (ao =

oo
n=0 k=1 k=

1
5.14. 5 ecin 2] <1, 1 —%, ec |z| > 1.

5.15. —~  ecau 2] <1, u , ec |z| > 1.

1
(1 —2)2 (1—2)2
5.16. z, eciu |2| < 1, n 1, ecamt |z| > 1.

z 1
5.17. :, ecinu IZI < 1, u :, eclin IZI > 1.

5.19. 1) 1 2) cx0ZATCA paBHOMEPHO BO BCAKOM Kpyre |z} € 7 < 1 1 Bo BcAKoi
obnactu |z| > R > 1; 3) cxofuTCcA paBHOMeDHO Ha Beel AeficTBUTENbHON ocH; B
OCTaNbHBIX TOYKAX PAcXONHUTCA.

5.21. CxoauTca paBHOMEDHO Ha OKDYMHOCTH |z| = 1; Bo Bcex ocTalbHBIX
TOYKaX PacXomUTCH.

5.22. CxopuTcea paBHOMepHO B a060i noayniockoctet Rez 2 4, rae 6 > 0.
5.23. Cxonutca paBHOMepHO B nmioGoit momymiockoctd Rez 2 146, rae
§>0.

5.24. CxoguTca paBHOMEepHO Ha ReHCTBUTENbHOI OCH; BO BCeX OCTaJbHbIX
TOYKax pPacXomUTCH.

5.25. CxopuTca paBHOMepHO Ha BcAkoM oTpeske [2kn +g,2(k + 1)m — ¢]
. gelicteurenbHoii ocut (K =0,1,2,...).

5.26. Her. 5.33.x; =2 =—00. 5.34. 2, =—00, o = 1.

5.35. 2. = —00, Tqa = +00. B5.36. 2. =0, £o = +o00.

537.2.=0,z,=1. 5.38.z.=z,=-1. 5.39. 2, =2, = +00.

5.42. z. = 0; pacXogUTCA BO BCeX TOYKaX MPaHHUIbI.

5.43. . = T, = —2; pacXoBUTCA BO BCeX TOYKaX rpaHHIbl.

5.44. z. = z, = 0; cxopurca (HeabcomoTHo) B Touxax z = (2k + 1)mi
(k =0,%1,%2,...), a B OCTanbHbIX TOUYKAX IPaHULbI PaCXOAUTCA.

5.45. £, = 2, = 0; cxoauTCA aGCOMMOTHO BO BCeX TOUKAX I'paHMIBL.



Tnaea VI 249

5.46. . = x4 = (; CXORUTCA HeaGCONIOTHO BO BCeX TOYKAX I'paHMLbI.

5.54. Unrterpan cxoguTes paBHoMepHo Bo Beakolt nonoce 0 < a € Rez <
< A < oo

5.55. HuTerpan cXoQUTCA paBHOMEPHO BO BCAKOI NoaynnockocTd Rez 2
Za>0.

5.56. UnTerpan cxonuTCA paBHOMEDPHO BO BCAKoi nomoce ¢ L Rez £ 2 — g,
rae a > 0.

5.57. HuTerpan cxoiuTCcA paBHOMEPHO BO BeAKoit nomoce ¢ L Rez <1 — a,
rae a > 0.

5.58, 5.59. UuTerpan cxoauTcA paBHOMepHO B MI060M 3aMKHYTOM HHTep-
Bajle NeliCTBUTEJbHOI OCH, He cofep/alleM Hayala KOOpAHHaT.

5.60. UnTerpan cxoguTcA paBHOMepHO B moaymiockoct Imz 2 0 ¢ yna-
IeHHBIM NOIYRPYroM |z| < r, rile r — CKOMb YFoRHO Maloe MNOJOKUTeNbHOoe
qHCII0.

5.61. UnTerpan cxoguTCA paBHOMepHO B MHTepBanax 0 <a Lz B <1 u
1<y<£2< 0.

5.62. Mpumep: f(t) = et’ npun <t < n+e ™ (n=1,2,.)u f(t)=0
OJA BCEX OCTalbHBIX .

5.63. z. =2, =0. 5.64. 2. =2, =-—00. 5.65. . =1 =-+00.

5.66. r. = —00; 2, =1. B5.67.z, = —00; T, = +00.

5.68. z. = —1; 2, = +00. 5.69.z.=0; 2, =1.

5.70. PacxonuTca Bo Bcex Toukax rpanunsl.  5.71. Cxoaurca aGcomtoTHO.

5.72. B Touke z = () pacxoaMTcA, B OCTaAbHbIX TOUKAaX I'PaHULBI CXOAUTCA
HeaGCoMOTHO.

5.73. Bo Bcex TouKax rpaHUibl CXOXUTCH HeaGCOMIOTHO.

I'nasa VI

6.9. Pemenue. Boluucnaa uHTerpansl, BXOQALIME B O4YeBHUIHble Hepa-
BeHCTBa _ x/2 ~/2

/sin2"+1xdx< /sinznzd:c< /sinh_lxdx,
0

nojany4aemM
2

[ (2n)!! ]2 L o 7o { (2n)! ] 1
@n-1) 2n+1 " 2 2n-11] 2n’
Ina pokagaTelbCcTBa ¢opMyiabl Bammica ocTaeTcA ycTaHOBUTB, UTO pasHOCTb
MeM ]y KpalHUMH YieHaMH B 3TOH CHCTeMe HepaBeHCTB CTPEMMTCA K HYIIO
npu n — 0.

6.12. 1) He coxpauurest; 2) coxpaHUTCA.

6.14. 1) Pacxoautcs; 2) pacxogurca (kK Hymo); 3) cxoguTes; 4) cXxoauTcs.

6.15. Cxoaurca HeabcomoTHo. 6.16. Pacxomurcs.

6.17. Cxogutcea, ecny p > 1/2, npudeM cxopuTces abCOMIOTHO, ecan p > 1;
pacxoauTes, e p K 1/2.

6.18. CxoauTca a6coMoTHO, ecad p > 1; pacxoauten, ecnu p < 1.
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6.19. Cxogutca abecomorro.  6.21. |2] < 1. 6.22. 2] < 2.
6.23. |z] <oco. 6.24.]z] > 1. 6.25.]z] <1l/e. 6.26. |z] < occ.
6.27. |z] < oco. 6.28. |z <oco. 6.29. |z] < o0.

6.36. Pemenue. 1) Boruuras us pnna C(s) =1+ 2% + 3% + ... pAR mas
27%¢(s), moayunm (1 —27°)((s) =1 tntet l + ...; B IpaBOM YaCTH 3TO-
ro paBeHcTBa OTCYTCTBYIOT Te WAeHI —, AlA KOTOPHIX 7 AeAUTCA Ha 2. Aua-
goruyso (1 —27°)(1 —s7°)((s) = 1+ 51; + 7% + ..., IpHYEM B NMpaBofi YacTH
OTCYTCTBYIOT YieHbI n—ls, A KOTOpBIX T JeauTcA Ha 2 uid Ha 3. BooGue

(=P =P )l =R )(s) = 14 3 M

npuyeM CyMMHpOBaHHe B NpaBoi yacTu (1) pacnpocTpaHeHo Ha Te MHIEKCHI T

(6onblune eaMHUUbI), KOTOPbiE He NENATCA HU Ha OQHO W3 UMCel Pi, P2, ..., Pm-

Jlerko nokasaTh, uTo mpu Res > 146 (6§ > 0) cymma paxa B npasoit yac-
o0

TH (1) cTpeMuTCA K HYJIIO IPU M — 00 U, CllefloBaTelbHo, ((s) H (1-p°)=1.
m=1

2) Tak kak 43 npu3HaKa aGCOMIOTHON cxoguMocTH (cM. 3amauy 6.13) cre-
o0

IyeT, 4TO Mpou3BexeHue H(l —pn’) upu Res > 1+ § cxoauTca, To GyHKUUA

m=1
¢(s) ne umeer nyneit npu Res > 1.

6.37. Pemeﬂue U3 pokasaHHoro B npenbmymei»‘l 3afade clenyert, 4TO

1= p= 148y —
npu awo6oM § > 0 l—IL( pn ) a+ 6) . Otciopa nerxo 3akJIOYUThL, YTO
n=
11m H(l —p; M)y = 0. Tak kak (1 —p;!) < (1 —pr™**), 1o AcHo, uTo npo-
n=1 oo

—1 —

HU3BejleHHe H(l — pn ) pacxoautcsa (K HyIO), a CleoBaTelbHO, U PAJ anl
n=1 n=1

TaKMe PacXOJUTCA.

2 2 2
6.57. ——. 6.58. “2B™  g59. T 6.60. (1 + macthwa).
sin® wa sinma 3 8
1 Ta kg
.61. — . 6.62. —
6.61 2a? (1 + sh7ra) 32
(_1)k+122k—17r2k
6.63. —(Z—k)'—_—B% (Bar — umcno Bepuynnyu; cM. sagauy 3.100).
6.64. T50%  ge7 ,=0. 6.68.p=n,0=a.

2 sinwa’
6.69.p=1,0=3. 6.70.p=10=23.
6.71.p=3,0=2. 6.72.p=2,0=+5. 6.73.p=1,0=1.

6.74. p=1,0=1. 6.75.p=1, 0= 6.76.p=%,a=1.
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1 = 22" 1 .
6.77.p=2—m, o =1. Pemenue. Zm=§(cosﬁ+coszﬁ),
e P 1 n=0 e 22n
OTKy.a 2% W =3 (cos Yz + cosi {/'z') AHaloru4Ho, "2% @ =
n= =

L 2 3 4 _ 4
= Z(cosa\“ﬁ+cosa Yz + cos® Yz + cosa \‘VE), rne a = /-1, orryna
oo 2n 1 4 X

_ 8

> @1 > cosa* ¥z, urT o
n=0 k=1

6.78. p = co.

6.79. Pemenue. JocTaTouHo, Kak HETPYAHO BHIETb, PacCMOTpPEThb

1
3Hayenuna z > 0. Torna (/6”2 dt) /eZ < 1; ¢ mpyroit ctoponsl, ecan 0 <

< a<l,To
1 1 1
2 2 2
(/e” dt)/ec'z =/e’(t ) gt > /ez“ =) dt — 0o npu z — oo.
0 0 Ja

CrnenoBaTeibHo, p=1, 0 = 1.
6.81. p* = max (p1, p2).
6.82.1) p" =p, 0" L g1+ 02 2) p* =p, ¢" = max(01,07).
6.83.1)p"<p,0"<20;2)p"<p, 0" Lo
6.8?4. Pemenue. Ecan z = re'?, To npu mo6oM 3afaHHOM 7 BeTH4HHA
22
-5
C npyroii cTopoHsl, npu d06oM € > 0 {e < a) 1 n > ny(e) umeem E'ﬁf-—; < An <

s r?
JOCTHUraeT HanboAbIIET0 3HAYEHUA NpH = :!:5; OHO paBHO 1+ VR
n

<

H, ClIel0BaTelbHO,

a — 2.2 2 2.2
(a — €)*r® e (B +¢e)°r?
1+T<1+E<1+T. (%)
a ¥l sin ¢mwyr emIT — T T
A Tak Kak I I (1 + ———2—) = — = (cMm. zapauy 6.48
n 1TYT 2nyr

n=1
nin 6.53), To 13 HepaBeHCTB (%), BBUAY NPOM3BOJLHOCTH € M PelieHUA 3aja-
un 6.80, cnenyet, uTo MOpAAOK p GyHKuUMM f(z) paBeH 1, a TN 0 He MeHb-

e TMNA GyHKUMUY €™ U He Goablue Tuna dpyHkuuu e T. . ma < o < 7.

6.86. Pemenue. Ilycts M(r) p, 0 — mancumyM |f(2)} ( Ha okpymHOCTH
|z| = r, nopagox n tun ¢yukuun f(z), a Mi(r), p1 ¥ 61 — COOTBETCTBYIOIHE

F4
XapaKTepuCTHURU 1A ¢yuruuu f'(z). Us pamencrna f(z) = /f'(t) dt + f(0)
0

caepyer M(r) < rMi(r)|f(0)| u, cremoBarennno, p < pi. Tak war f'(z) =
_ 1 [ f)d¢
27riF (¢ —2)?’
Touke z paguyca & (§ > 0 — moboe), To Mi(r) £ M(r+o)/d’, 1. e. p1 £ p,
W, TakHM 06pa3oM, p1 = p. OTCIOa U U3 NpUBeNeHHbLIX Bbllleé HEPABEHCTB 3a-

rge B KavecTBe I' momHO B3ATH OKPDYMHOCTb C LIEHTPOM B
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KiIo4aeM, 4To o) = o. Jpyroit BO3MO#HbIi Coco6 JoKa3aTelbCTBAa OCHOBAH Ha
TeopeMe, NpHUBEAEHHOM Ha C. .

6.88.p=1,0=1/e. 6.89.p=a,0=00. 6.90.p=a,0=0.

6.91. p=0. 6.92.p=0. 6.93.p=1,0=1

6.94.p=1,0=2. 6.95. p=1; h(p) =cosp.

6.96. p = 1; h(p) = cosp, ecnu cosp 2 0; h(p) =0, ecnn cosyp < 0.

6.97. p=1; h(p) =|siny|. 6.98. p=1; h(p) =|siny).

6.99. p=1; h(p) = |cosp|. 6.100. p =n; h(p) = cosnep.

6.101. p = 1/2; h(p) = |sin(p/2)].

6.102. 1) h*(¢) = h(yp), ecau h(p) > 0; h*(p) =0, ecan h(p) <0,
h*(p) <0, ecint h(p) =0;  2) Bcerna h™(p) = h(yp).

6.103. Ilpumep f(z) =e* — P(z), n/2 < p < 37/2.

l'naBa VII
7.2.1) FH(z)=(z—a)", F (2)=0; 2)F*(2)=0,F (2)=-1/(z - a)™
3) Ft(2) = _(_:a,—)—"—’

RKowy o6paiaerca B HHTerpan Koum.

7.3. 1) F*(2) = p(2) — ng(
2) F*(z) = ng(z_

1
+9(2)- gk(
Z — af
HOCTH nonioca ak; g(z) — riaaBHas 4acTb pasiokeHUA (z) B OKPECTHOCTHU
6ecKoHeYHO yJaleHHOH TOYKH, B KOTOPYIO BKAIOYaeTCA cCBOGOAHBIA YieH.
z+1n((z - 2)/(z = 3))

F~(z) = 0. Bo Bcex Tpex cayyaAx HHTerpal Tuma

) FO=-Ta (=)
=) +9), F (2 = —p@)+ Toe( =) +

) — riaBHag 4acTb pasiomeHMA QYHKUUU (2z) B OKpecT-

1

+ — - —
74. F*(z) = " ,F7(2) = Eawy
7.5. F+(z) =ctgz — l - —;22—?, B yactHocTH, F*(0) =0, F*(x) = —21,
22 — 7 Y
4 3 _1 _ 2z
Fi'(—m)=—; F (2 ) e s
+ 2 P () =— ‘
7.6. F (z) pare z) F~(2) =
+ (an ~—zbn)z _ 1 S R™(an — iby) |
7.7.Ft(z) = Z F(2)= -5 Zl —— "%} npenenvitste
3HAYEHUA: -

F+(Reu9 Z(an ibn)eine
=% %¢(R l(’)+ Z( —bn cos nf + a, sinnb);

n=1

F~(Re') = -3 Z(an +iby)e'™? =

n=0 ag

_a 1 TR~V :
=3 2<p(Re )+2Z( by cos nf + ay sin nd).

n=1
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7.8. 1) Eciu Touka z nekut B Kpyre Q: |z — kn| < w/2, To I1(z) = f(z —
—kn), Ir(z) = (=1)* f(z — kx). B yacTHocTH, eciu |2| < 7/2, To Ii(2) = L(2) =
= f(z). Ecint Touka z IesUT BHe Bcex 3aMKHYTHIX Qp, To I1(z) = Ix(z) = 0.

2) Myctes Qr — Kpyr |z —kn| < w. Torpa Ii(z) = f(z—kn)+ flz —
—(k=1D7], B(z) = (~D*[f(z ~ kn) — f(z — (k = )m)], ecnn 2 € Qu-1Qu;
Ii(z)=f(z = kr) + f[z = (k + 1)), Io(2)=(=1)*[f(z = k7) = f(z = (k + 1)m)],
ecmu z € QrQry1; Ni(z) = f(z — kn), I(z) = (—1)*f(z — kx), ecau z nemut
BHYTpU 061actt Qr — Qr-1Qr — QrQr+r; L1(2) =0, I(2) = 0, ecan z nemur
BHYTpHU ,HOHOJIHSHHH KO BceM Q.

1 —¢
7.9. F(z) = 5-In FHQ) = it & 2 F(Q) = o ln 1
9= 5 19 FE(Q) = ok €)= gl 1
(1 < <1 FLa) = 3 F*(0) = i§1 F0) =
1 z+ R
7.10. F(z) = —Ln -~ O[HO3Ha4Haf BETBb B z-INIOCKOCTU C pas-
271 z—R
pe3som Bpoab C, onpepensieman 3HayeHueM Lnl = 0; Ln z +§ =In z+§ +
+iAc arg (( — 2), rae Ac arg(¢ — z) — npupawenue arg (¢ — z) Bgons C;
1 (+R - L ¢tRl 1
FH(¢) = — ' = —ln|>——|—-=
© 27ril tp O 27ri ( Rl 2
l ( + R 1
F L O
O=gabiczglty FO 2,
F'GR)=3, P-GR)=-1, FGR) =1 F(0)=--
4’ %’ T 7R’
7.11. F(2) = -—1— g = (onHO3HauHaA BETBL B 2-IIOCKOCTH C paspe3oM
- _
Brons C, onpepensieMan 3Hadenvem Lnl = 0; nas |z] > R ona coBnagaer c
+ 1 JCHR LT
aHaJOTMYHOM BeTBbIO U3 3ajauu 7.10); FF(¢) = Py In ‘TR + 3 F= () =
_ 1 C+R 1 __z_
o o _R F(O) , F'(0) = —

7.12. 1) 0, ecin |z| < 7 um |z| >R, ul/z" ecmnr <|z| <R;
2)1/z", eciu Imz > w, u 0, ecit Im z < m;
3) 0, ecint |Im 2| < w, n —1/2", ecan |Im z| > =;

1 [ R+z 22k~1

n R+ 2
n
R - Z (.‘Zk—l)Rf”C 1

| comem =[] a s -

4) 2 R—-2z

2wz

‘
]n
R

z‘ +iA¢{arg (( — 2z) — arg(} — oAHO3HAYHAA BETBb B 2-IIOCKOCTH
z

5) Ha nepssrit aarnﬂu pelleHre OYEeBHHO:
1 z—1
= —[In(l-2)~In(-1-2)]= —1In .
2mi C T omi 2 z+41
Heo6xoaunmo, onﬂaxo NpoBEPHUTb, YTO 3aKIIOUHUTeNLHOEe NpeobpasoBaHue AeRCTBU-
TelbHO NPHUBOAUT K YKasaHHOH BeTBM Jlorapudma, Tak Kak paBeHCTBO Ilnzy —Inz; =
= In(z2/2z1), BoobWweE roeopa, HecnpaBeAnNBo. 3TO 3aMedaHHe CleAYeT UMETb B BUAY

¥ B AaibHelleM.
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¢ paspesoM Broiab C, onpefienfemasn 3uadedreM Ln 1 = (. [IpepenvHoe 3HavyeHHe
™ 3
370t BeTBM Ha C cleBa UMeeT MHHMYIO 4acTb 3 a cnpaBa — (— 7) ATUM

1 14+ (=pn 1
2mi nR" !
R+z
5) @yuruua F(z) Ta e, 4TO ¥ B npeAbIAYILEM NyHKTe, TOAbKO Ln 7
—Z
O/[HO3Ha4HafA BeTBb B 2-IIOCKOCTH C pa3pe3oM Mo jpyroi noayokpysHoctu C,
c TeM e 3HayeHueM Ln 1 = 0. [IpenennHoe 3Hauenue 3Toil BeTBn Ha C cieBa

onpeenAOTCA npefienbHble 3Havenua FE(¢) ma C; F(0) =

3 T
UMeeT MHHUMYIO 4acTh 5 a cnpaBa — ( - 5) ATUM onpeaelfAlOTCA Npeaeib-

1 14 (-1)r-1

+ . -
ubie 3Hayenusa F=(¢) na C; F(0) = Py e

R
Ipumevanue. B nn 4) u5) Beru Ln R+ Z conapaioT B kpyre |z| < R,
— 2z

BOOOGILIe ke OHY Pa3iMYHBL; TaK, HAPUMeEp, Ha 0O B NIEPBOM Cllyyae BeTBb UMEeT
3Ha4YeHue —mi, BO BTopoM +mi. Onnaro F(oo) = 0.

-2

7.13. Ln® =In‘£—_—i
a—2z a—z

B 2z-IIOCKOCTH C pa3pe3oM BHoab C, onpepenseman sHaueHueM Lnl = 0 (Tax
Ke OIpefiefiAIOTCA BeTBU B 3ajavax 7.14-7.17).

7.14.b—a+2zLn((b— z)/(a — 2)).

+iAgarg (¢ —2) — onHO3HAyHaA BeTBb

7.15. 1) ZA"kzk Ty Ln

k=1
bn—k+l _ an—k+1

uM8

n b—
Z Az ' 4 p(2) Ln
1 k=1 -

roe Anp =
pit nk n—k+1

7.16. ! (Lnb‘z—Lnb—zo).
z— 2z a—z a— 2z

7.17. 1 [Lnb_z—Lnb*zo }: z—-zo)k_l}, Ak=__1__x
=2

(z - z)™ a—z a—zg

1 1
X [(b—- zg)k—1 - (a— zO)k—l]’ F(z) = _An+1~

. 7.18.1) F*(z) =ln(2+R), F~(2) = In (1 + 1:.); F*(¢) =In2Rcos £ +
+i§, F=(¢) = 1n2cos‘-§ ~z§ 2) F*(z) = In(R-2)+=i%, F (2) =
=1n(1—§);p+(c)=1n2R +i”;"’, F(¢) = In2 —¢
(oTcueT yraa ¢ = arg ( COOTBETCTBYeT YCIOBHUAM 3afaqH).

7.19. 1) Ft(2) =0, F(2) =In(1-1/2); F*({) =0, F~(¢) = In(1 — 1/¢);
2) F'(z) =In(z/(z - 1)), F7(2) = O F+(C) In(¢/(¢—=1)), F7(¢) = 0.

