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TunoBomu pacuer
«Teopusa PyHKLUUNA KOMMNSIEKCHOW NepeMeHHON»

BapuaHT pacuyeTta (o6paseu)

1. N306pasutb uucno 5—5\/§i Ha KOMIMMEKCHON MfOCKOCTU, HaWTWM €ero moaynb W
aprymMeHT 1 3anucaTb B TPUrOHOMETPUYECKON U SKCMOHEHLMansHon hopmax.
.

5+7! ,6)Re2e 4
-3

2. Hantu a)

3. Boancrntb i+ —6i 70 + 31t 4i°.

1
(V2-sif
4, BbIL-IVICJ'IVITb—\/_7.
(\/§ + i)
5. BblumMcnntb 1 M306pa3nTb HA KOMMIEKCHOM NITOCKOCTU 5\/—1+ i.
6. Haintn Bce 3HavyeHus pyHKUMIA:

a)sh(2+3i), 6) Arcsin+/3 , 8) (- 3i " .

7. HapucosaTtb nuHuy unun obnacTtu, 3agaHHble paBeHCTBaMM UNN HepaBeHCTBaMU:

a)z=1+e" te[0; 7],

6)Imz® > 2,

B)|z —1+3i| < Re(4+5i),—% <argz<0.

8. BoccTaHOBUTL aHaNUTUYECKY0 (OYHKLMIO MO ee BELLeCTBEHHON YacTu
u(x,y)=e¥cosx+xy, w(0)=1+2i.

9. HainTn o6pas nuHum X + Y = 2 npwv crnegyroLmx oTo6paxeHusx:

ayw=1-2iz, 6)w:1.

Z
10. NccnepoBaTtb KOHEYHbIE OCOObIE TOYKN (PYHKLMM U HANTU B HUX BbIYETbI
e’ ef -1 >
a) f(z)=——=——,6) f(z)= ,B) f(z)=e2-3.
@) (z-1(z+2) @) z3 @)

zdz
11. Bbluncnntb MHTerpan§ 10 ,roe L:
L (2-1)2(z2 +1)

. 1
a) [z—i|=1,6) |z|]=2,8) |z|:E.

12. BbluncnnTb HeCOBCTBEHHbIE MHTErparbl, UCMONb3Ys BbIYETbI

a)+j’° dx 6)*}” oS 2xdx
“o|X% + 4 x2+12’ 0 x2—2x+22.
o2+ a2 +1)




CnpaBo4HbIN MaTepuan
KowmrnekcHbiM 4yucriom Z Ha3biBaeTcs BblpaXkeHne Buga Z = X + Iy ,rge X u y — ntobble

y . )
[ENCTBUTENbHbIE YMCha, | — MHUMas eguHuULa, yaoBneTsopsiolas yenosuo 1° = —1.
3anuck Z = X +1Y HasbiBaeTca anzebpaudeckoll (popMoli KOMMMEKCHOro Yncna.

OevictButenbHble unucrna X M Y HasbliBalOTCA COOTBETCTBEHHO OelicmeumersibHoU (Mnu
BELLECTBEHHOM) N MHUMOU YacTbto KOMMIEKCHOro Yicna Z = X+1Yy u o6osHavatoTcs
Xx=Rez, y=Imz.
KomnnekcHoe umcno Z = X — 1y Ha3blBaeTCs CONPsKEHHbIM umcny Z = X +1Y.
KomnnekcHoe uncrno z=X+1iy moxHo usobpaxats Ha nnockoctu OXY Bektopom F ¢

Havanom B TOYKe (O, 0) M KOHLOM B TOuKe (X, y). MnockocTb, Ha KOTOPOI M30bpaxarTca

KOMMJIEKCHbIE 4ucna, HasblBaeTcs KomrsiekcHol rnnockocmbto. Ocb abcumcc HasbiBaeTcs
delicmsumerbHOU (UNW 8ewecmeeHHOU) 0Cbio, a 0OCb opanHaT — MHUMOU (puc. 1).