1 &1 R+z 22kl [n]
7.2 =—>» —|L L A— =12
0. F(z) = 2mi £ nz® [ "Rz E 1 (2 — 1)R2k-1 |’ raem ’

. . @ T
sm—— sin —| +1
2 2'

6) Ecaun Ln z 1 In z — BeTBH, yKasaHHble B yCIOBUH 3aja4u, To Ln z =In (—z) + 7i.
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R+ 2z
aln 7 HMeeT TO e 3HaueHue, 4To B 3ajave 7.12, 4). ATuM onpegensiorTca
-z

o
¥ npegenbuble snavenusa FE(¢) na C. Ecu |2| < R, 10 F(z) = Zc,.z", Cn =

n=0

211'1, ( -1 ("“

7-21-F+(z)—— ~[2+vEmn ] 5__] F(z)= _[2+,/21n:£]_
~Z

7.22. F*(2) =0, F~(2) = Ln((z — b)/(z — a)) (seTBn norapudma onpene-
JAeTCA yCIOBHEM 3alayun).

z—Q

7.23. F*() =1, F(s) =1—/—.
7.24. F*(2)=z-da-(1=2)b, F (2)=z—da—(1-Nb—(z—a) x
x(z = b~

7.25. F*(2) = Ln =% F~(2) = Ln 2=9.
z—b z—-a

2

2 1 z 2 1 T - 7I'2
7.27. -z’ +z—3,5. 7.28. 1) 5(lnz_l) ) -Z-(Inlhr) -
R+

; + Fi(2), roe

7.30. Ecau |2] > 1uz ¢ C 10 F(2) = »2-17;1n z—_z_—an -

+z
BeibpaHa Tak
-2

R
Fi(z) — ananmuTuyeckas GyHKuuA npu |z| > 1, a BeTsb Ln n

ke, Kak B 3afiave 7.12. 4). Otcioga BupHo nosegenue F(z) B Toukax R —
woxuax ayru C.

7.31. D(f) — naomans obnactu G', Ha KoTopylo f(z) oTo6pamaer o6-
facTb G.

Cz 2 — C‘ . e™ — el
7.37. 1) lan( C) 2) In —_E" erz — en( |’
Py 2 _ g2 27
2 — R?
7.43. u(z) = 0/ u(() 3Frcos(f — p) + 12 dd, u(o0) = 2—0/ u(¢) dé.

7.45. 1) f(2) = ¢(2) + Y(R*/2), fi(z) = —p(R?/Z) — ¥(z), npuem v(0) =
= Im £(0) = Im [p(0) + %(c0)};
2) f(2) = —ip(z) + W(R?/2), fi(2) = ip(R?/Z) + i%(2), v(0) = Im f(0) =
= Im [—ip(0) + ip(00)]. .
7.46. 1) f(z) = 2™, fi(z) = —R™ /2" (3mecb u B 0TBeTax k 3agayaM 7.46—
7.50 3navyenne v(0) B3ATO paBHBIM HYIIO).

7.47. f(2) = 2" /R™, fi(z) = -1/2™.

7.48. f(z) = — ln(l —z/RY) (In1=0), fi(2) = ln(l —1/2).
7.49. f(z) = _——’I_‘Zﬁ; (.f(o) = E)y fiz) = -
7.50. f(z)=InR, fi(z)=—InR.

z—l‘
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7.52. u(z / u(t ) Z):tJr 5, f2) = / t(t) % i {(ana cymect-

BOBaHMWA NepBOro MHTeraHa AOCTAaTOYHA KyCOYHAA HENPepLbIBHOCTb M OrPaHH-
4YeHHOCTH u(t) BO BceM MHTepBale (-00,00), AJIA BTOPOro — AONOAHHUTENb-
HO, HanpuMep, GyHKUMA u(t) N0AKHA HMETb Ha 6ECKOHEeYHOCTH mopagoxr 1/]¢|*
(e > 0)). . 00 ‘0 00
7.58. f(2)=u(z)+iv(z) = -2—_/ u(t) cth T2 "( D) g L - / (@) th T2 gy
1
o -0
rae ui(t) = u(t + i) ()IJIR CYUIeCTBOBaHUA MHTErPajoB NOCTAaTOYHO, HANpUMep,
4To6nt u(t) y6bibana Ha GeckoneunocTH, kak 1/[t|'™, a > 0 )

7.55. OKpY#HOCTH B Kpyre |z| < 1, kacaTeqbHble K OKPYHOCTH |z] = 1 B
Touke e'f.

7.57. Jlyru okpymuocTeil, coenuHfoolmMe BHYTpu Kpyra |z| < 1 Tou-
Ky e'f1 ) ¢tz

7.58. w(z;a,b) = —-arg _b, w(z;—00,b) = larg(z,—b); w(z;a,00) =
-a w

1

=1~ —arg(z —a). FeomeTpuqecnoe 3HayeHye 3TUX rapMOHHYECKHUX Mep —
™

HereHHbIA Ha8 T Yrold, DO KOTOPBIM BUAEH OTPE30K WM Tyd M3 TOYKH 2.

1
7.59. l—laxgz ona ayda argz =0 u —argz QIA Ayda argz = 7.

2 z—R g 2Ry
7.60. A) = =& -1 = 1— —arctg ————,
=1—w(z, A). Juaun ypoBHA — LYTU OKPYKHOCTel, COeAUHAIOIIE TOUKY L R,

v w(z,T) =

T
M3 TOYeK KOTOphIX AuaMeTp A BUAEH NOJ YIIOM 5(1 +w) B cayuae w(z,A)

7r(1 — %) — B cayuae w(z, I').

2 z~— R \/_ vR
7.61. = — . 7.62. .
61. w(z,I) ) 62. w(z,I) = —ar \/_ N
Injz} —Inr In|z] ~InR _
7.63. T oy A lzj =R n TR M [zf =
7.66. u(z) = Zcuw,,(z).
Maasa VIII

ot _a\n
8.1. f(2) = Z az_“;—v)ziﬁ 3TUM pasiomenteM f(z) aHANUTUYECKH IPOAOI-

#aercA BHYTpb prra |}z — a] < |1 — a|, KOTOpBIA He NEKMWUT LeTHKOM BHYTPHU
kpyra |z| < 1, ecu a He npuHanmesuT uuTepsany [0,1).

8.2. f(z) =ln= +Zl ( ) (—z—+—1/2)—n; KPYT CXOAMMOCTM 3TOTO pAfa
n

|z +1/2| <3/2.
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8.15. Pemenwue. [loacranoBka e’ = z npuBogut uuTerpan K supy f(s) =
o

/ sinzde z° = e°®%). Harterpupya no wacTam, moayuum f(s) = cosl —
1

oo

cosx
/ dz. llocneguuil UHTerpan cXoAUTCA B NoaymlockocTH Res > —1.
1

s+l

8.19. 0 < Rez<1,-1<Rez<1.

8.21. Touka z = 1 — NpoCTOI1 MOJIOC ¢ BHIYETOM PaBHBLIM eAUHUIIE.
oo

8.21. Pemenue. O6o3naunm yepes f1(z) = /e“‘g:(zt) dt. AHATUTUYHOCTD

0
¢yuruuu fi(z) B Kpyre |z| < 1 cregyer us peayiabrara 3agaum 3.150 u o6mux
cBOHMcTB MHTerpana Jannaca (cM. c. ). Huterpupys no wactam (n+1) pas u
IONB3YACh HepaBeHCTBaMH 3aftaud 3.150, monyuum npu |z| < 1

n oo
- Z et (zt))e° + z"“/e_tgo("ﬂ)(zt) dt =

0 0o

n
= Z anz" + z"“/e"tcp(”“)(zt) dt.

k=0
U3 onenxu ana |¢™*Y| crepyer, uTo BTOpOe claraemMoe B IpaBoii YacTu Io-
CleJHEr0 paBeHCTBA CTPEMUTCA K HYIMIO IpU . — oo ( 2| < r). IAna nokasa-
TeJbCTBa BTOPOTo yTBeDKACHUA Bo3bMeM 106y1o Touky 2 € G. Toraa BHYTpu
M Ha rpaHuue Kpyra, Ana koroporo Oz ABIAeTCA AUAMETPOM, He GyneT, Kak
3TO HETPYAHO JOKa3aThb, HU OfHON ocoboit Touku dpyHruuu f(z). Hostomy npu
moctaTtoyHo manoMm 6 > 0 BHYTpu u Ha rpaHune C kpyra paamyca |z|/2 + 4,
KOHLEHTPUYECKOI0 ¢ ye NOCTPOeHHbIM, QYHKUHA f(z) Takme 6yAeT aHATHTHU-

o

yeckoil. Takum o6pazoM, 4is K03)PULIHEHTOB ¢, pasnomenus f(z) = chz”

1
cIpaBelJIMBbl PaBEHCTBA ¢, = ——/ 9] d( u, ciefoBaTenbHO,
27 <n+l
C

_ 2"t [ f(¢)dz
p(at) —27”2 n! 2 ¢l T

Tak kak 5~ 2"t (<) C =
pan Zn—‘C":l— CXOAWTCA pAaBHOMEDHO Ha , To  p(zt) =
2]

—:r;/f(()e”/cdc—(. Makcumym Bennuunbl Re(z/() Ha C pasen PR =

n=0

= g < 1 (upu KoKa3aTenbCTBe 3TOrO YTBepHJeHMA AOCTATOYHO PAacCMOTpPETh

ciiydai, Koraa z JefiCTBUTeNLHO U MON0AKHUTeNLHO, TaK KaKk I0BOPOT BOKpPYT Ha-

Yaja KOOPAHMHAT He U3MeHseT Beanuunsl Re (2/{), u, carepoBaTensHo, |p(zt)] <
[e,]

< Ae? (A — nocrosunas). OTciofa U ciefyeT, YTo MHTErpain /e"cp(zt) dt
0

CXOAUTCH.
zZ - 22 z =z

8.26. BEcau LnWZ*2 _ gersn ¢ysroun Ln 2, agHaauTuyeckas B
z—2 z—21

2-TUIOCKOCTH C pa3pe3oM IO Ayre 71 U obpamatomaaca B 0 npu z = oo, To

17 JI.U. BoakoBbickuii U Op.
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F(2) =(a-b)LanWZZ2 F*(z) = (a—b)Ln (1) i + 2nbi; BuyTpH G

F~(2) = (a—b)Ln (1) (= - 2m(a —~b) §pM aHATMTHYECKOM MPOAOIKEHHH
21
4yepes y1 U F~(2) = (a - b) Ln(l 2 NpM AHATNTMYECKOM TPONONKEHMH Ye-
21
pe3 ya.

8.28. 1) z = £3; 2) z = +2¢; 3) z = £2i. Bo Bcex Tpex cryyaax 3HaYeHUA
w'(z) pasnudHbe.

8.30. Hapg z =1 gBa snemeHTa: z =1+ 1,

1-1-Y2 1 1
= =4 _t+.. t 1
; s tgt+tes <
1+(1-pY2 2 1
w2=_~______+(t ) =i—5+ 0<l<y
Hag z = 2 ofuH anre6pandyecKUit 3nemeHT:z=2+t2,w=—1—=1—it—

1414t
—t2 4., |t < 1.

8.31. Haz z = 1 aBa anre6pauueckux aneMenTa: z = 1 +¢°, w = +iv/2(1 -
—t/2)Y2 = £i/2(1 — t/4 +..), |t| < 2; man z = 5 oguH anreGpauyeckuit ane-
MenT: z =5+ 13, w=(t/2)(1 — t*/32 + ...), |t] < 2, v 1Ba NpPABUIbHBIX 3IEMEH-
Tarz =54t w=£2(1 + /32 + ...), |t| < 4; Han z = 0o opun are6panuecKuil
aneMent: z =t~ Y, w=1/t —t+.., 0 <|t| < Y1/5.

8.32. Hax z = 1 gpa anreGpauveckux srementa: z = 1+ 4% w = £(1 +
+) P =2(14+¢t/2-..), |t <1

8.33. Hag z = 1 Tpu anre6panyeckuUx 3aeMeHTa: z = 1 + % w= we(l+
+t/3+..), 1t| <1, raews =1, wo 3 = e**™/3, Hag z = 2 opun anre6pauveckuit
aneMeHT; z = 2+ %, w = —(t/V2)(1 = t3/12 + ...), |t| < 1 u Tpu npaBUALHBIX

teMeHTa: 2 =2+ ¢
w =wk\3/§(1 +t/12 + ) It < 1.

Haz z = 0o ofuH anreSpaudeckuil aneMent: z =1t ¢, w =1/t +#/3+..,0<

< |t < /2.

8.34. Hag z = oo OBa aire6pandecKuX sAeMenTa: z =t~ 2,

w:i%(l—at)l/z(l—bt)lﬂzi%(l a+bt+ ) 0<]t|<mm(|| |b|)

8.35. z = 0 — cyIlecTBeHHO 0cofas TOYKa, NBYy3HAuHAm: z = £, w ==
=et =141/t +1/2%%) + ..., 0 < || < o0.

8.36. Han z = 0 anrefpanyeckuli sieMenT; z = t°, w = sint/t* = 1/t* —
—1/(31¢) +¢/5! — ..., 0 < |t| < o0.

8.37. Han z = 0 anre6panyeckuii aneMent: z =t>. w=ctgt =1/t = ¢/3 + ...,
o< t| <

8.38. Han z = 0 anreGpamyeckuit anement: z = 2, w = t(1 — t*/12 + ...),
[t] < /7.

8.39. Han z = 1 — oxHa TpaHCHEHAEHTHadA TOYKa BETBAEHHUA 1-To NOPAJKS;
Haj z = 0O OfHa a.T.B. 1-ro nopAgka.
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8.40. Hag z = 0 1 z = co — no ogHo#t a.T.B. l-ro mepAnKa; Hag 2 = 1 —
oJHa NnpaBUbHasA TOYKa H OfHA CyliecCTBeHHO 0cofasA ToYka OJHO3HAYHOro Xa-
pakTepa.

8.41. Han 2 =0 u z = 0o — 1o ofHoif a.T.B. 1-ro nopaaka; Hag Ka; a0 U3 To-
yek z = (1 + 1/(kx))? (k=£1,=£2,...) no onHOM NpaBUNLHOM TOYKE U IO OXHOMY
nomocy 1-ro nopafka; Hag z = 1 — oxHa NpaBUAbHAA TOYKA W OIHA HEM30NH-
poBaHHas ocobaf TOYKa OJHO3HAYHOro XxapakTepa (UpefelbHas LA NMOTIOCOB).

8.42. Han 2 = 0 — ofina a.T.8. 1-ro nopAjka; Hag Kam oM U3 Todek z = k>n°
(k= +1,42,...) no aBa nonioca 1-ro nopAnKka; Hag z = o0 0fHA HEH3ONMPOBaH-
HafA TO4YKa BeTBJAEHHA (NpefeibHad A HOMIOCOB).

8.43. Hapn kampoit u3 Touek z = 0, 2 = 2 — 1o 1WecTk a.T.B. 1-ro nopaAnka;
Haj z = 1 gBe a.T.B. 2-T0 NOpPAJKa ¥ UIeCTh NPaBUIBHBIX TOYEK; Haj z = cO fABe
a.T.B. 5-ro mopAzaka.

8.44. Hap wrampoit M3 Touek z = i, 2 = —i — OecKkOHeYHOe MHOMECTBO
nomocoB 1-ro nopanka; Hag 2 = 0 U z = 00 1O OAHOM J.T.B.

8.45. Hag z = 1 — GeckoHeYHoe MHOMECTBO NPaBUIbHBIX TOYEK U BeCKO-
He4YHOe MHOMECTBO [0MI0COB 1-ro nopAika; Hax z = 0 U z = 00 RO OJHOI 1.T.B.

8.46. w = 1/4, w = co — a.T.B. 1-ro nopagKa.

8.47. w = £2 — a.1.B. 1-n0opAAKa; w = 00 — a.T.B. 2-ro NopAAKa.

8.48. w = 1/4, w = co — a.T.B. 1-r0 nOpAnKA.

8.49. w = 0, w = oo — a.T.B. 1-ro nopAankKa.

8.50. w = e**®/2 (a = cosa) — a.T.B. 1-ro nopaaka.

8.51. w = oo — a.T.B. (n — 1)-ro nopsaaxa. Kamaomy HylIlo npon3BogHo
w'(z) nopsaaka k cooTBeTCTBYeT a.T.B. GyHKUMM z(w) TOro e MopsAaka.

8.52. Hyasam npoussopuolt w’'(z) COOTBETCTBYIOT a.T.B. TaKue #e, KAK B
npepbiaywenm cayyae. [loaocam dpyHrumn w(z), I0pAAOK KOTOPBIX GOJIbILE €U~

@

Puc.. 72

17*
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HMLbI, COOTBETCTBYIOT &.T.B. MOPAAKA Ha eJMHHIY MeHblle NOPAAKA NOJIOCA.
Ecnn na oo gyuknua w(z) = wo + c—x /2" + ... (k> 1), T0o 2z = 0o cOoOTBeTCTBYeT
a.1.B. (k — 1)-ro nopsanka Hag w = wo.

8.53. IloBepxHocTb Ansa z(w) Ta ke, YTO ANA {/w; ee TOUKHU BeTBICHUA Jle-
xaT Hag w = 0, w = 00 ¥ COOTBETCTBYIOT 2 = —n, z = 00. JIucTaM w-naocKoCcTH
¢ paspesamu 0 < u < 00, v = {) COOTBETCTBYIOT yribl 27 /N ¢ BepIIMHON B TOY-
ke z = —n. [lpyu n — 00 3TH yribl NPeBPa@OTCH B FOPU30HTaNbLHbIE MMONOCHI
wupuHoit 27, yHruua w(z) — B e, noBepxHocThb A1A z(w) — B NOBEPXHOCTh
oA Lnw.

8.54. IosepxnocTs AnA z(w) Ta e, yTo And Yw. JlucTaM w-MI0CKOCTH
¢ paspesamu —oo < 4 < 0, v = 0 COOTBETCTBYIOT KPYroBbie ABYYFOILHUKU C
yriamu 27/n B Toukax z =a, z = b (puc. 72, rge n = 3) ).

8.55. IlopepxHocts I z{w) mnoaydyaeTcs CKIeMBaHMEM JBYX JHUCTOB
w-IIOCKOCTH ¢ paspe3amu |u| < 1, v = 0, cooTBeTcTBYIOWMX o61acTaAM |2| <
< 1 u |2| > 1. Touku BeTBIEHUA JeHaT Haj w = 1 U COOTBETCTBYIOT Z =
= +1. IlonspHoit ceTke |z| = r. argz = ¢ COOTBETCTBYIOT 3/UIMNCHI U TUNep-

z2 y? 22 y?
Ofbl € porycaMM [1/2(r +1/7))? + [1/2(r —1/7)]? b cos2p  sin?p
8.56. w(z) = —— = z+22% + 328 + ... — usBecTHan 3KCTpeManbHasn
(1-2)?

(GYHRUMA B TEOPHH OJHOIUCTHLIX KOHGOPMHBIX oToGpaxenuit (eMm. [4, ra. XIII,
§ 1]). Ona oTo6pasaeT efMHHUYHBIA KPYT [z] < 1 Ha wW-NIOCKOCTB C pa3pe3oM
—00 < u < —1/4, v = 0. IloBepxHocTh 2(w) moly4aeTcA CKIEHBaHHEM JBYX
TaKUX JHCTOB.

8.57. MloBepxHocTh AnA z(w) BOTYUYaeTCH NOCAeA0BaTeAbEbIM CKICHBaHHEM
2n MUCTOB W-NJIOCKOCTH ¢ paspesamu 1 < |u| < 00, v = 0. OHa umeeT 2n Touer
BeTBaeHusA 1-ro nopAgka Hal w = 1 u 2 Touku BerBaeHud (n — 1)-ro nopagka

Puc. 73

Hajg w = 0o. OcHoBHoe oTo6paskeHue nokasano Ha puc. 73. Oynkuusa w(z) as-
ToMopdHa (MHBapHaHTHa) OTHOCHTEJbHO IPYINNbl AMHEAHbIX IpeoGpasoBaHmH,

nopoxiaemoit npeoSpasopatuamu T = wz(w = €2/}, § = 1/z. ITum npeot-
Pa30BaHMAM COOTBETCTBYIOT NMpeoGpa3oBaHMA MoBepXHocTH AnA z(w) B cebs,

7) Ha pucynkax K 3aiauam 3TO#} I/aBbl COOTBETCTBYIONME APYT APYTY TO4kH 06o-
3HAYeHbl OMHAKOBbIMM GykBaMH. JINA GecKOHEUHO yAaneHHLIX TOYEK MCMONb3OBAHbI,
Kak npaBuio, o6ozHaueHuA 2 u '
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MIPHU KOTOPBIX JUCThI HHKINYECKN NepexoaAT APYT B Apyra ¢ COXpaHeHueM 1po-
eRUUH TOYeK Ha w-MJIOCKOCTb.

8.58. IloBepxHocTh anA 2(w) 2n-AKCTHA, C TOYKON BeTBIeHUA (2n — 1)-ro
nopagka Hag w = 0, COOTBETCTBYIOWEH z = 00, U C 2n TOYKaMH BeTBIEHHA
1-ro mopsagka, U3 KOTOPBIX N Paclofo#eHbl Haj w = —0O0 M COOTBETCTBYIOT
Toukam zp = e™/"Wk (w =¥/ k=0,1,2,..,n— l), a n — Haj TO4Ka-
2n —1 1
2n—1

w¥. OcHosHOe

2
MU Wy, = ( ) 2}, U COOTBETCTBYIOT TOUKAM 2j, = }

2n
B

oTo6paskeHHe Noka3aHo Ha puc. 74. OcTanpbHoe Noly4vaeTcA NPOoAONKeHHeM 1o
IPUHUUIY CUMMeTpPUH.

8.59. IloBepxHocTs aia z(w) n-1UcTHA, ¢ TOYKON BeTBIeHUA (n — 1)-ro no-
pAfKa Hal w = 00, COOTBETCTBYIOWEH 2 = 00, U . — 1 TOUKaMHU BeTBIeHHMA 1-I'0
NOPAAKA, PacNoIoKeHHpIMYU Hal wi = zx(1 — 1/n) 1 cooTBeTCTBYIOWMMY 2} =
=wF (w =¥/ kb =0,1,..,n— 2). llns MOCTPOEHHA NOBEPXHOCTH HYHHO
K ee HyJleBOMY JUCTY (w-IA0CKOCTb € N — 1 NyUeBbIMU pa3pe3aMu, BhIXOIAIIM-
MU U3 wi) NIPUKIEHTDb BAOMb Ka 100 pa3pesa, KpecT-HaKkpecT, o OMHOMY JHC-
Ty (W-MIOCKOCTDb C OJHMM Ny4eBbiM pasdpeaoM). OCHOBHOE OTOGpamenue Noxra-

A\

Puc. 74

_

3aHo Ha puc. 75. Kpyry |z| < 1 cooTBeTCTBYyeT BHYTDEHHOCTb SMMUMKIONUABI
(nna n = 2 — wappnoupnsl).

8.60. IloepxHocTh ana z(w) (n + l)-1ucTHa, ¢ Toukol BeTBieHuA (n —
—1)-ro nopAgKa Hal w = 00, COOTBETCTBYIOWENR 2z = 00, U 1 + 1 TouKaMu BeTB-
nenus 1-ro nopsAjgka, pacnonoxeHHsIMI Hag wi = Zx(1 + 1/n) u cooTBeTCTBY!IO-

wumu 2z, = w* (w =€/ k=0,1,..,n). OcnoBuoe oToGpazKeHHe NOKA3AHO

Puc. 75




262 Omeemul u peuleHusn

Ha puc. 76. 061acTH |z| < 1 COOTBETCTBYET BHEIIHOCTb FMNOLMKIOURBI (ANA N =
= 1 — oTpeska).

8.61. IToBepxHocTs AaA z(w) n-TUCTHA, C TOYKO BeTBIeHUA (1 — 1)-ro mo-
pAKa Haj w = 0o, COOTBETCTBYIOIelH 2 = 00, U 1 — 1 ToykaMyl BeTBAeHUA 1-ro
TOpARKA, PACTIONokeHHbIMHU Hay wy = (—1)%/2"~! u cooTBeTcTBYIOmMUMY 2} =

Puc. 76

=cos(kr/n) (k=1,2,..,n —1). lasa 10cTpoeHNA NOBEPXHOCTH HY?KHO K HYJle-
BOMY ee IMCTY {w — MI0CKOCTk ¢ pa3pesoM —oo < 4 K —1/2"7! v =0) npukae-
MTh NOCIENOBATENLHO 7t — 2 IMCTa C ABYM# paspeaamu 1/2" ! < |u| < 00, v =0,
3aTeM K MOCIENHEMY M3 HMX NpPUKIEUTH elle JKCT, UMEeIoWNil pa3ped —oo <
<ug—~1/2""' v =0, ecnu n — yeTHOE uMcHo, U paspe3 1/2" ' Lu < oo, v =0,
ecan n — HedeTHoe yucno. Ilpu oToGpasenuun w(z) 3MIMICEL ¥ rUIEpGONb] C
dokycamy 1 NepexoiAT B 3AMMNCH U runep6obl ¢ horycamu +£1/2"~! Uame-
HeHUe Molyoceil nonyyaeTcd U3 COOTHOIIeHUM 2 = const, w = const. Ha puc. 77

Puc. 77

NoKa3aHo pa3bueHHe 2-IJIO0CKOCTH Ha 06,1aCTH, COOTBETCTBYIOLIME NOMY ILIOCKOC-
TH v > 0 1 v < 0 (;mepBBIe 3AITPUXOBAHBI) JIA N = 5.
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8.62. w =0, w =00 — I.T.B., w = 1 — noiioc 1-ro nopAaaka pina ogHoit U3
BeTBel GyHKIMHA z(w).

8.63. Oynkuua 2(w) NMeeT N0 oxHol a.T.B. 1-ro MOpAAKA Hag w = 7 1

no ase 1.T.B. Hag w = 0 ¥ w = co. Ee puManoBa noBepXHOCTh MONYyYaeTCA My TeM

CK/IeMBaHUA IBYX 3K3eMIUIAPOB PUMaHOBOIl IOBEepXHOCTH GyHKIUU Lnw Boons

pa3spesa, NPOBeEHHOIr0 HAa HUX Hal Ayroii, coeAMHAIOUIEN Ha W-II0OCKOCTH TOY-
264

Kuw=e¢€ .

8.64. Oyuruus z(w) uMeeT Hal w = ++/2 GeckOHEYHOE MHOKECTBO &.T.B.
1-ro mopaaka ¥ Hag w = 00 JBe JI.T.B.

8.65. ®dyukuua z(w) MMeeT 1O ONHOH a.T.B. 1-ro MOpAAKa Hajl TOYKaMH
wy = sin 2/ 2x (Zk ~— KODHH ypaBHeHUd tgz = z; OHMU Bce AefiCTBUTENbHbIE),
JBe JI.T.B. HaJl W = 0O U KOCBEHHO KPUTHUYeECKYIO ocobeHHOCThL Hax w = 0, npe-
HeJbHYIO JIA yKa3zaHHBIX a.T.B. (cM.: HeBaununua P. Onqaosnausnble aHamtu-
TUYeckue ¢pyHkuuu.— M.: Focrexuspar, 1941.— n. 238).

8.66. z = Arccosw = 1/iIn (w + Vw? — 1). loBepxHnocTs ana z(w) Gecko-
HEYHONHCTHA, ¢ ABYMsA J.T.B. HAJ W = 0O U a.T.B. 1-ro nopsAnka Hag w = =1,
cooTBercTBytomMMH z = kn (k = 0,%1,+2,..); nomyuyaeTca crieMBaHHEM
GecKOHEYHOro upciaa w-INIOCcKOCcTed ¢ paspesamu 1 < Ju| < o0, v = 0,

—

) @) a

Q/

9% '
[_] 1

o] \B"

(1 Qu\\\\\ ;(2)

KOTOPBIM COOTBETCTBYIOT BepTHKanbHble nonocel kr < = < (k+ 1)w (puc. 78).

8.67. z = Arcsinw = /2 — Arccosw. IloBepxHocTh Anf z(w) Ta e, YTO
nas Arccos w.

~

Puc. 78

- w
- . lloBepxHoOCTL Ans1 z(w) GeCKOHEYHONUCTHA,

1
8.68. z=Arctgw= —Ln
2t itw
¢ ABYMA I.T.B. Haf w = =i; MOLYYaeTCA CKIeUBaHUeM GECKOHEHYHOr0 4ucia
w-m1ockocTeit ¢ paspesoM u = 0, [v] < 1, COOTBETCTBYIOWMX BepTURAILHLIM
nonocam kn < z < (k + 1)m (puc. 79).
8.69. z = Arcctgw = w/2 — Arctgw. IloBepxHocTb AnA z(w) Ta #e, 4TO
ana Arctgw.
8.70. z = Archw = In (w + Vw? — 1); ch 2 = cos iz. lloBepxHocTh a5 z(w)
Ta e, UTO JIfA Arccosw.
8.71. z = Arshw = In(w + Vw? + 1); shz = —isiniz. [loBepxHocTh jaA
z(w) moxydaercsa u3 npeapigyliel MOBOPOTOM Ha w/2 BOKpYT Hayana Koop-
AVIHAT.



r
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8.72. z = Arthw = 1/2Ln ((1 + w)/(1 — w)); thz = —i tgiz. [loBepxnocTs
ana z{w) nonyyaeTcA U3 NOBEPXHOCTH Aaf Arctgw NoBOpoTOM Ha /2 BOKPYT
Hayala KOOpJMHAT.

8.73. z=Arcthw=1/2Ln ((w + 1)/(w ~ 1)); cth z =i ctg iz. [loBepxHOCTHL
ana z{(w) Ta #e, uto Ana Arthw.

8.74. llosepxHocTb A1A z(w) CTPOUTCHA Tak: HAa w-INIOCKOCTU NPOBOAUM

*a

(Y]

® @)

o 94

Puc. 79

FODH30OHTaNbHbIE paspedbl —oo < 4 K 1, v = (2k+H)m, (K = 0,£1,42,...) u
BIOMb Ka[oro U3 HUX NPURIEHBAEM M0 3K3EMILIAPY wW-IUNIOCKOCTH ¢ TaKUM
me (omuum) paspesoM. IlocTpoeHue nosepxHocTd i z(w) ocHOBaHO Ha

4) y=2m ® (4) y=2=w

I
(2) A(-1+m) 3) IX( 1+xi)

m \\\\\\”’ §

@ @
T A=+\\
\\\\\

TOM, uTo w(z) oTo6paxaeT Kampylo nomocy 2km < y < (2k + 1)7 na nomocy
2kn < v < (2k + 2)7, Hecylyio w-n10CKoCTh, NpHKIeeHHYIO 10 paspeay —1 <
L u < o0, v=(2k+1)m (cM. puc. 80); 3Hak + o3HauaeT, 4TO 06RECTH HYMHO
CKJIEUTB).
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8.75. 1) Ilycts F — pumMaHOBa NOBEPXHOCThb, HA KOTOPYIO QYHKIUMA w =
= R(() orobpakaer (-maocrocrsb. st NOCTPOEHUA PHMAHOBOM NOBEPXHOCTH
OyHEIHY 2(w) HYHHO CKIEUTH GECKOHEYHO MHOIr0 SK3EeMIUIAPOB MOBEPXHOC-
TH F c paspesoM mo ayre, coeaunsamioweit Ha F' Tourn w(0) u w(oo) (nomo6Ho
NOCTPOEHUIO PUMAHOBOM NoBepxHocTy GyHruru Lnw). [onyuennan pumanosa
IOBEPXHOCTL UMEeT [Be J.T.B. B KOHLaX YT CRIEHBAHUA U 6ECKOHEYHO MHOI'0
a.T.B., IpUHaJeAalnX nopepxsoctam F.

2) lna nocTpoeHKA pUMaHOBOH NIOBEPXHOCTH QYHKIUN 2(w) ChaenBaeM Gec-
KOHEYHO MHOM0 3K3eMILIAPOB [OBEPXHOCTH F' nonepeMeHHO BHONL Pa3pe3os,
unywux ua royek w(+1) K Touke w(oco) (10A0GHO NOCTPOSHUIO PHMAHOBOM 10~
BepxHocTH pyHKuMK Arcsin w). llonyyennaa pmaHoBa NOBepXHOCTb HMeeT Be
A.T.B. Hak w(00) U HOMONHUTENLHO K a.T.B. I. 1) uMeeT eille GECKOHEYHO MHOTO
a.7.B. 1-ro nopagka B Toukax w(+1) (ecan w(+1) nmn w(—1) ABaneTcH a.T.B.
nopaaka k nosepxsoctu F, To 11a z(w) ona GyneT a.T.B. nopaAznka 2k + 1). He-
cnegoBaHne QYHKUMHM z{w) MOMKHO CBECTH M K NIpeAbIAYILIEMY Crydalo 3aMeHOMH
21 =1z,

8.76. Bce pumaHOBBI NOBepXHOCTU A1A w(z) ABYIMCTHbI U MMEIOT a.T.B.
1-ro mopApgKa Hajl TOYRaMHU:

1)z=a,2=b; 2)z=a,z=5b,z=c¢, z=00;

3) z =a U z = 00, eCliU N HeYeTHoe.

Jlns nocTpoeHuA noBepxHocTel 6epeM [Ba JHUCTa z-MAOCKOCTH C pa3pesaMHy,
MAYHIMMM M3 yKa3aHHbIX Bblilie TOMEK B 0O, ¥ CKIEHMBEEM WX N0 OJMHAKOBbIM
paspesaM.

8.77. Bce puMaHOBBI IOBEPXHOCTH AnA w(z) TPeXIUCTHBI U UMEIOT a.T.B.
2-ro NOpAAKAE Haj TOYKaMU:

Vz=gag,2=0; 2)z=a,z=b,2=00; 3)z=a,z2=b,z=c;

4) z = ar 1 z = 00, €CNU N He KpaTHO 3.

Ins mocTpoenus noBepxHocTel 6epeM TPH JUCTa z-IIOCKOCTH C paspe3aMi,
HIYUIMMHU U3 yKa3aHHbIX TOUYEK B 0O, Ha KOTOPLIX Onpefe/isaeM TPY O4HO3HAUHbIe
BeTBM w, ww, w'w (w = e*™/%). lpy obxoge Touex BeTBienun w(z) npuotpe-
TaeT MHOMHTENb w 3@ CYET OJHOrO W3 MOAKOPEHHBIX MHOMHUTENEH, N03TOMY

w ww wiw
( 9 ww : % w?w E% w
Puc. 81

NOPANOK CKACUBAHUA NUCTOB MO BCEM pazpe3aM ONUHAKOBBLIA, WHRIMYECKUN
(cM. cxemy Ha puc. 81).

8.78. PumaHnoBa noBepxHocTb Aia w(z) n-IucTHa, ¢ a.T.B. (n — 1)-ro mo-
pAdKa Hajl z =a, 2 = b, 2 = ¢, 2 = 0o0. [loBepXHOCTH NOJNYYaeTCA CRIEMBAHUEM
7L IMCTOB 2-NIJIOCKOCTH C pa3pe3aMHu, HAYIIUMY U3 TOYeKk 2 =a, 2=b, 2 = ¢ B 00.
CrierBaHMe IUMKINYeCKOE, OJHOBPEMEHHOE 110 BCeM pazpes3aM. JIUCTHI COOTBET-
CTBYIOT OJHO3HAYHBIM BETBAM QYHKIHH w*w (w = ez’”/“, k=0,1,...,n— 1).

8.79. PumanoBa noBepXHOCTb 44A w(z) HECTUANCTHE, € a.T.B. 5-ro Nopsal-
Ka Hafd z = 0o, ABYMA a.T.B. 2-T0 NMOpAJKa Haj KamIOH U3 TOYeR 2z =a, 2 = b
U TpeMfl a.T.B. 1-ro nopAxka Hax z = c¢. [loBepxHOCThb MonydYaeTcsd CKICHBaHU-
€M [IeCTH AUCTOB 2-TUIOCKOCTHU C Pa3pe3oM Mo KpUBOH, uaywed us a B b, us b
B ¢ K U3 ¢ B 00. ITH NHCTbl COOTBETCTBYIOT OZHO3HAYHBIM BETBAM: w) + ws,

2 2 .
wwr + wa, Wiy + w2, Wi — we, WW1 — We, ww; — wy, THew = e % g wy, wy —
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zZ—a
OHO3HAYHble BETBU 5 ¥ vz — c. 0604 BOKPYT a UMKINYECKH COCAN-

(z—0)
uaet nucthl 1), 2), 3) u 4), 5), 6), Bokpyr b — nuctsl 1), 3), 2) u 4), 6), 5)
(coepuHenue ABaMAbl MO MOLYNMCTaM), BOKPYT ¢ — HoayaucThl 1), 2), 4), 5)

it s QN vt
~

1) C= —
a wwjtw, b wwitw, ¢ wiw—wg
wwitwsg wWw+wsy ww);+ws
2) C =
e whwuitwy b wrtw W wy—wy
ww)+wsy w2w+w, wwi+w,
a wy+wy b ww+wy c ww;—wy
I
4) C=
a wwi-wy b ww—wy C w2w; 4w,
W — Wy Ww—wsy ww) —wy
5) C - <
e  wlw—wy b wrwzw wytwy
ww;—w; w2y —w, ww—wsy
6) C= C
a W ~wy b ww—wy C ww+wy
Puc. 82

(morazano ua puc. 82); 2), 3), 5), 6); 3), 1), 6), 4), BOKpyr 0o — HMKIHYECKU
nucThl 1), 6), 2); 4), 3), 5) (cm. cxemy Ha puc. 82).

8.80. PumanoBa noBepxHocTh A w(z) WeCTUINCTHA, ¢ AByMA a.T.B. 2-T0O
nopajxa Hag z = (), onHO# a.T.B. 1-ro nopaaka Hag z = 1 1 a.T.B. 5-ro nopajka
Haj z = co. [l ee MOCTPOEHUSA HYHO CKJIEUTh ABa 3K3EMIIIAPa MOBEPXHOCTU
GyHKIKU ¥z, KamAbId U3 KOTOPLIX UMeeT Ha OJHOM M3 JMCTOB paspes IO a1ydy
y=01<z<00.

8.81. PumanoBa noBepxHocThb aiA w(z) OBYJAHCTHa, ¢ a.T.B. 1-ro nopaaka
Han Toykamu z = kn (kK =0,2£1,42,...); Han z = 0o NOBEPXHOCTL UMeeT TPaHC-
LEeHAEHTHYIO 0COGEHHOCTL — mpefen a.T.B. 1A NOCTPOeHUA NMOBEPXHOCTH Ge-
peM JBa IUCTa 2-IUVIOCKOCTH C paspe3aMu, MAYIIMMHU U3 a.T.B. B 0o (Hampumep,
N0 Iy4aMm mnapainelbHbIM MHHUMOIM OCH), U CKJIeMBaeM JIMCThI 10 OJUHAKOBBIM
paspesaM.

8.828). F, u F, nonyvaloTcA Kaxpafd CKICMBaHUEM JBYX IJIOCKOCTel ¢
paspesamu [—1, 1] (puc. 83).

8) B oTserax k 3amauam 8.82-8.87 uyepes F,, 0603HaueHbl NOBEPXHOCTH AIR z(w),
T. €. IOBEPXHOCTH Hal w-TI0CKOCTbIO, a Yyepe3d F; — NoBepxHOCTH dyHkunu w(z) Han
Z-TIOCKOCThIO.
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8.83. F), nony4aeTca CKIeMBaHHEM BYX 2-IUIOCKOCTel ¢ paspe3aMu (—oo <
<z <0,y =0), F, — aByx w-niocxocre#t ¢ paspesamu [—1i/2,1/2] (puc. 84).
8.84. F, u F,, nony4aloTcs Ka#aasa CKIeHBaHIEM Tpex IIOCKoCcTel, UMero-

N

B

NSRS
\\Al @2)

Puc. 85

WUX B MUKIMYECKOM MOPANKe pa3pedsl Mo ABYM u3 oTpeskos [0, V4], [0, w /4],
[0, w2 ¥/4], tie w = /% (puc. 85).

8.85. F, mony4aeTcs ckieMBaHKeM ABYX z-IIOCKOCTeli ¢ paspesamu [0, 3/2],
F, — npukneuBanneM K w-TJIOCKOCTH C paspesaMu yi: ['i3\,/§/27 “+ioo,
y2: [—i3v/3/2, —ico] ABYX APYTHX w-TIOCKOCTe# C pa3pe3oM 7, COOTBETCTBEH-
HO 72 (puc. 86).

8.86. F. mony4aeTcH CKIeUBAHIEM ABYX 2-[IOCKOCTe ¢ paspesamu [—1, 1],
Fw CKJleBaHueM Tpex ’w-HJ’IOCKOCTeI‘/‘I, HMENX COOTBETCTBEHHO OAUH pa3i-
pe3 [—ib,1b|, aBa paspesa [—a,a], [0,ib] u OBa paspesa [—a,a], [0, —b], roe

o= vE-1 /5-2 b= Va1 V5 + 2. OTo6pasenne ¥ TPU w-NIOCKOC-

2 2
TH ¢ paspe3aMu TNOKasaHbl Ha puc. 87 (puc. He B MaciuTabe).

8.87. a) n HeueTHoe. F, m-1ucTHa, MMeeT m a.T.B. (n — 1)-ro nopAAKa Haj

Toukamy z = w* (w= e™/" k=1,2,..,n), Fy, 2n-nuctHa, umeeT n’ a.T.B. 1-ro
_

NOpAnKa, N0 n Haf Toukamu w = 7* {/1/4 (17 =" 4 =0,1,2,..,n— 1),
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n

Puc. 86

n

N
\
g

N

-1

Puc. 87

@

0]
1

COOTBETCTBYIOWHMX ToykaMm F, Hall z =n”, U n a.T.B. 1-Tro nopAKka Hal w = 00,
COOTBETCTBYIOWNX a.T.B. F; Hag z = w”. OToGpamenue nokasaHo Ha puc. 88
(mnA uccaenosanus ucnonb3opaHa 3amena ( = z", W = w"). Oyuruua w(z)

A
@

3R

5(1})

o
Puc. 88

cTBenno yepes HY u H}, a rpanuuHble Iyry, onpefeliseMble TOYKaMu w”,

otobpaxaer Kpyr |z| < 1 Ha
W-IIOCKOCTb C N Jy4eBBIMH
paspe3aMi, BBIXONAWMNMU U3 TO-
ek 1" y/1/4.
6) n 9ernoe. Ecau n = 2m, To
w(z) pacnagaercs Ha ABe QYHK-
m

z
nuu: wi'y = £————. Qua mocr-

’ 14 22m
poenusn F, Gepem m “momyauc-
toB” |z2| < 1 u n “nomyaucTo”
|]z| > 1. O6o3naunm ux cooTRet-

k

uepes ~y,. IpuknenBaem k H} | BAOJb Y, NOMLYIHCTDI HY, BIoab Y41 — monyiuc-

Tl HY, BIOAL ~p 42 — nOMynucTsl HY ¥ T. 1.

UUKINYECKH. DTUM ONpeNelfeTCh
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M MOPAAOK CKIeUBaHUA F, U3 2m JIUCTOB, NPEACTaBIAIOUINX W-NNOCKOCTHU C 7
Ny4eBbIMU pa3pe3aMl, yKa3aHHBIMH BBILIe.
2

8.88. w=2"% 2=0u z =00 — a.T.B. 2-T0 NOpAAKA.

8.89. w = 2z™/™ (n,/m; — HecokpaTuMas 1poGb, paBuag n/m), z =0 u
z = 00 — a.T.B. (my — 1)-ro nopagka.

8.90. 2 =0 u z =00 — a.T.B. 1-ro nopajka; z = 1 — cymecTBeHHo ocobas
TOYKa O4A OJHON M3 ABYX BeTBell QyHKIHHU.

8.91. w=1~2/3!+ 2°/5! — ... — nenaa GyHKUUA; 2 = 0O — CYIIECTBEHHO
ocobaf ToOYKa.

8.92. z=0wu z = 00 — a.T.B. 1-ro nopajka; z = 1 — cyliecTBeHHO ocobad
TOYKa JJA ORHOMN U3 ABYX BeTBel QYHRUMH, IpefeibHad IJIA ee noaocos 1-ro
1- Ak
1+ ag
ye 4.76, o6nacTb HeompeleleHHOCTH B Toyke z = 1 coBmamaeT co Bceif mioc-
KOCTBIO.

2
NOPALKA B TOUKAX 2 = ( ) , Qp = g +nk (k=0,+1,...). Cornacto 3ana-

8.93. Eciu n = 0, To 2 = 0 U 2z = 00 — ycTpaHuMble 0cobble TOUKH U

w=1lecmtnn <0, T02=0H2=00— 1. T. B, npuyeM limw = lim w =1
=0 200

U z = 1 — cymecTBeHHO ocofad To4yka OJA OAHOH U3 BeTBell PyHKLUUU; ec-

mn=1 1tow=2z¢ecmn>1 10 2=0H2=00 — ITB., OpuieM 006-
1acTh HeoNpeAeleHHOCTH w(z) B 3THX TOYKaX COBIalaeT co Beelt paclinpeHHoil
W-II0CKOCThIO.