Imz4
y 4 Z=X+1y
0 X' Rez

Puc. 1.
[nvHa BekTopa r= {X, y} HasblBaeTCA MOJYIeEM KOMII/IEKCHO20 Yucra Z v obo3HavaeTcs

r=|Z|. BennuyuHa yrna wMexay nonoXxuTternbHbIM HanpaBrieHnemMm OEeNCTBUTENbHON OCU 1
BEKTOPOM I HasbiBaeTcs apeymeHmom 4qucna Z. ¢ =argz. MonoxutenbHbIM HanpaslieHnem

W3MEHEHMWsI yrna ¢ CUYATAeTCs HanpasrieHWe NpOTMB 4acoBoiW cTpenku. Modynb v aprymeHT
KOMMJIEKCHOTO YMcna Z onpegensiorcs us opmyn

r=lz|=yx?+y?, tg(p:l.
X
Mpn HaxoXOgeHun aprymeHTa crieayeT yunTbiBaTh, 4TO Ans kawaoro uucna z#0 ero

aprymeHT nmeet 6eCKOHeYHOe MHOXECTBO 3HAYEHWIN, OTRMYaloLWNXCa Apyr OT Apyra Ha Yvcho,
KpaTHoe 27 (aprymeHT ynicna Z =0 He onpegenéH, a ero Modynb paBeH Hymo). B kayecTee

2/laBHO20 3Ha4yeHusi aprymeHTa 00bIYHO BbI6VIpaIOT 3HavyeHne @ =drgzZ wu3 npomexyTka

(—72',72']. Bcé MHOXeCTBO 3HayeHuii aprymeHTa o6o3HadatoT Argz . Takum obpasom,

Argz=argz+2zk (k=0,£1,%2,...).
y

Ecnn — 7z <argz < 7 ,7o u3 hopmynel tg @ = — nonyyaem
X

y ANs BHYTPeHHUX Toyek | u IV yeTBepTeit, To ectb npu X >0,
arctg =
X
ns BHyTPeHHUX Touek Il yvetBepth, Toectb npn X <0, y>0,
argz = arctgl+7r A yTp P P y
X
ns BHYTPeHHUX Touek Il vetBepTy,
arctgl— r B yTp P
X Toectb X<0, y<0.

Bblgenum YyeTblpe YacTHbIX crnydas. Ecnu z:
a) aencTBUTeENbHOE NONoXUTENBHOE Yncno, To argz =0;

6) AencrenTensHoe oTpulaTenbHoOe Yncno, To argz = r ;



. . T
B) YNCTO MHUMOE C MONOXUTENBHOM MHMMON YacTbio, TO argz = E;

) YUCTO MHUMOE C OTpULATENbHON MHUMOW YacTblo, TO arg Z = —E.

JTro6oe komnnekcHoe yncro Z # 0 MOXHO NpeAcTaBuUTb B mpusoHoMempuyeckol ghopme
z=r(cosp +ising).
B cuny nepuogmuHocTv yHKUMIA COS@ M SiN@ Ans nepexoga K TPUFOHOMETPUYECKON

cbopme OO0CTaTOYHO HaWTW rMaBHOE 3HaYeHune apryMmeHTa u cHmtaTtb, YTO @ = Arg Z.

C nomoLubio hopmyrnbl dunepa

e'? =cosp +ising

MOXHO MepenT OT TPUrOHOMETPUYECKOM (POpMbl  3anMCU  KOMMSIEKCHOrO 4ucna K
3KCroHeHyuanpHoU (nokasaTenbHOn)

z=re'?,
B KOTOpOl7I Nno yXe yka3aHHbIM nNpn4nHam 6y,u,eM cynuTaTb, UTO (D = Arg Z
3apava 1
M306pasnTb uncno 5—5\/§i Ha KOMMNNEKCHOWM NOCKOCTUN, HANTWU €ro Mogyrb 1 apryMeHT u

3anucatb B TPUrOHOMETPUYECKOM U SKCMOHEHLManbHON hopMax.
PelweHue 3apgaum

Uncno 5—5\/§i n306pasuM Ha KOMMIEKCHOW MSIOCKOCTM BEKTOPOM C KOOpAuHaTamu

(5, - 5J§) (puc. 2).

Hangem moaynb 3agaHHOro yucna:

2= /5% + (-5v3) =10.

Tak kak BEKTOp (5, - 5\/5) NEXWUT B YETBEPTOMN YETBEPTHU, TO

-53|_ 7
5

argz = arctg 3

~5J3¢ 553

Puc. 2.