8.94, 8.95. z =0 1 2z = 00 — J.T.B. C 06/1aCcTbIO HeonpeAeJcHHOCTH AaA
w(z), coBnafamwei ¢ pacidipeHHON w-IIOCKOCThIO.

8.96. z=1uz=00 — n.T.B, npudeM limw = lmw =00 u 2 =0 —
z—1 200

noatoc 1-ro nopsAgka nas Beex BeTBeit w(z), KpoMe OQHOIA.

8.97.2=0uz=00—1 T B. 1 limw = lim w = oco.
z—0 2300

8.98. Touku BeTBIEHUA Te e, UTo MIA Arcsin z (T. e. 6eckoneuHoe MHO-

#ecTBO a.T.B. 1-ro nopaika Haj z = +1 M ABe 4.T.B. Hag z = 00, lim w = 0;
o0

2z = 0 — nomoc 1-ro nopanka A Beex BeTBeH (QyHKUM, KpoMe OQHOM).
8.99. z = 47 — n1.T.B. lim w = o0; 2 = 0 — nomioc 2-ro nNopAxKa 414 Beex
z—Ei
BeTBeH QpyHRUUU.

8.100. oBepxuoctn w(z) u z(w) Te Me, YTo Aas MorapudpMudeckoit GyHxk-
uuu (1.7.B. Hag 0 u 00). OToGpamceHue Jerko NonyYaeTcs ¢ IOMOLILIO TapaMeT-
PUYECKOro MpeicTaBlehka z = e, w = e°S.

8.101. PumanoBa MoBepxHOCThb 1 w(z) 66CKOHEYHONMNCTHA, C OGHOM J.T.B.
Haj KayKkJoif U3 TOYeK 2 = a, z = b U AByMA 1.T.B. Hag z = co. [loBepxHOCTH TO-
JydyaeTcA CKjIeMBaHHeM GeCKOHeUHOro YHcia JUCTOB 2-IJIOCKOCTH C pa3pe3aMy,
UIYIUMH U3 TOYEeK z = @, 2 = b B 00. ATU NUCTHI COOTBETCTBYIOT OJHO3HaY-
HBIM BeTBAM QyHEUHN w + 2win (n = 0,x1,+2,...). lIpu 06xome Bokpyr z =a u
z = b 3TN BeTBHU NEePeXOJAT [0C]IeJOBaTelbHO IPYT B ApPYyra, 4eM OnpeneiseTcs
XapaKTep CKJIeUBaHUA JHCTOB.

8.102. PumanoBa noBepxHOCTb 1A w(z) 66CKOHEYHONUCTHE, C OAHOMH /.T.B.
HaJ KaiAo0i U3 ToUek z = a, z = b, 2 = c ¥ TpeMA I.T.B. Haj z = 0. [locTpoeHue,
nono6Hoe npeablayIieMy.

8.103. PumaHoBa 10BepxHOCTb A w(z) 6eCKOHEYHOINUCTHA, C OHOH J.T.B.
Haj Kampoi u3 Touer z = kw (k = 0,%1,£2,...). B KauecTBe 1HCTOB MOMHO
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B3ATh 2-IIOCKOCTH C pa3pe3aMu, MAY UMM U3 Touek z = kw B oo (HalpuMep, no
BEPTHKaNbHLIM NONYNPAMBIM). JBa aKucTa CKIEUBAIOTCA Cpa3y MO BCeM paape-
3aM, 110 OJHOIt CTOpOHe, Kak NP NOCTPOEHHH NOBEPXHOCTH JorapudMudeckoit
¢yHKUUN. B 00 -— TpaHcOeHJeHTHaA 0Co6eHROCTh, NpefelbHan A1A 1.T.B.

8.104. 1) B kakmolt CBA3HONM YacTH PHMaHOBOH MOBEPXHOCTHM (GYHKUMM
¢ = p(2) Hag z-TIOCKOCTBIO, KOTOPOM COOTBETCTBYET CBA3HAA YacTb PUMaHO-
DOt MoBEpXHOCTH ob6paTHO dyHKIMH z = ¢~ () Haa G¢, w(z) npencrasaseT
eIMHYIO aHaTUTUYEeCKY IO QYHKLHIO;

2) B KamAOH CBA3BHOM YacTH PUMAaHOBOH HoBepxHOCTH GyHKUMU ¢ = ¢(2),
pacnonokenHoii Hax G, (sTa o6nacth G¢, nepeHeceHHan B z-INIOCKOCTh), w(z)
npejcTaBiIfAeT eJHHYIO aHaIUTHYeCKYIO GYHKUMIO.

3) To e, uTo B 1. 2). B ykasanHOM B yCIOBMM 3ajadyy yaCTHOM clyuae
w(z) Becerfa npefcTaBifeT OfHY aHAIUTUYECKYIO GyHKLMIO.

8.105. w(z) COCTOMT M3 ABYX aHaTUTHU4YEeCKUX GYHKUUN Fz.

8.106. w(z) cOCTOMT M3 ABYX aHATHTUYECKUX DYHKUMUH +2%/°%.

N o
8.107. w(z) COCTOMT U3 p aHATUTHYECKUX byHKUMHA wF2™1/™1 (= /™

p=mnox (mn), k=0,1,..,p—1; mi =m/p, n1 =n/p).

8.108. w(z) cocTouT 13 n neabix Gpynkumit wte*’™ (w = /" k =0,1,...
wyn—1).

8.109. w(z) — onHa n-3HauHaa ¢yHKLUA ¢ a.T.B. (n — 1)-ro nopsagka Hag
z = kn (k=0,%1,..). Ha co oHa uMeeT Heu30AMPOBAHHYIO 0COOGYIO TOYRY,
npeenbHyIo 15 a.T.B.

8.110. w=nLnz + 27ik (k=0,1,...,n — 1) — n pasnIMuHLIX aHATUTHYEC-
KUX QYHRUMH.

8.111. w(z) cocTOMT u3 QpyHRUM z + 2mik (k= 0,1, ...).

8.112. Ogna GeckoHeyHO3HAaYHaA GYHKUMA ¢ I.T.B. Hafx z = 0, £1oo.

8.113. w(z) — omHa GeCKOHeuHO3HAYHas aHalUTHYecKas QYHKUMUA C OA-
Holt N1.T.B. Han zx = 2mik (k = 0,=£1,...). Ha co oHa UMeeT HeM30IMpOBaHHYIO
0co6YI0 TOURY, NpelenbHylo IiA 1.T.B. PUMaHoBa NOBepXHOCThL PyHKRUMK w(z)
OJHOCBA3HAA M IONYYaeTCH CKIeMBaHUWeM OECKOHEYHOro 4uc/aa JIHCTOB
w-IIoCKOoCTeH ¢ paspesamu (nomapuo 6e3 o6WIMX TOUYEK), MAYLIMMH U3 2 B
oo (mBa MMcTa CRIEMBAIOTCA OAHOBPEMEHHO MO BCeM pa3pe3aM, HO TOJBKO 110
onpeneneHHON X CTOPOHE).

8.114. PumaHoBa NoBepXHOCTb Ta e, 4TO B 3agaue 8.113, TonbKko C I.T.B.
Han z = km (k=0,=£1,...).

8.115. PumanoBa nNoBepXHOCTh Ta e, 4TO B 3agave 8.113, TonbKo C 1.T.B.
Ham z = wk/2 (k= 0,%1, ...).

8.116. w(z) cocrouT u3 pyHkuni xz + 2kw (k= 0,1, ...).

8.117. w(z) cocTouT u3 pyHnsuuii z + kw (k= 0,+1,...).

8.118. 1) Ilycts 71 = mi/ny, 2 = ma/n2, ¥ = 1173 = M/n — HecoOKpaTH-
Mble Apo6u U p =H.0.4. (T, N2), ¢ =H.0.4. (M2, n). Torpa (z™)"? cocTouT U3 p
Pa3TMYHBIX N-3HAYHBIX AaHATUTHYECKHX GYHKIMHA, PABHLIX w2, w = ™/ ("P)
k=0,1,..,p—1, a (2")™ cocrouT u3 ¢ dyHrUMH wrlz" w, = ¥/ (n9)
k=0,1,..,¢ — 1. OfHa u3 HUX, a UMepHO 2", Bcerja NPUHAIIEHKHUT K 060UM
cnyvaam. B wactroctH, (2%/%)%/2 = 42, (2%%)¥° = (2.

2) Mycts 1 = my/ny, 12 = ma/na, 7 = 71 + 72 = M/N — HecokpaTUMBbIe
Apo6u ¥ p = H.0.4. (1, n2). Torga z"' 2”2 cOCTOUT U3 p Pa3IUUYHBIX N-3HAYHBIX
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aHANMMTUYECKUX (QYHKIMHA, paBHbIX w®z", w = *™/("P) p = no.p. (munh +
+m2nllvp)y Tl; = nl/pr nlz = nz/p, k= 07 17 Y 4 Nt 1.

3) Mlyctb p =H.0.4. (n1,n2) u N =H.K. (n1,n2) = mny/p. Torna w(z) co-
CTOMT U3 p pa3inuHbIX N-3HaYHbIX AHATUTHYECKUX (Y HRUMI.

8.119. llycte N =H.k. (m,n), p = H.0.4. (m,n), ¢ = Ho.a ((m+n)/2,
mn/2) n 1/m+1/n = p/v. Torna w(z) — enunaa N-3HauHasA aHaTUTHYeC-
Kas ¢pyHxuud, uMetomana N/n a.1.8. (n — 1)-ro nopsanra Hax z = 0, N/m a.T.B.
(m — 1)-ro nopsanka vag z =1 u N/q — a.T.B. (v — 1)-ro nopanka Haj z = oo.

8.120. OnHa nm-3HayHaA aHaJlUTHYecKkana GyHKIUA, MMelollad OaHy a.T.B.
(n — 1)-ro nopsanka Hag z = 1, n a.1.B. (;m — 1)-ro nopaAnka Hag z = 0 U ofHY
a.1.8. (mn — 1)-ro, nopsaaka Hag z = ©O.

8.121. [IBe pa3nuuHble YeThIpeX3HauHble (YHKUMH, OTIMYAIOMUECA 3Ha-
KOM, C TaKol #e PUMaHOBON MOBEPXHOCTLIO, Kak y GyHkuuM z. KRampan us
3TUX QYHKLHUI UMeeT MO OJHOM BETBY, /A KOTOPOH Touyka z = 1 ABAAETCA
OJIOCOM NIEPBOro NOPALKA.

8.122. BeckoHeyHo3HayHasA (GYHKIOUA C OJHOM
HaJl z =1 U n 1.T.B. Hal KamAON M3 TOYeK 2 =

2

/ 2mi!
4 —_—
(3) .

(I,

a.1.B. (n— 1)-ro nopsaka
0, z = oo. [Ina noctpoe-

INNPON

o] () ® ;00 M)
\\ 2

HUA TOBEPXHOCTH HY#HO CKJIeUTh N MoBepxHocTeil aus Ln z ¢ paspezom [ 1, 00)
Ha ONHOM W3 IUCTOB y Kampmoi. Jlunuu p”sinnd = krx (k = 0,41, £2,...) pas-
6MBAIOT W-NIOCKOCTh Ha 06NACTH, COOTBETCTBYIOLIMe NoayniockocTam y = 0
(puc. 89, nna n = 2, ( = w® — BcHoMoraTelbHasd MIOCKOCTE).

8.123. BecroHeuHo3HauHaa QYHKUMUA C OJHOH 1.T.B. HaA z = 1 u Gecko-
HEYHbIM YHCJIOM TONbKO N.T.B. Hal z = 0 M z = oo. PumaHoBa moBepxHOCTB
NOoNyyaeTCA CKIeUBaHUeM OeCKOHEYHOro 4iicia moBepxHocTeil a1 Lnz c pas-
pesom [1,00) Ha ogHom u3 auctob. lloBepxHoctb MMeeT Hal z = 0, z = oo
TONbLKO JI.T.B., IPUTOM GeCKOHEYHO MHOTO, ¥ Hagl z = 1 — 0GbIKHOBEHHbIE TOY-
KW U ogHy A.T.B. Jlunuu e”sinv = (2k+ 1)m u v = 2kn (k = 0,£1,%2,...)
pa3buBalOT w-MIOCKOCTh Ha 061acTH, COOTBETCTBYIOIME KaxaanA 2-MIOCKOCTH
¢ pa3pe3om —o0 < = £ 0, y =0 1 fononHUTEIbHBIM pa3pe3om 1 Lz < oo,y =0
AasA ofnacTeil, B rPaHULly KOTOPBIX BXOHAT npaAMble v = 2kw (puc. 90, { =e¥ —
BCroMoraTe/bHas MI0CKOCTD).

8.124. BecroneuHo3HayHasA PYyHKIHUA C TOH e PUMaHOBOH NMOBEPXHOCTLIO,
yto y LnLn z.

8.125. PumanoBa NOBepXHOCTh GECKOHEYHONMCTHA, UMeeT a.T.B. (n — 1)-
ro nopagka Hag z = 0, Toabko a.T.B. 1-ro nopAxka Hajg z = *1 u 2n A.T.B.
Haj z = oo. A nmocTpoeHUA MOBePXHOCTU HYHHO CKIeUTh 1 NMOBepXHOCTel
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ana Arcsinz ¢ paspesom [0,1] Ha oaHOM M3 aucToB y kampmoit. Jlunuu nf =
=kn/n u p”cosnfd = kr (k = 0,%1,...) pasbuBaloT w-NI0CKOCTb Ha 06JacTH,

COOTBETCTBYIOWME TOTymIocKocTAM ¥ = 0 (puc. 91), rae n = 2, { = w® —
BCIIOMOraTeNbHaA [IOCKOCTD).

8.126. PumaHnoBa [0BEpXHOCTD NONy4YaeTCA CReuBaHueM GeCKOHEYHOTo Yuc-
na noBepxnocTell (A Ln z ¢ paspesamu [0,1/e], [e,00) Ha ofHOM U3 nHCTOB

®
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Puc. 91

MNNNER) \\\\EYEF\E\i\\E\*\Es)
X an n’(s)é\e )
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7

7
7

/

Puc. 92

(noBepxHOCTH s Lin 2 Mo ABe cKieMBalOTCA MONApHO, TO 110 0AHOMY, TO N0 ApY-
roMy U3 3THX paspe3oB). [loBepxHocTh MMeeT Hal z = 0, z = co GecKoHeuHOe
MHOECTBO 1.T.B. U Haf z = 1/e, 2 = ¢ — O6bIKHOBEHHbIE TOYKH U 6ECKOHEYHO
MHOTrO a.T.B. 1-ro nopaxka. Jlunuu Im sinw =cosushv= 2k + )ruu=x/2 +
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+kn (k=0,%1,42,...) pasbuBaloT w-NI0CKOCTb HAa O6NACTH, COOTBETCTBYIO-
HMe Kaxaan z-INI0CKOCTH ¢ padpe3oM —oo < z < 0, ¥y == 0 ¥ JOMOTHUTENbHBIMU
aByMa paspesamil: 0 < z L 1l/e, y=0ne <z <00, y =0 — s obaac-
Tel, B FPaHULly KOTOPbIX BXOAAT NpsAMble u = 7 /2 + km (puc. 92; ( =sinw —
BCIIOMOraTenbHas MI0CKOCTD).

8.127. BecroHeuHo3HauHaa ¢yHKUMA. Ee piMaHOBa MOBEPXHOCTbL NOMyya-
eTCA CKIeuBaHUeM GeCKOHeYHOro YHc/ia 3K3eMIUIAPOB PHUMaHOBOH MOBEPXHOC-
TH QYHKuuM {/z — 1, cHabkeHHbIX HA OJHOM U3 JHUCTOB Pa3pe3oM BAOIb Ayua
1 <z < o0, y=0. ChaenBaHKie NPOU3BOAUTCA KAk PU NOCTPOEHHM PUMAaHOBOMN
MOBEPXHOCTHU NOrapuPMHUUYECKON QyHKUUM.

8.128. BeckoHeuHo3HauHaA QYHKIWA C OJHMMM JIHILUL a.T.B. 1-ro nopsaaka
Hag z =0 M 2z =00 U ABYMA I.T.B. Hag z = 1.

8.129. BeckoHeuHo3HauHaA GYHKUMA C ABYMA J1.T.B. Haf z = —1 u Hecko-
HEYHbIM YMCJOM TOAbKO a.T.B. 1-ro nopaaka Hag z = 0 u z = oco.

™m m 2w
8.130. Ecma=—, Tow= —Lnz+ —k (k=0,1,..,m - 1) — m pas-
n n n
IVYHBIX aHaIUTHUYECKUX QYHKUMI; eclid ¢ UppanvoHanbHo, To w = alnz +
+ 2wtk (k=0,%1,...) — 6eCKOHEYHO MHOTO PasMUYHLIX (YHKIHH.

8.131. [IBe pasnnunble 6eCKOHEYHO3HAYHbIE aHANUTHYeCKHE QYHKIMHU C TOM
#e pUMaHOBOIl OBEPXHOCTLIO, YTO Y Ln 2.

8.132. IBe pa3nnuHble aHaauTHU4YeCKUe ¢yHRUUH, paBHble COOTBETCTBEHHO
2Lnz un 2Ln(-2).

8.133. w = 7w/2 + 27k, k =0,%1,..., w = 7/2 4+ 2Arccos z; w = =37 /2 +
+ 2Arccos z.

8.134. w = /2 + 7k (k =0, +£1,...).

8.135. w = i(w/2 + wk) (k= 0,£1,...).

8.136. w — GeckoHeyHO3HayHaA QYHKUMA C TON ke PUMAHOBONM MOBepX-
HocThIO, 4To LnLnz (cM. samauy 8.123). Ecau ¢ = pe® = Lnz = Inr + ip
(SD — Argz), TO W = eiLu( — ei(lllp+i0+21ﬁ:k)‘ ,HJ'IH fO(Z) — e-9+llnp (0 s 6 g 271‘)
yKa3aHHble B 3ajlaue MHOMeCTBa NpelelbHbIX 3Ha4eHUH NpeICcTaBIAIOT COOT-
BETCTBEHHO:

1) n 2) okpymHocTb |w| =e™7;

Il

3) okpymuocTu |w| = e ™% npu p = 400 u |jw| =732

4) rompuo e >7/%  Jw| L e” /2
JlnA apyrux Cpynn BeTBei 0GaBIAETCA MHOMKUTENb e 2% (k= =1, 42, ...).

8.137. Bo Bcex myHrTax w(z) npeacTaBafeT ofHY aHaAMTHYECKYIO QyHK-
uuio, ecau |a| < 1; ecnu |a| > 1, To B n. 1) u 3) QyHKUNA pacnagaeTcA HA 1, & B
n. 2) u 4) — Ha 6ecKOHEYHOe YUCIO Pa3 I YH bl X aHAMUTHIECKUX QYHKUHUI.

8.138. Ecau |a] < 1, To B o6oux ciydaax w(z) npeiacTapifer co6oit oQHY
aHaINTHUYEeCKYIO QYHRIMIO; eclH |a| 2> 1, To B 1. 1) GyAeT n, a B 1. 2) 6eCKOHEYHO
MHOTO pasfH4YHbIX @HANUTUYECKUX QYHKLHIA.

8.139. 1) Myctb z = re' u ¢ = pe'’ = Lnz. Torna w(z) cocTouT U3 MHO-
ro3HauHbIX aHATMTHYECKUX GYHKUMIA, paBHBIX COOTBETCTBEHHO X (z)e! " P~0+2mk
(Iz] <1; p= /In®r + 2, 8 =arg (Inr + ip), npuueM —~c0 < Y <O U /2 < <
< 3n/2 (k= 0,%1,...). Bce oHM UMeIOT MO OAHOI 1.T.B. Hax z = 0, B OKpecCT-
HOCTH KOTOpOit 061acTh HeonpeaeleHHOCTH — KobLo (B YacTHocTH, AnA k =0

roms1o x(0)e ™7 < [w] < x(0)e™™/?).

IIpU @ — —00;

181/2 JI.W. BonkoBbICKuii U Ap.
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2) Mycth z—1 = re® u ¢ = pe? =In(z—1). Torna w(z) cocrout U3
ONHO3HAYHLIX 8HANUTHIECKHX GYHKUMH, paBHbIX COOTBETCTBEHHO

x(2)e BP0k (121 < 1; p= v/In’r + (p + 27n)?, 0 = arg [In7 + i(p + 27n)],

npuueM 7/2 < ¢ < 3n/2, 0 < 6 < 2m; k,n = 0,%1,...). Ina pasnuuneix k, n

3TO pa3nvuHble aHanuTUdYeckue ¢ynxuuu. Ecau cymectsyer x(1) = lim1 x(2),
z—

To 06/1aCTh HeolpefeJeHHOCTH NP z — 1 — OKPYMHOCTb (B YaCTHOCTH, NpH
k = n = 0 okpymuoctsb Jw| = x(1)e™ 7).

8.140. 1) Ecnu f(2) He umeeT Hyleil HedeTHOro NOpAAKa, To 4/ f(2) pac-
najaercsA Ha gse nensle GpyHKuuM. Ecay o1, as,... — Hynn HedeTHOro mopAn-

Ka OyHKUuM f(z), To puMaHOBa NOBEPXHOCTL LIA \/m IBYJIUCTHA C a.T.B.
Haj @i, as, ... 4 HaJ oo, ecay f(z) MMeeT TaMm HoXIOC HedeTHOro nopanka. Ecan
f(z) — TpaHcueHneHTHanA GYHKLUUA, TO Haj z = 0O — ABE CYIeCTBEHHO 0cobble
TOYKHU O[IHOZHAYHOrO XapawTepa, ecaut f(z) MMeeT YeTHOe YMCIO HyJell HeyeT-
HOro mopAfika, ¥ oJHa cylulecTBeHHO ocofaf TouKka ABY3HAYHOTO XapakTepa,
eC/H YUCI0 TaKUX HyJeil He4eTHO WM 6eCKOHEYHO BeIHKO.

2) Ecau f(z) umeer HyIH a1, a2, ..., TO pUMaHOBa NOBePXHOCTh a1 Ln f(z)
MMeeT Haj ai,as,... 110 OAHOH N.T.B. U HUKaKuX Apyrux Touek. Ecmu f(z) Hy-
neit He umeeT, To Ln f(z) pacnagaetcs Ha GeCKOHEYHOE YUCIO UeMbIX QYHKIHIT,
OTAMYAIOIMXCA OflHA OT ApYToi ciaraembivMu Buaa 27ki (k = 0,+1,£2,...).

3) Ecau f(2) umeeT Hyau, TO puMaHoBa IoBepxHocTb s [f(z)]® Ta me,
uro aaa Ln f(z) (em. m. 2)). Ecan f(z) He umeer uyaneit, o [f(z)]* pacnaga-
eTcA Ha GeCKOHEYHOe YMCAO edbIX QYHKIUNA, OTHHYaAIoIUUXCA ofHa OT Apyroi
MHOMUTENAMY Buma e*™ (k= 0, +1, 42, ...).

o

8.141. [Bymuctubii Bpyr (2| < 1 ¢ a.1.B. B HynAX (yHKUUM Zz"’, B
YaCTHOCTH, B TOUke z = 0. n=1

8.142. 1) IByaucTHbiit kKpyr |2| < 1 ¢ eMHCTBEHHON TOYKON BeTBICHUSA
npu z = 0 (YacTh PUMAHOBO MOBEPXHOCTH GYHKIMM /Z, PACIONOMEHHAA Hall
Kpyrom [z| < 1);

2) yacTb pUMaHOBON NOBEPXHOCTH GyHKUMH Ln 2, pacnonoeHHan Hag Kpy-
rom |z} < 1;

3) yacTb pUMaHOBOM NOBepXHOCTH GyHKIUM Ln 2 pacnonoxenHaa Hal Kolb-
noM, 1/2 < [z} < 2.

lnasa IX
9.3. 1) B pepuune Ay o = 0; 2) B BepwmnHax A; U Ay oy = an = 0;
3) B Bepumbe A3z a3 = 0; 4) B BepmuHax A2 u A4 as = ay = —1;
5) B BepmmHe Ay oz = —2, B Bepuinne Aq oy = 0;
6) B BepmuHax Az, Az ¥ Ag as = a3 = ay = 0;
7) B BepuinHe Ay a2 = —2, B BepuinHax Ay U Ag ay = a5 = 0;
8) B BepmmHe As ap = —2, B Bepuinne Ay ay = a — 2.
9.5. HeobxoauMo ¥ FOCTaTOYHO, YTO6b o = 1/(nk) (nx — HaTypanbHble
oo
YHCTa WIN 00) ¥ Y (1 - L) = 2, 4TO BO3MOMHO TONLKO ANIA n =4 ¢ n; =
ng

k=1
=mny = ng = ng = 2 (T. e. 414 NPAMOYTONLHEUKA) ¥ JIA . = 3:
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nj ng n3 P

1 0 oo Monoca

2 2 [loaynonoca

2 3 6 IIpAMOYronbHbBIA TpeyrolbHUK

2 4 4 PaBHOoGeapeHHbI NPAMOYTONbLHBLIA Tpey-
FOJAbHUK

3 3 3 PaBHOCTOpOHHHUIT TpEYyroAbHHK

h
9.6.1) w==Inz+4a, z=e""9" (4 — peiicTBUTeNLHLI! NapaMeTp),

m
z{w) — nepuoanveckras GYHKUVA ¢ nepuosoM w = 2hi; rpynna G nopomaaerca
npeo6pasoBaniieM T(w) = w + w; ee dpyHIaMeHTanbHan o61acTh B cOCTOUT U3
YABOEHHOI N0OJIOCk] M OJHOM ee TPAHUYHON CTOPOHBI;
w(w — a)

.h 1
2) w="-In te +a, z=th———> (a — HeACTBUTEAbHBIN NapaMeTp);
T 1l—-z 2h

z{w) — nepuoanyeckan QyHKUHUA ¢ NepHoloM w = 2hi; rpynna G U ee pyHaa-
MeHTaabHafA oGnacTte B Te e, uTo B 1. 1.

9.7. w = arcsin2, z = sinw; z(w) — nepuoaHYecKan GpYyHKUUA C Mepu-
oioM w = 2m; rpynna G nopompaercs npeoSpasosanuamu: T(w) = w + w,
S(w) = —w; ee pyHAaMeHTanbHasA 06aacTh B cocToMT U3 noaocel 0 < u < 7 U

rpaHUuYHbIX noaynpaMeix u =0, u =7, v < 0.

9.8%). 1) w = C/z"5/6(1 —2)"?dz, rpe C = B(p,q) =
0

1
= /z”‘l(l —z)?7'dz — unrerpan Ditzepa 1-ro popa); z(w) — ABoAKoNe-

0
puouueckas GyHRUMA ¢ epuofaMu 2w u 2w>™/C; rpynna G nopomaaerca mpe-

o
o6pasoBanuavu: T(w) =w + 2w, S(w) = we*™/%; ee PpynpamenTambHan 065aCTh
B coCTOMT M3 YIBOEHHOIrO TpeyrolbHMKa M ABYX PasHOMMEHHbIX I'DAHUYHBIX

CTOpOH;

B(1/6,1/2) (

B(1/4,1/2)

nepuonndeckan QYHKUMA ¢ nepuogamMu 2w M 2wi; rpynma G nopoxpaaercd
npeobpasoBanuamu: T(w) = w+ 2w, S(w) = iw; ee PyHAaMeHTanbHan 06-
nacte B cocTroMT M3 KBajpaTa CO CTOPOHOM w M ABYX I'DaHMYHBIX CTOPOH
ORHOTO U3 COCTABIAIOIKNX KBaAPaT TPEYTONbHUKOB;

z
2) w= C/z“3/4(1—z)“1/2dz, rae C = ———: 2(w) — nBOAKO-
0

z
3 w:C/z‘Z/3 1-2)"Y%dz, rpe C = ——=——; z(w) — ABoAKONEpH-
) / (1-2) ) T By 1) (W) P
onuyeckas QyHKUUA ¢ mepuogaMu 2hi u 2khe™C rpe b = w\/§/2; rpynna G
nopopaerca npeobpaszopanuamu: T(w) = w + 2hi, S(w) = we*™/?; ee pyuna-
MeHTalbHaa 061acTb B COCTOUT M3 YyABOEHHOTO TPeyrojbHUKa U ABYX PasHo-
HMMEHHbIX [PAHUYHBIX CTOPOH.

9) Cxembl (yHIAMeHTanbHBIX 06nacTell AaHbl HA pUC. 62.

181/2"
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9.9. “TpeyroabHUK” ¢ AByMA BepiurHaMu B Toukax w =0, w =d = B, )
U yraamu wa, w3 B 3TUX BepmuHax. Ecau o + § < 1, To TpeTbA BepUIMHA KO-
HeuHaf; ecM a + 3 > 1, TO TpeThA BeplIHHA NeKUT B GECKOHEYHOCTH; eCclu
a+ P =1, t0d=n/sinar, a “rpeyronbHUK” uUMeeT HOpMy MOITYIOIOCH] KO-
coit, ecin a # §; B ciydae a + [ = 2 cTOpOHBI “TpeyroibHHKA” , BbIXOAAIIHE H3
BepUIMH OCHOBAaHWA, MapajjelbHbl, HaNpaBleHbl B TPOTHUBONOIOMHbIE CTOPOHBI

I\ § 4

a+p0<1 a+6=1 at+p>1
Wt 8=
a=1
a+f1=1
a=2 a=2; B=— 1 a=2; B=-~1
Puc. 93
nd= La_——l)—; ecmn a = 3 = é, T0 “TpeyroibHUK” IpefcTaBnfeT coboit
sinw(a — 1) 2

BHEINHOCTh NpAMOi noaynoaocel (puc. 93).

2) “TpeyronbHuK” ¢ OQHOM KOHEYHO!H BepliyHOM B Touke w = 0, ¢ yriom
T ¥ ABYMA BepliHaMH B 0o. [IBe CTOpOHBI “TpeyrolbHHKa” NpeAcTaBIAIOT
nIy4u, BBIXOAAL(ME U3 Haudala, TPEThA CTOPOHAa —— NpfAiMas, OTCTOAINaA OT Ha-
sintf I'(a)T(8 + 1)

B8 T(a+p)

xuury B. Konmeugennca u @. lllTansmana, ykasanuyo Ha c. 148, n. 13.2.) B
cnyyae a = 1 nonydvaeTcs nojaoca IMPHUHON 7T; B ciaydae o + 3 = 1 aBe CTOPOHBI
napaineibHel U h = 7; B ciydae o = 2 NOAYyYaeTcA NOAYIJIOCKOCTh C pa3pe3oM
sinnf

BB+1)
h=4,ecmn 8= —%, uh=m, ecmn f= -1 (cm. puc. 93).

9.10. 1) Cm. puc. 94, 1); w1 = w(l) = —iw(1/2 — A); wa = w(N).
2) cm. puc. 94, 2); wy = w(A).

9.11. 1) w = 2 [arcsin /z — (1 — 22)Vz — 22);
w
2) w= %[a.rcsin\/_-— Vz - 22;

yaja Ha paccToAHMM h = . (O Bbruncnenun BeauuuHsl b cM.

BHOJIb OeMCTBUTENbHOI NONOMKUTENbHOM noayocu U h = , B 4aCTHOCTH,
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Dw="2 (10 - 2vz) = Larth vz - va)

1-Vz m
4) w = 2h(arctg ¢z + arth ¥z — 2¢/z)/m; 5) w = ia(—/Zz (2 —3)/2 = 1).
1) A<0 0<a<l A<

N\

>1

0<A<1

N

) %
N NS\
Puc. 94
a r dz aq_1 1 t
9.12.1)w=~——-/—————————.ECJ‘IH9=£,T0w=— ——ln(l——),
) 21=0(z —1)¢ q ™= D t,
—_1\ Ve )
raet:(z 1) ut, =e*mi/e (r»=0,1,...,¢-1).
z

4
_a z—1\? _p _a tP r
2)w"ﬁ1/( p ) dz.Ecnuﬁ—E,Tow—;[——-———o(tq_l)+y§ t.,ln(l_

v

t
—t—)] , roe t U t, UMeIoT Te ke 3HAYEHUA, YTO U B 1. 1).

In—~
1—t2+ n1+t

9.14. w = 2h/w(V2% — 1 + arcsin (1/2)).

9,13,w=%’ riae Cz;( 2t l—t), ‘= z—1

k4

V4
2d a—-1 N—ox
15 w= — 2% _ _
9.15. w (a/2,1——a)0/t (1-t)y">dt
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2 Z h Z h?
9.16. 1)w=~(Haxctg,/—+h arthﬁ a_z), rae a=1+ﬁ;

2)w_—(Harctg,/ +harth—,/ ’ rae a’ =1+ 2 ;
2 _ 22 H?

w= C’/ = t)(:‘./_—(fzt)(t st rae C, a, b onpepenaiorcs U3 ypaBHeHU
__Cr  _p, _Cmva . __Cnh
@-Da+b) = (@-Da+bs) = G+D@+d)

9.17. 1) w = (1—t™)"%"d;

m/

(1 —tn)—2/n _ 27%"psin(wn)
C/——dt+1, ca=0= g

5. 22/5

_45y—4/5 5\2/5 g1.
_5(1/10,1/5)0(1 £5)=4/5(1 + £9)%/5 gt;

9.18. 1) w=

I L o _ . 27251(7/10)
2)w-C] 2 dt+1, C—l—-—C—W.

9.19. Ha MHOroyroabHyIo 3Be3fly ¢ yriaMu m — 2w /n — Am U m + Aw none-
pPeMeHHo, C LleHTPOM B Havaje KOOPJAMHAT W OJHOI U3 BepUIUH NEepBOro BUAA

YIJ0B B TOUKe
o F(1 -2 1)1‘(1+,\) G TN
w(1) = 2 2 n 2 2
n

z m—1 —2/n
9.20. w = CCQ/{Z H (z2~tg21r—li)} dz, ecnu n =2m, wu
i k= "
z m —2/n
_ 2 27f_k) _ _
w = CCI/{zH(z tg - } dz, ecmm n=2m+1, rpe C

i
n _ 2/n —in/n — ;. 9=2/n
_ = —-2i(2n n Cy=-2-2 .
= B(i/n,1-2/n)’ (2n)” !
9.21. [lapameTpbl ONpefelAIOTCA C NOMOWLIO ypaBHeHHA (3) mna by, us
paBeHcTB |f(bx)| =l (k=1,2,...,n) u HanpaBleHNUA ONHON U3 CTOPOH 3BE3JEHI.
OnHO 3HaYeHHe a BbLIOMPAETCH NPOHU3BOILHO.

2 20 —2
Clz—1)"(2+1) C= ﬁa—za(l —a)e-2,
z 4

9.24. ITapameTps! onpefenaoTca U3 3uavennit |f(b:)|, |f(ds)|, n3BecThbIX
W3 3ajjauua P M HanpaBieHUs ofHOW u3 cTopoH P. Tpu nmapamertpa (ax, bi,
¢j, ds) BpIGHpAIOTCA MPOM3BoAbHO. Ecn ofMH M3 napaMeTpoB ap WM C; paBeH
00, To (4) n (5) ocTaloTCA B cuile, eclIM OTOPOCHTL MHOKHUTENh U ClaraeMoe ¢
3TUM napameTpoM. Ecnu oaun u3 napamerpos b; umm d, paBeH oo, To (4) u (5)
OCTalOTCH B cuile 63 U3MEHeHUA.

9.22. w=
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9.26. w=C(z+1)*'(z—1)*2, C=h(b+1)"1(b-1)"2, b= 2"
a) + a2
_ 22— a? _ _ h
9.27.11)—0 m, C—VhH, a= ;I—
9.28. w=Cz'""*(2* - 1)*, C=hb"*"1(1-b")"", b=+1-2a.

ay — a2
9.29. w = \/hH( Zta ) ( z=b ) , roe a U b olpefenAOTCA U3 CHC-
1+az 1-—bz

TeMbl ypaBHeHult a*'b*2 = \/h/H, al(l/a —a)= az(l/b —b).
9.30. 1) w=[Tn(2)]Y", rre Ty (2) = [(z + V722 "t (z—V22-1)"]—
IIOIMHOMBI ‘{eﬁblmeBa,

2) w

9.31. [lapameTph! onpegenstorca ua sHavenuit Re f(b;) u Re f(d,), usBect-
HBIX U3 3agaHuA P u nonoxenusa ogHoil U3 cropox P. Tpu napamerpa (ak, bi,
¢j, ds) BRIGHPAIOTCA NMPOU3BOALHO. Eciy ooMH 13 napaMeTpoB ar WM ¢; paBeH
00, T0 {6) 1 (7) ocTaloTca B cUie, eciy OTOPOCHTH COOTBETCTBYIOIME Clarae-
mele. Eciau oaun U3 napaMeTpoB b; uiau ds paBeH oo, To (6) u (7) ocralorca B
cune 6e3 u3aMeHeHHUs (CM. OTBeT K 3afade 9.24).

9.32. IlapameTps! onpenenafiorca u3 3HavdeHuit Re f(b;), Re f(d,). Tpu na-
pametpa ai, b;, ¢j, ds BeIGupaloTcA npousBonsHo. B dopmyne (10) nsa napa-
MeTpa ag, bi, ¢j, ds BbIGHPAIOTCA NPOU3BOMLHO.

9.33. IlapameTps! onpegelaioTca u3 3Hadenuii Re f(b;) n monomenun ogHoi
u3 cropon P. [Ipa napamMeTpa BbIGHPAIOTCA MPOU3BOILHO.

9.34. ITapameTpst onpepenaorca us sHasenuit Re f(bi) u Re f(d,) u no-
Jo#eHUA ofHoi u3 cropoH P. Tpu mapamerpa BpiGupaloTcA Npou3BoibHo. B
¢dopmyne (11) na mapaMeTpa, COOTBETCTBYIOIIHE BepIIMHAM, BbIGHPAIOTCA IPO-
HU3BOJLHO.

9.35. 1) w= %ln(z+1)+kln(z-1)+0,
T

hi hz
C=-Inkb+1)—2In(1--b b—

—In(b+1) — —In( ) h1+h2

2)w=ﬂln(z2—1)+ﬁzlnz+0,
™ s
h2 h2

C=———l 1-— —=Inb, b= /"

(1=8) = Znb, %h1 + hy’

) w= lllln—z—ﬂ-kﬁz—lnil— ITapameTphl ai, az onpegenAlOTCA U3
n 1+a1z ™ 1—azz

CHCTeMbI ypaBHeHHit: aplal? = ™™, hi(1/a1 — a1) = ha(1/as — a3);
4) w= f[%(z + l)], rae f(z) — orobpaenue u3 n. 3;
z
5) w= ;111 T,(2), roe Tn(z) — noanHombl YeGbleBa (CM. OTBET K 3aja-
qe 9.30);
6) w= %[In (z=1) +2);
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7) w:—.ln:+1+Az, A= woy e b onpepenserca U3 ypaBHeHUA
p—1 —_
b+ 1 2b
o1t ’

8) w=In(z+ 1) — Az> — 2 + const, rae A = 1/(2a) ¥ a onpenenserca u3
ypasyeHus Ina + 1/2(a — 1/a) +d = 0. B yacrnocty, ecin d = 0, T0 @ = 1;

h h h 2
=1 - = = —(1-
9) w - n(z—a)+ + Az + const, rge A e C 27m(1 a’) u

l—a 2 =wd
a onpefenseTCA U3 ypaBHeHus In + = = —. B yactHocTH, eciu h = 0, TO
l14+a h

a
a=0,A=C=d/4
9.36. CooTBeTCTBHe MeMmIY NIOCKOCTAMM u, 2 U ¢ IIOKa3aHo Ha puc. 95,

zZ—a

® DN 1 o o|®
. T
iK' ,/
o P71uzc c / c
————— ik 7
VvV AZI1ZB B A B
K K 5 3
~iK'
Puc. 95
D" D'
iK'’ _© y ®
D C D’ L o~
0 - w o
O
A B A’ D" A’ o 1 D’
o K 2K p" -1 V//A D
big ur v / /
D’ c’ D’ v —‘L? C I
—iK! % /
p"llp %
Puc. 96
, T, ., 1+K
Addukcel Todek C u C' B mIocKoCTH ¢ paBHBI £ — +¢ln . Itpuxosomy

OTpe3ky B MJOCKOCTHM u COOTBETCTBYeT WITPUXOBafA NOMYOKPYHHOCTb paiuy-
ca 1/vk B maockoctn z (cM., nanpumep, kuury . Beiitmena n A. Dpueiin,
yKkasauHylo Ha c. 162, n. 13.25).

z
9.37T. w= /\/ =sn (-t’\i, k), rie A ¥ k onpegensiorca
2 .

dz 2
VA =21 = k%22
! b
M3 COOTHOIIeHU — = — a = AK.
K a
9.38. Cm. pue. 96.  9.39. CMm. puc. 97.
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9.40. Ortobpamenue z-njoc-
Ta6anua I KOCTH Ha IJIOCKOCTDb U MOKA3aHO Ha
k1 l h puc. 98 (MMelOIAaACA Ha ITOM e
pHCYHKE V-MIOCKOCTH OTHOCHTCAH K
k E K' - E oTBeTy 3agauu 9.41).
1 1 1 9.41. CooTBeTCTBHE MeHKIY
= Z(E' - k%K) | —(E-K*K") MI0CKOCTAMM Zz M U [OKa3aHO Ha
k k puc. 98. Boipamenus oaa l u h yra-
K’ E' K-E 3aHsl B Taba. I
1 o 1 9.42. Pewenue. Jaa ompe-
o F(E - k*K") E?(E - k%K) nenenus napametrpos Ci, k u b
: HMeeM TpY CRefYIOIHUX ypaBHe-
ﬁ lE l(K’-E') HUA:
k// k! k! 1) w(l) = a um Ci[(K* -
i Lo Lk ~DK+E] =g
% P KB 2) w(l) = w(i/k) mam (K-

1)K + E= (k0" — 1)(K + iK'} 4+ E + i(K" — E') {cM. yrasanue & 3agaye 9.41);

3) w(b) — w(l) = ih.

1

- ,
HoacraBaas B ypasuenue (1),

H 2 h b = - —_—
3 ypasHenusa (2) umeem PRYAP
1) @
1%
) @ » @ —
D // iK WAL
” / D /C I L v //,H*
P// 7 W0 D LU
AV Mt Cc D AY MIB Ay M
Of ¢ it! ‘ [3) K o
m o ar v ur
2) 7
@ @ l"/{//l/{{M @
(7
71 I
iK' 7,
D chrIv CZ4p !
/ A4
A B4 A%//B‘“m ‘aB r
g o | F ol
l I mn I ]
l I’
Puc. 99
E'K - KK’ ! '
[HOTYYHUM Cl[ K’f +EK ] =a,T.e.Cy = 2a1rK (cm. dopmyny (10). Ha

c. 165). Toraa pns onpegenenun k nonyyaeM us 3) TpaHcleHAEHTHOe YpapHeHUe

(E'— K')u(%\/g,k) + K’u(%\/—g,k) = Z(a+ih).
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Hoapo6HocTH pelerysa U rpaduKy QA oNpeleleHUs NapaMeTPoB CM. B KHUTe:
Betz A. Konforme Abbildung.— Berlin, 1948.

9.44. Cnyvuait 1), 2), 3) u 4) uso6paxmenbl COOTBETCTBEHHO Ha puc. 99,
100. Bo Bcex cayyanx JJiA cpaBHEHUA NpHBefeHO 0TOOpaMieHue Ha u-MJIOCKOCTh
C MOMOWbI0 HOPMAMLHOrO MIMNTUYECKOro uHTerpana l-ro popa. IIpogonse-
HMe 0TOo6paeHua NepBoro kBaapanTa I z-NI0CKOCTH 110 NPUHUUNY CUMMETPUH
NPUBOAUT B w-INIOCKOCTH K T0JOCE C NPAMOYTOALHOI BbleMKoM (cM. ofiac-
i I+ II na puc. 99, 1), 2)), K nonoce ¢ IPAMOYTOILHBIM BBICTYNOM (CM. obnac-
v I+ I na puc. 100, 1), 2)), a Takxke K Jpyrum o6racTAM (HEKOTOpPbIE U3 HUX
nokasaHbl Ha pyUcyHKax). OCHOBHble BO3HMKaIOMIMe NpU 3TOM pasmeps! H, I, h

Ta6auua II

v H* H l h

v<~1 g—‘/(u+1‘|‘|/i£+k21 —k2kiun1(u',k') —Iy (v, k) H* ~H
_1<<Zk<2 %’/FIT’IL;/JT/TH Iy (v, k) ;Z-k—-—;m(u',k’) H* - H
ij <o 72:\/ v+ lllll/ll+k2( k?kjunl(""k') (k) H =1
v>0 g,/ﬁh Iy (v, k) kijn,(u',k') H - H*

1 , 1,
. . —k2K"
v =~k - ek (K~ E) —
NMpumeuanue. Bcronbue “[” MHTerpanbl NOHMMAIOTCA B CMbICAE TABHOTO 3Ha-
yenun. Benuunua v/ = —vk'>[k2 + v. N

cm. B Tabn. I 3ameTum, wTo BTOPO#H CiiyYal IPHBOAUTCA K IIEPBOMY, 3 YeTBep-
Thili — K TpeTbeMy 3aMeHoil z Ha ¢: k*z° + k'“t* = 1. [lpu aToMm BMecTO v, k B

’ v 2 g0
ciyuanx 2) U 4) BOHURAIOT 3HaUYeHUdA vV = — k', k' v cooTBeTCTBYIOUIME

k24 v
w-(GUrypsl NOTYYAIOTCA U3 w-PUTYP A4A cayydaeB 1) u 3) nocpencTBOM LedbIX
(dl.)g o k2 + v

JUHEeHbIX Npeobpa3oBaHuil ¢ KoadHlMeHTaMU pacTAKeHNA

dLy, &
2
2334 = f_%ﬂ (ungexc ykaswiBaeT ciy4air). Ilna crydaeB v = —1 u v = —k°
-)3
Ha puc. 101 npuBelieHO COOTBETCTBHE MERAY U U~ ¥ w-NIocKocTAMHU. Bocmois-
soBaBwKchk Tabn. II, monyunm ona v = —1
1 ,2 snudnu] _ i g1 1
w= F[k u- B(u) + 2208 ] = - ZE(ilu, ),
1 ’?2 _ 1 ’ 2,7
, l=l—c,~2(E—k K), h—W(E~kK)
uana v =—k°
1 aSnucCnu _ 1 ’ ’ 1

19*
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9.45. Pemwenue. U3z ycaoBua A > 0 crepyer, 4TO €1, €2, €3 BelleCTBEHHbI
M pasnuyubl ¥ g2 > 0. ByneMm cuuratk e; > ez > e3. Bepxuaa moayniockocTs
Imz > 0 oTo6pasaeTcs Ha NPAMOYTOALHUK ¢ BepuiMHamu 0, w, w — ', —w'
(npunaTo Imw'/w > 0), COOTBETCTBYIOIMMMH TOUKAM 00, €1, €2, €3. CpeiHnM
JIMHUAM NPAMOYTOABHHMKAa COOTBETCTBYIOT ABe MOMyokpyskHocTH (puc. 102):

\\\\\\@

O K

i R N\

Puc. 102

nepsag ¢ UEHTPOM B TOYKe €3, OTHOCUTEJIbHO KOTOpOﬁ €2 U €1 CUMMETPDHYHBI

(cnenoBaTtenbno, ee paguyc 1/(e1 — es)(ez — €3)), ¥ BTOpas ¢ UEHTPOM B TOUKE
€1, OTHOCHTeNbHO KOTOPO# CHMMETPHYHBI €2, e3 (ee pagnyc 1/ (e1 — e2){e1 — e3)).

Ilpopomxan oTobpamenue p(w) M0 NPUHLIKUIY CUMMETPUH, HAXOIUM MOy NepH-
oabl w, w' 3TOM GYHKUMM:

e3
dx ’ . dx

w = , W= .
J VE-e)z-e)z—e) _[o Vier —z)(ez — z)(es — z)
U3 paccMorpenus puc. 102 HaxoAUM COOTHOLIEEUA

€] — €3 2 €2 — €3
plw) =es + sn2(Kw/w, k)’ T e—e3
Ecm gs >0, To0e3<e; <0< e1 nw < |w'| (u6o k <k’ » ClleI0BATEINEHO, K < K');
eciu g3 <0, To e3 < 0 < e2 < e, clegoBaTenbHO, W > lw |. Eciu g3 =0, Toe2 =0,
e3 = —e1 M w = |w'|. B 3TOM ciyuae oToGpaxeHne CHMMETPHYHO ellle OTHOCH-
TebHO BepTHKaNbHOM ocu. Beelt z-miockocTy ¢ paspesamu (—oo,es], [er, o0),
[0, 00) coorBeTcTBYeT TpeyroabHuk (0, 2w, 2w'), cocTaBafIONMIL MOJIOBUHY Na-
pajienorpaMMa neproaos (Tenepb 3To KBanpaT) (puc. 103). 3ameTuM ee, 4TO
B Cllyyae IPOM3BOILHBIX €1, €2, 3 (€1 + e2 + e3 = ) nonoBuHe napanienrorpamma
NepHO0B COOTBETCTBYET 2-INIOCKOCTE C pa3pe3aMi, BOobILe KpUBOTMHEHHBIMH,
BBIXOAAIIMMHY U3 €1, €y, €3 U UAYIINMH B 00 (CM. cxeMaTudeckult puc. 104).
9.46. Pemenue. OcHoBHOe oTOGpaxeHHe nokasaHo Ha puc. 105. Oxo no-
ny4aeTcA ¢ NOMOLIbIO NpUHUMNA CUMMETPUU U3 oTobpameHus moaykpyra II.
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3ameuyasn, 4to dw = - dz u Gepa Arg(-1) = =m,

V(z = e1)(z — e2)(z — e3)
nmeeM Argdw = +7 + Argdz —

—-= Z Arg (z —ex), oTKyma cie-

k 1 B
nyerT, uro Arg dw Ha cTOpoHax “ye
Teipexyronptura’ PBMC umeer
COOTBETCTBEHHO 3HaAYeHUA —m/2

€
b
0, 7/2, —m, 4To NPUBOAUT K YKa- QK &

3aHHOMY Ha puc. 105 oToGpaske- % iz \Q‘
nuio. Taxk, Hanpumep, Ha nyre PB /
D

umeeM (puc. 106) argdw = — w +
+ (a2 + 7/2) = (— a1 + a2 +
+ a3)/2 = — 7r/2 + (o1 + a2 — €3
—a)f2=—-=x/2urT 0.
lna ompeleneHus KOMILIEKC-
HO CONPHREHHBIX TOIYNEPUOROB Puc. 106
w, w oyuruun p(w) umeem

€2
' / dzx f ) dx
wtw = , W—w =< .
J V@ —e)(z —e)(z —e3) 2 ) ler—z)(e2 —z)(es — )
Ecau g2 = 0, T0 €1, €2, e3 ABNAIOTCA BepIUMHAMU NPABHALHOTO TPeyroJbHUKa

¥ TnapaiieiorpaMM nepuonoB umeeT $opmy pomba ¢ yraom 60° B Hyze, ec-
_nu g3 < 0 (Torza ex < 0), u yriom 120° B Hyse, ecan g3 > 0 (Toraa ez > 0).

Puc. 107

B ofomx cayvasx [ONoBMHA NapamielrorpamMma TNepUOAOB COOTBETCTBYET
Z-NIOCKOCTH ¢ CUMMeTPHYHBLIMHU JTy4eBbIMH pa3pe3aMM, BBIXOAAMMMH U3 To-
Yek e1, ez, €3 (puc. 107, 108).

9.47. 1) w = —[p(z)/e1}?, nonynepuons! w, iw;

2) w = ¢'(2)/2]e2]*’?, nonynepnonst w = he=*"/® ' = he!™/S; rpe h =

= av/3/2;
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3) w = p'*(z)/4e3, nonynepuons! Te e, 4To B I. 2.
9.48. 1) z = sn(u, k), w = em/K Inp=27rK/K'; |Reu| < K, [Imu| < K';

Puc. 108

2) oTobpakalomian GyHRUMA Taxe, 4TOo U B n. 1), Toasko 0 < Reu <

< K, Ilmu| < K', lnp—rﬁ'

K’
3) cBoauTea K 1. 1) ¢ noMoIbio MHERHOro NpeobpasoBaHuA; Npy 3TOM k =
A-VA-1
= —\/——~———, rae A = (a, b, ¢,d) — aHrapMoHHYeCKoe OTHOILIEHUE YKa3aHHbIX
VA+VA-1
TOYEK;

4) cBopuTCA K 0. 3) ¢ noMowsio otobpamenud t = v/ z2 + hZ;
. K’
5) z=sn (u, k), w = ie"™/ ) 1n,= g—K—; ~3K <Reu< K,0<Imu<K’;

6) cBoguTCH K 1. 5) ¢ nomowbio orobpamenuda t = /1 + 22; npu atom k =

= cos a;
7) orobpamaloman $yHKUMAA Ta e, YTO B M. 5), TOAbKo ogvH pas 0 <
1 1 K’
<Imu< §K', a fpyroit EK’ <Imu< K';lnp= ;—r?;

3 1
8) z = ksn’(u, k), w=e" " Inp = W%; [Reu] < K, 0 < Imu < K';
9) o-roﬁpamalouxaﬂ GYHRIMA Ta ke, YTO B 1. 8), Tonbko ofinH pa3 0 < Imu <
T K'

< K , ApyToii pa3 —K <Imu < K'; lnp———E,

10) cBoauTca x n. 8) ¢ MOMOWBIO 0TOGpaMeHua ¢ =
=1/(vI+p);
11) cBoauTea k N. 7) ¢ NOMOMWBIO OTOGpamenua ¢ = l—;—z; npu aTom k =
4
= sin(a/2);

1
; 0pu 3ToM k =

z+
Vi+p
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12) cBoauTea k N. 2) ¢ noMoubIo oTOGpaxeHun ¢ = —isin z, npu 3ToM k =
= (sh H1)/(sh Hy);

13) cBomuTed K 0. 7) ¢ noMolunio oToGpaxenun ¢ = sin z; npu 3ToMm k =
= costh H;

14) cBoauTcA K n. 5) ¢ noMoweio otobpaeHHA ¢ = sinz U mocaenyio-

ylero AMHeiiHoro npeo6pa3oBaHuf; NpU 3TOM k = VA-VA-T roe A =
' VA+VA=T

_ (1 4sing)(1 ~sina)
T 2(sinB —sina)
dnucnu] w

. !
18y z=C [Z(u) +— =e K np= 277—';(—, rie k onpepeaserca
U

E
e
. Bepmuunnt K iK', —K £ iK' nepexonaT B ToYkH e

u3 ypapuenuit Z(f)tga = %, dn’g8 =

9.49. t = LT 0¥
snu

—et® rpe cosa = k.

+tia
k)

2K .
9.50. CBoauTca K 3agaue 9.49 ¢ noMombio 0TOGparkeHHA v = — arcsin z.
T

Ilpu aToM & oupefenfieTCA U3 ypaBHeHUA ¢ = e "K'/K = (—2—1_5;)—, rape b=
s 2
=+va2-1.
-d 2K .
9.51. t = }—[c——ﬂ—, rie u = ~— arcsin z, |[Reu| < K, [Im| < K'. llapametp
snu Ky
k umeer To e 3HayeHue, YTO U B oTBeTe K 3ajgaye 9.50. Pokrycnr z = *1
T B TOYKM +——
NepexolAT B TOYK Ty
9.52.1) z = C[Z(u) + dnucnu], ¢ = 1+cnu;
snu
U l+cnu
2) z=C\Z ] = ;
)= C[ (u)+2KK' ! snu

. 06 onpegenenuy nocro-

3)z= %[E(u) +i(E' _ szr) _ k’2u+ cnudnu]

AHHBIX CM. KHUTY, YKa3aHHYIO B OTBeTe K 3anave 9.41.

I'masa X

10.1. TloctynatensHoe ABuMeHHe co ckopocThio V = a —if. Ha co —
IOUIOIb C MOMEHTOM p = 2mc. JInHuM Toka Bz + ay = C; 3KBUIOTEHIUANLHEIE
aunuu az — Py =C.

10.2. B Touke 7z = 0 — KpUTHYecKaA TOUKa (TOYKA PAa3BETBICHUA), HA OO —
MyIbTHNONE nNopAgka 2n (Tak#e ToYKAa pa3BeTBIeHUA); T" COSHY =
= C — 3KBUIOTeHIHalbHble JUHUH, 7" sin ny = C — IMHUYA ToKa (z = re'¥);
V =nz""\.

10.3. B Tourax z =0 u z = co — Buxpeucrounuku: (0; @, T), (co; —Q, —T);
Inr = —T'p/Q + C — sxsunoTesnuanbubie MHUK; Inr = Qu /' + C — nunuu
Toka. O6a ceMeficTBa NMHMI — norapudpmmudecksie cuupanu; B cayyaax [ =0
um Q = 0 onHo U3 3THX ceMelCTB — OKpyHocTH 7 = C, Apyroe — ayuu

p= C. CKOpOCTb V = lr‘%gei(lp—axctg(er)+x/2) (Z = reiv’)'
nr
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10.4. B touxax a, b — Buxpeucrounnku: (a; @,T), (b;—Q,T"); muuuu no-

Puc. 110 Pnc. 111
a8 — norapudMMUYEcKUe cHuMpanu BOkpyr Todek a ¥ b (puc. 109); lnp =
r Q
= —59+C — 3KBHIIOTeHUUaJLHblE IHHMY; lnp = F9+C — JHHUH
- , —; a-k
TOKa (z——g = pe“"). Cropocts V = r 19 - a— —.
z-b -2 (z-a)(Z—b)

10.5. B Touke z = 0 -— gunoab ¢ MomeHTOM p = 27; 7 = C cOSp — IKBU-
NoTenuuanbubie MMHUY; © = C sin ¢ — auauu Toka. V = —e? /72 V= 0.

B Toukax 2 ¢ cropocTh paBHa —(3 % 41)/25.

10.6. 1) u 2) B Toukax 0 ¥ co — numnonu c Momentamu 27 R u 27 (Bepx-
HMI 3HAK OTHOCHTCA K 0. 1), HUKHUA — K n. 2)). JInuuu nons -— rpuskie 3-ro

R’z R

= Y-
z?+y? z? + 32

2 .
nuHuyM Toka;, V = 1F R—zez"P, Voo =1. Touru z = tR qaa n. 1) n z = £iR
T

nopaAgka r = C — 3KBUNOTEHUHANbHbIE TUHUH, Y F

ana n. 2) kpurudeckue (puc. 110 u 111).



wF

TOYHUK 0O6UIbHOCTH —47. JKBHUINO-
TeHUMalbHble JMHUM — JIEMHUCKATBI

.

STy A

|2 — a*| = C, nunuu Toka —— rumep-
2 2 _ 2
Goapr z° — 2zy/C — y~ = a° ¢ ueHTpOM
B Hauale KOOPAMHAT U NPOXOAAUIME
=~ =2 _2

yepes Touru *a; V = 2z/(z° - &%),
Vie = #£ifa; Hayano KOOpAMHAT —
KpUTHYeckan Touka (puc. 113).

10.9. B Toukax =a, *ai — uc-
Tounnru: (a;2w), (ai;—27); r'+
+Ca’r’cos2p+a' =0 (|C] > 2) —
SKBUINOTEHIMANLHBIE TUHUY (K HUM I[pHHajlexaT TaKkme NpAMble y = +z);
i 4+ Ca’r?sin2¢ — a* = 0 — iuEuM Toka (K HUM NPUHALIERAT TAKHE OCH KO-

52
opaunat); V = 7412—— Vo = 0, Touka z = 0 — rpuruuecran (puc. 114).

\u

S Z//////%

0

Puc. 112

v

lddd

0
Puc. 113 Puc. 114

10.10. B Tourax +1, 0 u Ha co — uctounnkn: (x1;Q), (0; -Q), (oco0; —Q);
2+ 1/r = C 4 2cos2p (C > 0) — sKBUNOTeHUMaNbHbIe TUHUM (IpU GOMb-
wux 3Havenuax C AMHAK 6IM3RK K okpysHocTAM r = C ur =1/V/C); r =

_ [CHtgy A
= o - g -— JIMHHUH TOKa (K HUM NOPpHHaAaeHaT Takxe OCH KOOpAMHAaT U
2

orpymHocTb r = 1), V = Q[ (z-2+ 11)], Voo = 0. Touru i — KpuTHyeckue
Z {24 —

27
(puc. 115).

10.11. B toukax #i, 0 — uctounuru: (£i; 27), (0; —4n); Cr* — 2r? cos 2¢ —
—~1 =0 (C > —1) — skBunoreHnuansusle auuuu (npu C = 0 — runepboaa

Yy’ —z =1/2); r = /Csin2p — cos 2¢ — muuun Toka (npu C = 0 — neM-
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HHUCKaTa BepHymm), K KOTOpPbhIM NpHUHagIexaT TaK#He OCHU KOOpAHHAT V =
2

2(z2+ 1)
10.12. B Toukax +1 + i/\/fw HUCTOYHHUKH OGMIBHOCTH 27, B Touke 2 =0 —
MCTOUHMK OGWILHOCTH —4m, Ha 0O — MWCTOYHMK O6uWibHOCTH —4m; 7+

+1/r* = C —2cosdp (C > 0) — 3KBUNOTeHNHANbHBIE TUHHUH (npm C<4

------- s

b

R N\
N\ \\

A

Puc. 115

A

/o

N

o
Puc. 116 Puc. 117
JAWHWY pacnagaloTCA Ha YeTblpe KOMNOHEHTHI, npu C > 4 — Ha aBe; npu 601b-
1
wyx 3nadenuAax C 310 “noutu” okpymuoctH r = VC u r = T—V/é), tg2¢ =
4
.
=0~ 1 AHHUU TOKA (K HUM IpPUHERAEKAT TaKk#e 0CH KOOPAUHAT, GUCCeK-
T
zt—1
TPHCHI KOOPAUHATHBIX YTIIOB U OKpysHocTh 7 = 1); V = 2{ T 1)] , Voo = 0.
F4¥4

Toukn %1, +i — kpurnHdeckue (puc. 117).
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10.13. B Touke z — HcToyHHUK (0; Q), B ToUKe 2z = 0O ~— AUNOJIL ¥ MCTOY-

Huk (00; —Q); y? = eim(C-an)/Q _ g2 (B NMOJAAPHBIX KOOpAMHATaX: arcos g +

Q C—Qyp/2m
+ = Inr = C} — 3kBUNOTeHUMANbHbBIC TUHUM; T = —————-/—— — JUHUU TO-
2w asing

Ka; TMHUU TOKa UMEIOT rOpU30HTalbHble aCUMITOTBL Yr—+00 —* —, Yz—s—0c0 —
a

— $2%]
L9y Qe
a 2nr
10.14. B Toure z = 0 — Buxps (0;T), Ha oo — munonb u Buxps (oo; —T);
C—~Ty/(2r) 2 dm{ay~C)/T _ 2

r = ——————> -— D3KBUNOTEHUUWAJbHLle IUHUU, T° = e Y
acosp

Tinr

, Voo = a; KpuTHUeCKas ToUKa 2 = —2%1 (puc. 118).

. T .
(arsmgo - = C) — auHUM ToKa; V = a+ E—e'(“’”/z), Voo = a; &pu-
mr
-
THveckan Touka z = — (puc. 119).
2ma

10.15. MuakocTb ofTeraeT okpymHocTh paguyca R; Vo = a, uupryns-

\
7
N Y

Puc. 118 Puc. 119

1 .
uua I'; KpuTUYeckHe TOYKH ONpPENe/AIOTCA pPaBEHCTBOM 2y = Z—(I‘zi
™a

+v1672a2R? — T?). Eciu I’ < 4maR, To |2i:| = R, T. e. 06e KPUTHYECKHE TOUKH
nekaT Ha OKPYKHOCTH |z] = R; ecan I’ = 4wa R, TO KpUTHYeCKHe TOYKH ClMBa-
10TcA B ogHY; ecnu I > 4waR, 10 |zi:| > R (BTOpan KpUTHYECKas TOUKA JeKUT
B 3TOM cilyyae BHYTPH OKPYHKHOCTH |z| = R). Cm., nanpumep [3, ra. III, n. 49].

10.16. w(z) = Ve““‘z—}—zk—;—zgﬁln(z—ak). Ha oo — punonn
e n
) k=1
¢ MoMeHTOM 27Ve '® U BUXPEHUCTOUHMK C OBUIBHOCTHIO Qoo = ZQ" u
n k=1
MHTEHCHBHOCTBIO [oo = — ) " Tg.
k=1
r
10.17. 1) Her; 2) pa; 3) na (Hanpnmep, TeyeHUe w = l+ Tlnz
4 e

HMeeT JUHUHN TOKa, BhIXOAAMIME U3 Ha4yala KOOpﬂHHaT).
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10.18. [Ipu oaHONMCTHOM KOHGOPMHOM 0TOOpaeHUH BUXPEUCTOUYHUK Me-
PEXOAHT B BUXPEHCTOUHUE TOM e 0OGMILHOCTH M MHTEHCHBHOCTH. MyabTHnONb
fepexoRUT B HAG0p MYAbLTHNONEH NO TOro e NopsiKa BrIouUTenbHo. Junons
NepexoauT B JUIOIL CO CIefYIOWHUM 3aKOHOM HM3MeHeHHs MOMeHTa:

1) (a;p) = (s pe1);  2) (o0;p) = (a5 pe—1);
3) (a;p) = (00;p/c-1), 4) (00;p) = (005p/c1).

10.19. IIpu n-1MCTHOM KOHPOPMHOM OTOOpaMEHUM BUXPEUCTOYHUK flepe-
XOAMUT B BUXPEHUCTOUYHUK C 0GMIBHOCTLIO U UHTEHCUMBHOCTBIO, YMEHbIIEHHBIMU
B 7 pas.

10.20. 3akoH U3MEHEHH BMXPEUCTOYHHKa (a* — TOouKa, CUMMeTPHUYHad
touke a): (a; Q,I') = (a”; Q,-T') — B cayuae quuuu Toka, (a;, Q,I') —
= (a"; -Q,T) — B cay4ae 3KBUNOTEHIUANbHON NMHUN. 3aKOH H3MeHeHUA Iu-
nons Gosee cA0MHBIHA. B coydae npamonyneiinoit annuym Toka: (a;p) — (a*;p'),
rfe BEKTOPLI P, p', NpOBe/ieHHble COOTBETCTBEHHO Yepe3 a U a*, CAUMMeTpUYHBI
OTHOCHTENLHO AXHUM Toka. B ciyydae kpyroBoit auuuu ToKa |z| = R: (a;p) —
— (a*; —R*5/a%), ecau a # 0, u (a; p) — (00; p/R?), ecant a = 0. B cnyuae npamo-
7HefiHOM 1 KPYroBO# SKBUNOTEHUHATLHEIX IMHHI NPU TeX se 0603HaueHUAX
coorsercTBenno: (a;p) = (a; —p'); (a;p) = (a*; R*/a%), (0;p) — (co; —f/ RY).

10.21. 1) Bo Bcex cayyasax 0co6eHHOCTH TeYeHUA HONHHbI ObITH Paclono-
#KEHBbI CUMMETDPHYHO OTHOCHTENbHO OKpY&HOCTH {2| = R (cM. 3agauy 10.20). B
4aCTHOCTH, 0CH AUNOIEH, PACTIONOAEHHBIX Ha 3TOH OKPYXHOCTH, JOMMHLI GbIThH
KacaTenbHbIMU K Heft. CyMMa o6uIbHOCTEH SoKkHa PaBHATLCA HYAIO, A 4ero

1
S Qk+ 5 3 Qi =0, rae Qx — OGHIBHOCTH MCTOYHHKOB BHYTPU |2| =
Q' — 0B6MILHOCTH NCTOMHUKOB Ha |z| = R. Buxpei Ha |z| = R He {01 HO 6bITh;

2) OcoGeHHOCTU TeUYeHUA JONAKHbBI OBITh PacoNo#eHbl CHMMeTPUYHO OTHO-
CHTeNbHO OKPY#HOCTH |z| = R. B yacTHOCTH, ocu gunoneil, pacroloxeHHbIX Ha
|z| = R, monmupl 6bITb K Heli oproroHansHbi. CyMma MHTeHCHBHOCTEH HOMK-

1
Ha PABHATLCA HYMO, 1A 4ero » Dk + = ZI“ =0, rie 'y — WHTEHCUBHOCTH
BUXpelt BHYyTpH |z| = Ru T — HHTGHCHBHOCTM BUXpeit Ha |z| = R; NCTOUHUKOB
Ha |z| = R He [oiHHO 6bITE.

T —
10.22. 1) w = Vz + ¢ (c — nocroannan); 2) w = —In —
2t z-—a

+ ¢

HJw= % In{(z —a)(z — &)] + ¢ (Ha 0o MCTOYHUK OGMALHOCTH —2Q));
1 _
Hw=7L -+ £ +c;
2z~ 2rz—a
5) w= [_kf_’gﬁln(z ak)+Mln(Z ak)]+£ L
o 2mi 2nz—a
— n
+ 2 1 - +Vz+c (Ha 0O UCTOUHUK OGHIBLHOCTH — ZQk);
2rz—a Pt
6) Teuenue Bo3MokHO Tonsko npu I' = 0, Imp = 0; Torpa w = Py
2

Q lnz+c
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1 !
4 s

10.2 = — = X
0.23. 1)1:1 2ml R’— +c 2) w T 27rZ_M+c, ecau
R > p
a#O(a':?,p*z—%p) uw——2—Z+g—7rz+c ecnua—O( 7%)
n Q n
10.24. 1) w = Z —2—7’5 Inf(z — ax)(R? — @xz)] + ¢, ect »_ Qx =0;

k=1

w—Zlen [(z — ar)(R? — az) +Z ’In (z — a}) + ¢, ecin

n lm

ZQk‘*‘EZQIiz
z—a k=1 i=1
R? —az
1 ! 2 R?
2)w:£ + L +c(a*=~,1)*=—tﬂ));

2rz—a 2mz—a* -
. 2) et i R‘Zvia T
3)w=Ve_“"z+R C te 4) w=Ve 2z + € +2—7rilnz+c.
z
r (z — ta)(az + 1)

10.26. w=—In+—-"F———= .
v 2w H (z + ta)(az — 1) te

10.25. 1) w = —1

10.27. w = L 1n (f+a®y+e 10.28. w= 23 In(z*-1)+c.
s
Q, -1 Q ( 4)
10.29. 1) w = - - L Ay 4.
) w 27rnz2+1+c’ 2) w 27Tln l-l-z4 +c
n
=3 [ Tk =iQk 1, 5 } p !
10.30.w—2[ In(z —ax) + 5 In(z — ax) +27r2—a

p 1
-r + Ve "z + ¢. TeyeHre BO3MOKHO, eCIH @ = :tE (ecmA ZF’“ #0,
2wz ~a n 2 Pt
TO Ha 00O — BHUXPb C MHTEHCUBHOCTLIO —2 Zf‘k
k=1
n T . o _ -
10.31. w= Z [,k_‘{ﬂi In(z— ak)—i-Df—l,—Qf In (R2 - akz)] +Ve %z —
P 2m 27
R2V6ia n 2 e
- + c. Teuenne BO3MOMKHO, eclIu Zl"k =0,a=0,up=-2rR Ve
k=1
10.32. Ilycts t = f(z) xoHbopmHO oToGpamaerT D na elnHUYHbIH

1

®[f(2)], rre

B(t) = Z[rkJﬂlen(t_t)-f——F%l—Q—kln(l tkt)]+

kpyr |t| < 1. Torpa w

n
tr = f(ax), Npu HempeMeHHOM YCIOBUH Z Qr=0.
k=1
10.33. Ilycte ¢t = f(2) woHdopmuo oToGpamaer D Ha obnacts || > 1
n

c nopmuposkofi  f(co) = 00, f'(c0) > 0. Torma mpu ycaosuun » Qr =0
k=1
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w = ‘P[f(Z)]» rae

et Veia n Fk+1Qk
@ p—
)= f,( = +f,(°o) t+§[ In(t —tx)+

+ ;Fk;rﬁma - tkt)] +e e = flax)
27

10.34. B ofo3nayenunx zagauu 10.33. w = <I>[f(z)}, rie
e—ia Veia

<I>(t)—f,( St Fag it lnt+c

Ilpu I' =0 w(z) oTobpamaeT BremHnocTs C Ha BHEMHOCTH oTpe3ka [—2V / f/(0o0)
2V/f (c0)] meicTBUTENBHON OCHM W-MIOCKOCTH C HOPMHPOBEOH w(00) = 00,

w'(o0) = Ve .

10.35. 1) w(z) = b[(az — b/22 = F)cosa + i(bz — av/2? — ) sina) +
+const (Vo = Ve'®, ¢ = VaZ — 82); 2) w(z) = Yb[(az —bv2ZE =) cosa+
+i(bz — avzZ - &) sina) + 5% In (z 4+ V22 — ¢2) + const .

10.36. 1) w(z) = V(2 cos a — iv/2% — ¢ sin @) + const (Voo = Ve'™®);

2) w(z) = V(zcosa —ivz% — c?sina) + 2—% In (z + V2% — ¢2) + const, rae

= —2nxcV sina (c — Touka cxoga).
10.37. llycts npoduns HAiykoBCcKoro moaydaeTcsi NIpH oTobpameHUN 2z =

1 1 -
= 5(“2) orpyxmoctn ¢ —Gol = 1 =Gl = R>1, o =1-Re™ (0<

ia

<B< E) Torpa npu nupsyaaguun I' 1 Vo, = Ve

VR [z~ (o + V22 e—ie
w(z) = ( 7 -;
ela 2~
+Z_C0+\/;T___) ln(z G +vVz2~1)+e,

npuyem I' = 27 RV sin(a + B) (T onpenenserca us yciuosua w' (1) = 0 B cooT-
BeTCTBUIt ¢ nocrynaroM RyroBckoro—Yanasiruna).

10.38. w(z) = \/z — p/2 + ¢ — obrekanue napaGoisl U3BHE;

jch Y22 —P
2P

10.39. w(z) = 71_5[(z + m)”/(zﬁ)eim/(zm—
—(z — V22 = %)™/ P gima/(2B)] 4 const
— ofTeraHue npaBoit BeTBM runep6oibl HM3BHE (tga = %, B=nm—0qa,c=
= m) nw(z)= 71—5[(z + V22 =)™ 4 (7 — /22 = )"/ CY] 4 const —

o6TekaHue npaBoit BeTBU runep6oibl U3HY TPH.

w(z) = — obTexaHue napaGosibl USHYTPH.

10.40. w(z) onpenensierca na ypasuenus z = e™*/Y + 7w/v (3navenun
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GYyHKUHMH ToKa Ha OOGTeKaeMbIX MNOMYTPAMBIX
B3ATHI PAaBHbIMH v).

10.41. w = Archz = In(z + v/22 — 1) (3ne-
4eHUA GYHKIUUH TOKA Ha 06TEKaeMbIX MOLyMNpA-
MbIX B3AThI paBHbLIMU 0 U 7).

10.42. 1) TeueHne c nepHoaoM 7; B TOY-
Kax kn (k — uenoe) — MCTOYHUKH OGMALHOCTH
Q; Touru w/2 + kr — rputnyeckne. CKopocThb
Ha oo B nojoce nepuofioB Voo = V(z Fioo) =
= +Qi/(2n). JInnnu Toka M 3KBUNOTEHLUAIb-
Hble JIUHUM cM. Ha puc. 120.

2) To e; TOIbKO BMECTO HUCTOYHUKOB B
Toykax km — Buxpu obunbHoctd I' u V(z + Puc. 120
+o00) = FI'/(2r). Jaa nocTpoeHds moas cie-

IOYeT NMHUM TOKA U 3KBUNOTeHUHaNbHble TMHUY Ha puc. 120 NOMeHATb PONAMHU.

10.43. Teuenue c nepuodoM =m; B TOUKax km — JUIOIA C MOMEHTOM D;

$=0 ¥=0
v=F
argp="7 O<argp<¥
Puc. 121
ckopocts V(z+ico) = 0. Jluuuu ToKa npuBefeHbl Ha puc. 121

10.44. Pemenne Boamoxuo npu Vi =V — Q/w;

w = £‘-f-—l.ansin m(z—a) + _F+,1Q In sin m(z+3a) + i(V— 9—)z+c.
2w 2w i 2w 2w

P w(z —a) P w(z+a) | .
10.45. w = —ctg —+~ — —ctg ———— +iVz +c.
27 g 2w 2 & 2w +
10.46. IIycte t = f(z) koudopmHo oToGpazaer S Ha NPAMOIMHENAHYIO MO~
aocy S;, npuyem £;, {2 nepexofAT B GecKOHeuHO ynaneHHble Touku Si. Eciu
CyLIecTBYIOT He paBHble Hymo npoussogusie f'(Q), f'(Q2), ckopoctu Vi, V;
KacaloTCA rpaHuIbl S Ha 0O M MPOU3BOILHO 3ajaHa ofHa U3 HUX, TO IIA S 3afa-

20 JI.W. BoaxkoBbICKH# U Ap.
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V »p ¢ 2 p ¢
B A B A
CDE—— =
e ———
C<ey Ar:':__: C=¢e; P ———
% p ¢ Y p ¢
B A B A
A B CE A B =
Dp——
63<C<82 C=62 A
5 p ¢ 6 b ¢ D C
—
e/ B_4 B_4
A B A B
D _CkH—
e C=e, A
ey<C<e AEV—/—/—7——
" D ¢ D C
B A
A B
e;<C<00 A

Puc. 122

ya MpUBOAUTCA K 3agayam 10.44, 10.45; peureHue cyliecTByeT U €AUHCTBEHHO.

10.47. 1) Heo6xoauMo ¥ f0CTaToO4HO, 4TO6b! yucaa M u C 6bl1M GedcTBU-
TelbHbIMHU. B 3TOM e cnyuae nuuuu Reu = tw ABIAIOTCA 3KBUNOTEHIUANb-
HpiMH auHUAMU. Ha puc. 122 nokaszado otobpamenue t = f(u) = ((u) + Cu
Npy pasianuHbiX AeficTBUTensHbIx C. Puc. 122 cooTBeTCTBYET cilydalo w >
> |w'|. Cornacuo pemenuio 3agaun 9.45 npu sTom e3 < 0 < e2 < eq U k> > 1/2.
M9 ((u — a)/(2w))

2) f(u) = Tre 91((a = )/ (2w)) +c¢ Ona a=0u M = 27 oTo6pareHue t=
n 13 (u/2w) (
= ) = () — Ty = L 12
fu) =¢(u) ov= o0 91 (a/20) noxasaHo Ha puc. 123 ( 3ameTum, 4TO €3 <
< —nfw < eg).

10.51. f(u) = —ZJYI;C(u —a)+ -%C(u — B) + Cu+ c. Yrobsl pynruua f(u)

M
6bl1a 3MIUNTUYECKOM, OHa HoMHaA UMeTh BuA f(u) = g[((“ —a)—((u=06)]+

+c. Ecmu Im v = 3 Im ' — nunun Toka, To M 101KHO GbITh JeHCTBUTENBHBIM,
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D C
W
B B A B A
A « 0 o,
Clzz;
D Lz
/ DW
v
Puc. 123
@ ecnyM 3KBUIOTEHUMAlbHblE JH- o
HHUW, TO — YUCTO MHUMBIM. Tna NN
@ ¥ [ BO3MOAHBI TONbKO 3Haye- \\\\\\“\\\\‘{
HuA 0 (k=1,2,3) \‘\\\\\ N
0 m 0, B M =2 YA
Ona a=0, B=uwy, =27 . \\\\\} \'}2&:%%\ .
£ = € — Gl — i) = AR
_ _ l p/(u) _ ) BN ;i%;‘ B w
72 o) — ek 'l‘l&
oi(u)o;(u)
=N +
T oW w)
(i,j,k — nepecranoBka u3 1,
2, 3). Touru u = %(modw,w’) ‘‘‘‘‘‘‘
KpUTHYeCKHe, T. e. B HUX [ (u) =
= 0. OcHoBHble 0TO6GpameHus CM.
Ha puc. 124. YKasaHHble TaM npA- ‘\\\\\\\\\ y
MOYTONLHHKK OTOOpamaloTca Ha  _ RN ¢
MOy II0CKOCTb, OrpaHHYEHHYIO M-
ropusdoHTanbHoi npamon (k =

= 1), NONYMIOCKOCTb OrpaHu-
YEHHYIO BepTUKAAbHON npAMoH
(k = 2), m na IBYIMCTHBIH
KBagpaHT C JWHMUeH CKJleuBa-
HUA, NpeAcTaBlAIOULEed MOPU30H-
TalbHYIO TONYHPAMYIO, COOTBET-
CTBYIOILYIO LITPHXOBOM JTUHUH Ha
npamoyronpHuke (k = 3). 3T
oTOGpameHusA MPOJOMKAIOTCH 1O
NPUHLUNY CUMMETPHUH.

10.52. Jlepuoast Teuenus 4K
n 2iK', punomm 2mK + (2n+
+1)iK’ c MOMEeHTaMH
2m(—1/k)™, KpUTHYECKHUE TOUKHU
(2m + 1)K + niK' (m, n — ue-
avie yucaa). OTobpaxeHue cM. Ha
puc. 125.

20*
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iK! @
jl : (/1/ CIVITIIiA
i /// /A
i WD
C' B v/By/C/D
1=1_j Oj HEB
k7 . M k
——t—t —t+
— ———

Al

O

NORNAN

@
— —r
N B 1
T T T >
I : i i
] i C BE[]l |
-11 -KiC/B/ A% D
7777
77777
T 1 777V 4

Puc. 127

10.53. Ilepuoapt Teuenua 4K u 2K + 2iK’, nunoan Te e, 4To U B 3aja-

—1yntm
ye 10.52 ¢ MoMeHTaMu 271'( 1')k , KpuTHdeckHe ToukM 2mK + 2niK’
(2
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u (2m + 1)K+ (2n+ 1)iK’ (puc. 126).
10.54. Ilepuoant Teuenua 2K u 4iK’, gunonu Te e, yro B 3agaue 10.52
¢ MomerTaMH 27 (—1)"*™i, kputuueckue Touku mK + 2niK’. OcHOBHbIe OTO-
6paseHns CM. Ha puc. 127.
10.55. f(u) = s Z,Q In o(u—a) + Cu + c. Buactoety, pna o =0, w, w +
2mi o(u—B) I +iQ
+w' uf=uw, onycran afAUTUBHYIO NOCTOAHHYIO U MHOMKHUTEb

| MeHsAA
C u npeo6pa3sya o-pyHKIHUY, n0Iydaem In o(u) +Cu, In a1(u) +Cu, In 72(u) +
0k vig - e
_ _ '+ 1(u — o)/ (2w
+Cu. Ecmt f(u+2w) = f(u), 10 f(u) = o lnﬂl((u—ﬁ)/(%})) +ec.

iK'

/-

C'Bk/1

B’
-K

Puc. 128

10.56. 1), 2), 3) [IBoAkroneproaMYecKre TeYeHHA C UCTOYHUKAMH OGHUIb-
HOCTM 27 U —27 B HYJAX M nomocax GyHKUMI snu, cnu, dnu (puc. 128).
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10.57. [IBoAkonepuoavYecKkoe Te4YeHHe C KBaApyMNoiAMH B Hyxax gp(u)

(puc. 129).

10.58. Ilepuognveckue TeYEeHUA C NepHOaOM 2w (MepHol CKOPOCTH), C Hc-
ToyHuKamu ofunbHOCTU 27 B Hynaax O(v) (puc. 130, 1) ana ¥y u gaa O3

11
T
1 {
1 )]
1
1 T
| i
1] 1 T
€31 €2 e j
DRCRN BN A
N NN i\ NN §
RN \\ \
AN
N ANN\N
R A I
i // 41
i a".",;o.gf/// g
9 S I H
) A [
4% 4
ﬁ'o

=
NN

R

e

SR
5>
\\

=
A\

Puc. 130

npu cABure BupasBo Ha 1/2; puc. 130, 2) and ¥, ¥ AnA ¥, npH CABUre BIPaBo
Ha 1/2).

10.59. 1) f(z) =T/(2ni)Inz + ¢;

2) f(z) = T/(27i)Int(z) + ¢, roe £(z) orobpasaer obnacTk D Ha kpyro-
BOE KOJILIO TaK, UTO COXPaHAIOTCA HallpaBieHWs 00X0Aa TPpaHNYHbIX ROHTYPOB;

3) f(2) =T/(2ni) In((z — z1)/(z — 22)) + ¢, TAe 21, z2 B3aUMHO CUMMeTpHY-
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HBI OTHOCHTENbHO KA A0/ U3 OKPY#HOCTeN (T. €. ABIAIOTCA TOUKaMHU nepece-
YeHUA OKPYMHOCTH, OPTOrOHAILHON K BYM NaHHBIM, C IPAMOM, COeMHAIOMe
UX UEeHTpBI), IpUYeM TOUYKA 2; NEKUT BHYTPH OKPYKHOCTH C UMpKynAuumes I
4) f(z) =T/(2ri)Int(2) + ¢, rae pyHkuua t(z) oTobpamaer obnacTe D Ha
KONbLO ¢ COXpaHeHWeM HanpaBieHHs 06Xola KOHTypa ¢ uupkynanuei I,

10.60. f(z) = ®(w/(wi)Inz2), roe

L [pﬁi((u‘a)/(%)) _ﬁﬁi((u+a)/(2w))
dr?a " 91((u ~ @) /(2w)) Ti{(u + a)/(2w))
Oyuruua f(z) orobpaxaer R Ha BHEWIHOCTh [BYX Napa/lielbHbIX OTPE3KOB,

®(u) = —

w
}—kc, a= —lna.
me

® ®
D C
A B
B A 2w ¢ D
Puc. 131
IReip|
OTCTOAIMX IPYr OT ApPyra Ha pacCTOAHUHU Tora (puc. 131). Kouue! oTpeskoB

onpenenaoTca u3 ycaosua ® (u) = 0.
10.61. f(z) = ®[u(z)], rue
_ V[ et =a)/(2w) | —ia91((u—a)/(2w))
2 = o [ o e a)/(zw»]

au(z) =a+k/z + .. — ¢yskuua, orobpamamoman o6racte D Ha IPAMOYTONb-
HUK.

)

10.62. f(z) = @(%lnz), rre &(u) = Ap(u) + 2%% +ec A=
c_ow? iw

—, B = —(c~2 - C-1)- 3apada BO3MOMHa, eClli ¢—y — JAeHCTBUTENb-
me ™

HOEe YMCI0, 8 PasHOCTh C-2 — C—1 — YHMCTO MHUMaA. Ecin A # 0, To dyHKuuA
f(2) oTo6pasaer R Ha BHEMHOCTh FOPU3OHTANLHOTO JTyYa ¥ NapaiielbHOro emy
OTpe3ka, OTCTOALIEro OT Hero Ha pacCTOAHUM lc-2 — c~1]/2. Kouust oTpeska u
Haualo Tyua onpefensorea s ycaosus ® (u) =0 (puc. 132, 1); na puc. 132, 2)
u3zo6paken cayuaii B = 0). Eciu #e A =0, T. e. uMeeTcA ToIbKO AUNOAL, TO
R oTo6paskaeTcA Ha NMONYIIOCKOCTb, OFPAaHUYEHHYIO FOPU30OHTANbHON MpPAMO
¥ HMEIOL(YIO pa3pe3 BAOJb FOPU3OHTAILHOIO OTPE3Ka, OTCTOAWIEr0 OT MPAMOMN
Ha paccTofaHuU |c_i1]/2 (puc. 132, 3)).

10.63. 1) Pewenue Bosmozno, ecii I't — I'z = I'; npu stom yenosum f(z2) =
= &(w/(ni)nz), roe

B(u) = -1 9i((uw—0)/w) T2

w
c, a=—]
gmi L o((u+ 0)/(w) | 2w e
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Y1(u — o)/ (2w))
91((u + a)/(2w))
HuM © ot 0 1o 2w paBHO 27%, a NPU U3MeHeHMHU u OT 2w + tw' 1o iw’ pasHo 0).
KpuTHYecKHe TOYKHM TeUeHHs ONMpPeleNsiOTCA U3 YPaBHEHUS
1 p'(a)
p(u) = p(a) + -
() = 2 [((e) = na/w] + M((w') = nw' /w]’
rae A = I';/T, v pacnonaraioTCA Ha CTOpOHaxX NMPAMOYTOJAbLHUKA C BeplIMHAMH
(0, w, w+w', w') ¥ TPAMOYTONLHUKOB, CUIMMETPUYHBLIX C HUM. B cayuae 'y =

1) @ ® ®

(neo6xoaMMoO MMeTh B BUAY, 4TO NpHpaiieHue In npy U3MeHe-

—g%———-
®

i

Puc. 132

= 0 ¢pynxuua Z{z) orobpamaer R Ha KpyT C pa3pe3oM MO Ayre OKPYKHOCTH
(puc. 133; I > 0). B cayyae I'; = —I'y = ~I'/2 ¢pynruua 2{z) orobpamaer R ua
ABYTHCTHYIO 06/1aCTh, 06pa30BaHHYIO CRIEHBaHMEM BHeIIHOCTel Kpyros | Z] > 1
u | 2] > p/a® Bnons paspeaos or —oo g0 % = —e*™¥/T| rpe iy — 3Haue-
HUe 1) B KpuTHYecKo# Touke. OyHnruua s(2) oTo6paxaer 3Ty AByAUCTHYIO 06-

JacTh Ha BHEUIHOCTL ABYX JEMHHCKAT, H f(z) = —% In {(s(z) — s0)(s(2) + 50)]
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D f e 0

®
HHIL
. HHi
éz\\ '( K‘@ it
\ 1 o H
Y NS5 fartfts
g r

1
A ¥v=0 B2w _

¢=7% ln% @
C‘P=

Pnc. 134

(puc. 134, T > 0, a® < p; NOAYNOAOCH! B E-IIOCKOCTH HYKHO CKIEUThb BAOIbL 06-
lwero paspe3sa). B o6weM ciyuae 1) = (0 Ha HHAHEM OCHOBaHUH NPAMOYTONLHUKA
B u~IUIOCKOCTHU U ¢ uaMmensetca o —I'/2 1o I'/2 + Ty, a na BepxHeM oCHOBaHMH
r 1 r 1
=—In-+2In-u ¢ uamensgetca ot 0 go I'y (T > 0).
2 2r p

2) £(2) = ®[u(2)], rne

Ve @/(20) e B = 3)/(20))
2() = 5 [ke B((u—a)/am) T 191<(u—a>/(2w)>]+

-1y 91((u — a)/(2w)) Ty
1 —= C
i () Tt
a u(z) = a + k/z + ... oTob6pamaer o6aacTe D Ha KpyroBoe KOALIO.
10.64. v = az — By, v = Bz + oy, E = —i¢; qunoas (co; —i).

2 .
10.65. u=2qp, v=2q ln%; E= Tq e'¥; ToueuHsle 3apansl (a; 2g) u (00;—2¢).

a

z— 2q(b—a
q(b a) ; TOUYe4YHble
z—b

i )

z—b

, v=2¢qln
a

10.66. u = 2garg
z—
sapans! (b; 2q) u (a; —2q).
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10.67. u = —2qarg (22 —a?), v =2qln|?—d’|; E = —4qz/(z* - &*);
ToueuHsle 3apaAmbl (a;—2q), (-a;—2q) u (co;4q) (em. puc. 113).

Pne. 135

A ARA] AL
[}

Puc. 136

10.68. u = [p|/rsin(e — @), v = lp|/rcos(p — a); E = [ple’®*~) /r? gu-

noab (0; uc. 135).
(0;p) (p ) R R _ o B
10.69. u = (r £ —;—)coscp, v=(rt —)sing;, E = -i(lFe™®=)
T r

aunonu (0; FiR?) u (o0; ~i) (cM. puc. 110, 111).

10.70. u = —py + 2qp, v = px + 2¢In(1/r); E = —p+ 29¢*? /r; Toveunble
sapsagsl (0;2q) u (00; —2q); aunons (oo; p) (cp. ¢ puc. 118).

10.7L.u=—py+ > 2qrpr, v=px+ > 2¢cln — E=—p+4 ) 2Lk,
rAe z — ax = re'?*; Todeunsle UCTOUHUEY (ak; 2k ); AuNoNbL (0o;p) (puc. 136).
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10.72. 1) BennuuHa ToyeyHoro 3apAfa COXpaHAeTCA; 3aKOH U3MEHEHHA Mo-
MeHTa JUIOJA TOT e, UTo B 3agaue 10.18;

2) 3Hak 3apAjla MEHAETCA Ha NPOTUBONOIOMHbIH; 3aK0H M3MEeHEeHUA MOMEH-
Ta JUIIONA TOT e, YTo B 3agaye 10.20 npM npononmeHUy depes MMHUIO TOKa.

10.73. v = 2qg(z,a). 10.74. w = 2giln 2= %t
Z =2
2 _ 5
10.75. 1) 1 2) w = 2gi In 222 4 ¢
R(Z — Z())
I |
10.76. w = 2qi In . +const, rae f(z) =2 "YETC 2= g2
f(2) a—b
VIR
10.77. w=2¢qi In L +¢, rae f(z)= FovE B
f(z) R
10.78. w = 2gi In },—(1—), rae t= f(z) oupegendercs U3 YpaBHEHUA z =
z
1
VI—HE
B(1/2 374) / — + - (CM sanauy 9.17 naa n =4 un 9.52).

1—cn(Kz/a, k)

10.79. w = 2qi |
w=2qt1n sn(Kz/a, k)

u k onpepenserca

f()+c, rae f(2) =

u3 ypasHenus K'/K = b/a (cm. sapauy 9.49).
91((z — 20)/(42))01 ((z = 22)/(4a))
U1((z = 21)/(4a))01((z - 23)/(4a))

10.80. w = 2¢i ln —— + ¢, rae f(z) =
f(2)

Uw=2a, w =2ib, z; = (4a — x0) + iyo, 22 = (da — z0) + i(4b — y), 23 = o +
+1(4b — yo).
; *; 2 25 ; =
1081 w=- + pl (ao¢0a'=Rf7p‘=pr,w=ﬂ—ﬂz+
z—a z-—a a? z 2
+¢ {a = 0), c — meiicTBUTenbHOe Yncio. CpaBHUTH ¢ 3aiayeit 10.23, 2)
. o 2 .
1082 w= 2 4P +c(a(>7éoo,a*=§—)p*=—Rvﬁ),w=ﬂ—
z - a zZ~a* a a z

—%z + ¢ (a = 00). Cm. 3agauy 10.25, 2).
10.83. w = p(zcosa + isin av/ 22 — R?) + const.

10.84. w = 2 b[(az —bvzt — ) cosa — i(bz — avz? — ¢?) sina] + const,
a—
rae ¢ = a® — b
2K !
10.85. w = L (cosa+1i sina cnwu), roe u = 5z " % = (cMm. 3apa-
a a
uy 10.79).

10.86. 1) Ecau pi = pet®

F(z) = pt'(a) = {[t( 3 +t(z)} cos o +z[L -~ t(z)] sma} +¢;

i(2)
2) f(z) = pit(z) — 7(—)+c— {[t(z) e )] Cosa+z[( )~ ]sma}—i—

+c¢, The pi = pe'®. @YyHRIUM B KBaJpPaTHBIX CKOGKaX ocymecmnmor HOpMUpO-
BaHHble KOHGopMHbIe 0TO0pamenua D Ha BHELIHOCTb MOPH3OHTANLHOTO, COOT-
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BeTCTBEHHO BepTHKaﬂbHOl"O orpesxoa”).
10.87. w= Z2qkzln

2 e @972

u f(z,a) KompopMHo oroGpamaloT D Ha eguHUuHBIA KPYr C HOPMMPOBKOH
f(ak,ax) = f(a,a) =0, f'(a,a) > 0 u ¢ — pelicTBUTeNLHOE YHCIO.

=P (z,a)] + ¢, rae f(z,01)

—1In —1—_-, ectn Imz 2 0,
10.89. v(z,a) = l2 1 al
—In }————T, ecid Imz <0
Z—a
_ 1 8 _ .
p(z,a,)— ﬂ(x_a)2+ﬂ2(a—a+lﬂ).
10.90. 1) BuyTpu xpyra

2_g I P M}
v(z,a) = 1B —aal _ [ln P +1n = | ecin a #0,
R In R7 ecnn a = 0.
Bre kpyra v(z,a) = —In e [noTHOCTH
- Q
. 2 g2 '
P(Rew,a) = —_]_ R lal (a — la!e:a).

2nR R? — 2R |a|cos (0 — a) + |af?
1
B wacTHoCcTH, Aaf a = 0 OHA MMeeT MOCTOAHHOE 3HAUEHHE ~5.f Y cosnaer
™

noTeHuMan 0610KeHNUA, UMEIOWMIi NOCTOAHHOE 3HadeHHe In R BHYyTpu Kpyra u
3Havenue ln (z| BHe Kpyra.

R? — Gz
mL;—i a# o0, |2 2 R, In|z], |2| >R,
2) v(z,0) = 1 M%@={
—In-——, a# o0, |z| <R; InR, |z|<R;
Iz —al
|a|2 R?

Re'g = a=|ale’* na# o). Ecmna=
4 a) = 271'R R? - 2R |a|cos (0 — a) + |a|? ( lal 7 0)
= 00, TO HMHAYUHUPYeTCA TOT e NOTeHLHal, YTO B NpeiblAylleM clyyae

md a = 0.
[z + V22 — R?| 1
10.91. = L = —— R).
91 ’U(Z,OO) In 9 ) p(l’,OO) 27(’\/R—2:-:E_2— (Ixi < )
N )

10.92. v(z,00) = lnlzﬁh*;c—| BHe ammnca, v(z,00) = —In2(a - B)
BHYTpM ammunca. [lnoTHocTs p(z,00) = S S (¢ — ma snaunce, ¢’ =

2 2 2m+/1¢%2 = 2
=a?— ).

1 8g9(¢; ) 1
10.93. = — =, .94. = —.
0.93. p(¢) = 5222 10.94. p(¢) =

10.95. p(z) = m (=} < R).

1 2 __ 2
m (C =a —bz) 10.97. R.

11y Cp. npunomenne I. Ilnddepa B kure: KypanT P. [Ipunuun Jupuxie, Kox-
¢ opMHble 0TOGpaMEHNA U MUHHMMaNbHbIe NoBepxHocT.— M.: UTJI, 1953. — § 1, m. 2,
ocobeHHO c. 242, 243.

10.96. p(¢) =
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10.98. 1/(2R). 10.99. 1/(2(a —b)). 10.100. a.

10.103. Ecau w(z; A) — rapmoHndeckad Mepa MHTepBana A pgeiicTBH-
TeJbHON ocH B TOYKe 2z OTHOCHTENbHO BepxHell moiymiockocT: w(z;A) =
/6 dt (cM. 3apaum 7.58 1 10.102), To (omyckaeTcA geHCTBUTENb-

n —

Haf annuTuBHan IIOCTOHHHaH):
Dw=2m(z-a), v=9puw(z4), A=(-0c0,a);
m

Dw=2h
m

270y = pw(z A), A = (a,b);
Z - a

ay +_._+(pn1n_z;’l],
1 ¥4

—0On-1

JYw= l[cplln(z—al)+goglnz
™ A
n
v="3 prw(z; Ar), Ak = (ak-1,ax), a1 = —00;
k=1
4) w ¥ v NOIyYalOTCA M3 BblpasKeH!H, yKasaHHbIX B OTBeTe K 1. 3), 3aMeHoi
Pr Ha @ — o, AOBaBNEHMEM iy K w U (o K v. IloTeHUMan MOMKHO Takke
n

NpeACTaBUTh B BUAE Z(pkw(z; Ag), Ao = (an,0).
k=0

10.104. 1) w(z) = % In z + const, v(z) = % InT + const, rie p = :—T;

2) w(z) = %i— Int(z) + const, v(z) = ﬁ In |t(2)| + const, rae p — Moay b

o6aactu D (cM. c. 35) u t(z) rondopmHo oToGpamaeT D Ha Kpyrosoe KoJbLO.
10.106. w(z) onpenensercs GpopMynoii, yKazaHHOH B TekcTe 3agaun 10.105,

rae:
VIR a\?
D) = VA k=5 /() -
z+ Va® — R? R
— _ 2
2) m3) t(z) = \/ﬁz_;t, p= (2_2) , T1, T2 ONPENENIOTCA U3 ypaB-
9 T2~ R2_gq? 2
HeHUA T~ + ————— + 2+ R* =0 (21 < z2);
a

4) t(z) = %(z-&-\/zz—cz), o= a-:b’ c=+vaZ-b%

5)t= e"(K+“)/K', z=sn(u,k), p= 2 K/K! (Reu| < K, Imu| < K’'; oM.
3apavy 9.48, 1);

6) t = evr(K+u)/K'y 2= 2Kh [Z( ) + dnsu&], p= ean/K'y rae k onpene-
nu
NAETCA U3 YpaBHEHHUIA: KZ(,u) = —;—, dn’g = —E (cM. 3anauy 9.48, 15).
10.108. 1) wi(2) = 1 - m“hw44=gﬁh
Inp Inp
2mpIn 2l =1 1
p1(Q) = —p2(¢) = ”1 ,u Pu = P2 = —pi2 = —pPa = —;
2l o

———— Ha
2mpln p
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2) wi(2) = 1 ~ wa(z), wa(z) = lnllr;f(Z)];
QL
p1 (g) = "P?(C) = tt,((?) lnlﬂ P11 = P2 = —Ppi12 = —Ppa = ]_1——’
—|57% | na I, nu
t(¢) ilnp

rae t(z) KoHbpopMHO oToGpaxiaeT D Ha roakuo 1 < || < p, npyuyeM koHTyp I')
{TepexXORUT B OKPYAHOCTD |t = 1.

10.110. v(z) = Im f(2) — Zakwk(z), rae f(z) KondopmHo oTo6pakaeT D

k=1
Ha IJIOCKOCTb ¢ TOPU30OHTAaNbHLIMU padpe3aMu, NpU4YeM
pi

flz)=<% z2-a

piz + ..., eciu a = oo.

+ ..., ecad a # oo,

P 27rFk on
10.112. Ecau f(a) = oo, To noie o6pasopano gunoneMm (a;p), rae p onpege-
agercd U3 pasnomesua f(z) B6AM3M TOURHU a:
pt
fle)=q z-a

piz 4 ..., ecau a = oo.

10.111. v(z) = 2q9(z,a) + iakwk(z)7 wi(z) = __1_/ a9(¢. z) ds.

+ ..., ecau a # oo,

10.113. 1) Ecau f(a) =0, f(b) = oo, To none 06pa3oBaHo TOUEUHBIMHU 3apA-
namu (a;2q), (b; —2¢), npuueM NOTOK BeKTOpa HaNpAMKEHHOCTH Yepe3 KamIblil
rpaHMyHbIA KOHTYP paBeH HYIIO;

2) ecmu f(a) = 0, To none o6pasoBaHo TOYeUHLIM 3apaAgoM (a;2q), npUYeM
NOTOK BEKTOpa HANPAMEHHOCTH Yepe3 rpaHuyHbli KOHTYD, COOTBETCTBY IOWHI
OKPY#{HOCTH, B HanpaBleHUM HOPManH, BHewWHeil k obiactu D, pasen 4ng, a
qyepes Kam/bli IpYroi KOHTYD paBeH HYIIO;

3) none Bciofy peryispHoe. IIoTok BeKTopa HalpAXEHHOCTH Yepe3 rpaHuy-
Hble KOHTYDbI, IepeXoAALINe B OKPY#HOCTH, B HallpaBleHHU HOPMaH, BHeLIHel
k D, paBen t4mq (+ RIA KOHTYpa, NepeXOAALIEr0 BO BHELIHIOK OKPY#HOCTD),
a 4yepe3 Kaablil ApYTOif KOHTYp paBeH HYTIO.

10.114. Cm. 3agayu 10.61 u 10.63.
n—1

10.115. 1) v(2) = Z agwi(z) + ¢, roe o OJHO3HAYHO ONPEelAIOTCA U3
k=1

CUCTEMbI
n~1

Zpikak =2¢ (1=12,..,n—-1)

k=1
(cm. 3apauy 7.70) U ¢ — NpOU3BONbHOE AeHCTBUTENbHOE YUCIO. 3afaya 3KBU-
BaleHTHa NOCTPOEHHUIO TedyeHusa B D, o6Tekaioliero rpaHuuHble KOHTYpbl [
¢ uuprynauuamu 4rgr (k = 1,2,...,n), ecad co € D, U nupRyaauuamu 4mqy
(k=1,2,..,n—1), —4wgn, eciu 00 € D (I, — BHewHUit KOHTYP).

2) v(z) = vo(z) — 2qg(z,a), npuuem vo(z) onpenensercd, Kak B 0. 1), no

3apagam o6aomeHua 2qg + 2qi, rae ¢ = —21 / @éﬁ,_@ ds.
v n

Ty
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2
+c¢, ecnn ¢g=0, u v(z)=2(q1—/\q)ln-7:—~—

2
10.116. v(2) = 2q In — 7
z

(2|
—2qg9(z,a) +c, rne
Ina
/\—m, 9(z,0) = |2]* In l

91((In z + Ina)/(21i))
((Inz — Ina)/(271))

npu 7 = !n—f’, npudeM p < a < 1, ecn g # 0 (B o6o3navenunx sagauu 10.63
e

¢ynkuus I'puna g(z,a) =Im @( In z) npu I' = 27 u I'y = —27; nocnegnee —
u3 ycnoBua ¢ = 0 Ha rpanuue KOJIbIIa)

10.117. Hcrounuk (a;q) nepexoiuT B UCTOYHUK (a”; —¢), rae a* — TouKa,
cumMeTpuuHasn a. OyHkuua

u=q/(2r) In(1/|f(z,0)l) +¢,
rae f(z,a) kondopMHo oTobparaeT obaacTh DD Ha eIUHUYHBIH KPYT (34€cCh U B
JanbHeifem Koacbrpuuneﬂ"r Tel’]ﬂOHpOBOlIHOCTId k npuHar pasnbiM 1).

R? - az
R(z — a)

10.118. u = L 1n|Z +e
27

+ c. 10.119. u = L In
27

zZ—a

q sin(wz/(2a)) + ish (wh/(2a))
10.120. u = —1 .
U= o " Sin(rz/(2a)) —ish (wh/(za)) | T €
10.121. u= L In lt+ Z/\/_\ +c,t=sn [E(z + ib), u] , Te k onpepenserca
27 t—1i/Vk a
K’ 2b
U3 COOTHOLIEHUA — = —.
K a

10.122. 1) ®yukuuio I'puna g(z,a) obractu D MoxHO paccMaTpUBaTh Kak
TeMIepaTypy, CO3AaBaeMylo B [ UCTOUHHKOM Temaa (a; 27), KOorja Ha rpaHuile
TeMneparypa paBHa HYJII0; ,,

) u(z) = — g(z a)+ Zukwk(z) roe wg(z) — rapmoHuveckad Mepa [y.

k=1
q Uz ~ Uy
10.123. u= o g(z,a) + >

In|z|/r1 + w1, roe g(z,a) — dyHkuus ['pu-
™

Ha (cm. oTBeT K 3amaue 10.116).

'masa X1

11.3.1),2) A = %[(a1 + ) +ilas—b)], B= %[(al — by) +i(as + b)),

C=ci+ic; A= i [(a1 + b2) +i(by — as)],
1 . 1 .
By = A [(bg — 111) - Z(az + bl)], C = A [(C’zbl - C[bz) + z(c1a2 - Czal)].

4) Oto6pasenue (2) CBOIUTCA K IPOEKTHUPOBAHUIO z-TOUEK HA NPAMYIO w =
= pe®~/% (_oo < pu < 00), NOBOPOTY BOKpPYT Hayana Ha yroa B ¥ npeo6pa-
30BaHHIO Noao6HA ¢ KoadpuumenToM |A|. Besa z-nnockocTs npeobpasyeTca npu
aToM B mpamyo w = Ae' @82 (—oo < A < 00).

11.13. MoHO NOCTPOMTL UCKOMOE KBasHKOH(OpMHoe npeobpasoBaHue C
xapakTtepuctusoil p & (R + |a|)/(R — |al).
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11.14. u = z/cosa, v =y —ztga, p= (1 +sina)/cosa.
11.14. Pemenwue. Mpu nomomu dynkuuu ¢ = In z—:
M z = b coorBeTCcTBYIOT TOYkKaM A ¥ B) KoHPOPMHO OTOOpaxaeM 3afaHHBIN
ABYYroAbLHHUK Ha NOJOCY WHPHHEL T + Sy. DTy Holocy cruMaeM A0 N010CHl WM-
puHoil 7 (kBa3uKOHGOpPMHOE 0TOGPameHne ¢ XapakTepUcTHroi p = 1 + Fo/7)
W, NoAb3yAck obpaTHOM dyHkumed z(¢), orobpaxaeM NoclelHIOK HoJOCY Ha

, nosocy wupuHoit 7. [pu srtom ny-

/// /// ra AM (puc. 137) pamubl § 2alimeT

Bk nonoenue orpeska AM' anunel z;

/// Touka M nepemelnaeTcA MO OKPYHK-

2 HOCTH AINOJIOHHA OTHOCHUTENBHO TO-

/’///// ’/%, ek Au B (nokasano WTPHUXOBOH NK-

A 7/// Hyel) IprUYyeM

/////l/// fif _ COSZ(ﬁ0/2) COSZ @
ds ~ cos?(8/2) 2

(3Havenmnsa z = a

Puc. 137
(mokasaTn!). B noxyveHHo# NOAYNIOCKOCTH pacliupsieM BEDTHKATIbHYIO NOXY-
nojocy, onupalomyloca Ha arpesok AB po pauHbel gyru AB, u nputom Tax,

yTo6bl B pe3ybTaTe COXpaHUTh NJAUHBI BCIOAY Ha nyre AB. Pesyastupyiouwee
KBa3MKoHPOpPMHOe 0ToOpaskeHHe UMeeT XapakTepUCTHRY

p < (1+ fo/m) sec’ (Bo/2).
11.17. A= 41[(a —d)+i(c+b)], B= %[(a+d) +ilc—b), F= %(f+z'g).

11.18. b = g2(2)@ unu b = @/gs(z). B YaCTHOCTH, MOMKHO BIATH W = w +
+q2(2)@. llpec6pasosaiue w = aw + b HeBbIpomaeHHoe, ecan |q2(z)| # 1.

11.19. b= \d, rae ) onpegensieTca us ypasueus X —A(1 + |g:2)* —|ai]?) +
+q2 = 0 unu (A — g2)(1/X — G2) = |q|>- [Ipeo6pazopanue HeBLIPOH AEHHOE, €CIH
[ + Il <1 man [jgi] = fef| > 1.

11.20. Crapiiue yiensl ypaBHeHMA 3a1a4y ONpelelfioT KBa3UKoH(OpMHOe
oToGpaxmenune ¢ JByMA MapaMyu xapakTepuctuk (p,8), (p1,61), saBucAwWMYU OT
q1(z) u ¢(z). Nlpeobpasopanre ((z) ecTh KBa3HKOH(pOPMHOE OTOGpazeHue ¢
P—1 2g «_p1—1

e =

H

p+1 e

olHOM Napoit XapakTepUCTHK p, 6; qf = — e*%1 (cm. 3ana-
yu 11.7 u 11.9).

11.28. F(2) = —2zInln(1/r) + 2z1Inin(1/R);

oF 1 €' cos p 1

—_— = 1 —-‘2‘———"- 1 g

oa 2In n - Y + 2 nlnR,
10 o

OF — gilnint - 2575M% 4 9ilnin L,

g% 7 1Im 1 R

£=—2lnln;—ln;+2lnlnﬁ,

oOF ( e2iv

oz 7 T nifr’
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