TpuroHomeTpuyeckas oopma nmeeT Bug

ool

T .

z=10e 3 .

a 3KCMoHeHunarnbHas



CnpaBo4HbIN MaTepuan

I'IpM OeneHnm KoMnieKkcHbIX 4Yncen y,D,06HO OOMHOXWUTb Yncnutesrb U 3HaMeHaTelb ﬂpO6VI,
nonyquHoﬁ npu 3anucu OEencTBusl, Ha KOMMNNEKCHOEe YNCho, conpsaXeHHoe 3HaMeHaTeno:

7 xtiyy (X riya)(xo —iy,) __ XX tyiYa i XoV1—XYs
Z, Xp+iyy (X +iyp )Xo —iyy) X5+ 3 X5+ys
3apava 2
. _Iz,
Ha|7|TMa)5+7!,6)R626 4
2-3i

PeweHue 3apaum 2a
5+7i _ (5+7i)(2+3i) _10+15i +14i+21i° _ 114200 11 29,
2-3i (2-3i)(2+3i) 22 _ gj2 13 13 13
PelwweHune 3agaum 26

1.

——i

Mpencrasum 2¢€ 4 B TPUrOHOMETpUYECKoW (popme U Hangem ero AeWCTBUTENbHYHO
YyacTb:
Re2e 4 =Re2| cos _Iz +isin _Iz ==2C0S _Iz :2-—2=\/§.
4 4 4 2
3apava 3

BoiumcrnTs 1228 —6i7° +3itt +i°.

PelweHue 3apgaum
Yautsisas, uto i2 =—1, 1 (_1)2n =1 (- 1)2n+1 = -1, nonyyaem
128 67 1 3itt 405 = (12 —i(i2 ] +aifi2f +ifi2) =
=1+6i-3i+i=1+4i.
3apava 4

(- Eif

Bblmenimtp ————

(3 +i)
MpeacraBum yucna \/E - \/Ei " \/§ + 1 B NokasaTtenbHo (hopme:
_7
V2-6i=.8e 3;

7
J3+i=2e6

PelweHune 3apgaumn

1N BO3BeAEM UX B CTEMEHN:
11 117,

V2-6if = Jge 3| —20yz 3,

T ! T .

(«/§+ i)7 _|2e6 | —27¢6

Torpa



117,
N -~ 297
(\/(E\/;Jr/?);)l :216x/§e7ﬂ i3 _ 99 \/Ee_TI.

27e 6
Tak kak
297

o {25 Jeron{ 25 o -5

e =C0S| ——— |+1SIn _T =Ccos| 5r—— |-

—isin(Sﬂ—zj:—cosz—isin£=—£—i1,

6 6 6 2 2

nony4yaem

T

CnpaBo4HbIN MaTepuan
M3Bneyb KopeHb HaTypanbHOW cTeneHn N U3 4Yucna z - 3Ha4YMT HaWTU Takoe YMCno
W= Q/E , N - A cTeneHb KOTOPOro paBHa Zz.
Ecrm z=re'? , TO, y4UnTbIBas, 4TO e = ei(¢+2ﬂk)
. p+27mk

— Q/F(cos ¢+n2ﬂk +isin ¢+n2ﬂkj, k=0,1,...,n-1.

Bce N pasnuyHbix 3Ha4YeHUN Q/E MMET OAMH U TOT XXe MOAYyfb, paBHbI Q/F AprymeHTbI

. 27
3HaYeHWin W, W Wy, OTNMYalTCs OAWH OT Apyroro Ha ——. [lodToMy Toukw,
n

COOTBETCTBYIOLLNE 3HAYEHUSM Q/E , SIBASIOTCA BepLIMHaMuM MNpaBuibHOrO N - YronbHUKa,
BMMCaHHOIo B OKPYXXHOCTb paguyca Q/F C LIEHTPOM B Havane KoopauHar.
3apava 5
Bblumncnutb 1 n3o6pasmTb Ha KOMMNNEKCHOW NAOCKOCTH 5\/—l+ i
PeweHue 3aaaumn
Haingem moaynb 1 aprymeHT umcna Z =—1+1:

r=|g=vy(-17+1=v2 ,

p=argz :arctgi+7z=—£+7;:3_”.
-1 4 4
CnepoBaTtenbHoO,
3 3
— + 27k — 4+ 27k
R-1+i :\5/\/5( cos4T+i sin4T j

Monaras k =0,1,2,3,4, Hanaem NATb pasnuyHbIX 3HAYEHUN KOPHS:
k=0 wy=3-1+i=%2 cos 4 isinZ |,
20 20
k=1 w;=X-1+i-= 19/5(005%+ isin%),

5



k=2 w,=X-1+i=2 cos 2% L isin o7 |
20 20
k=3 wz=3-1+i :19/5(003227—6[+isin27—”),

20
k=4 w,=3¥-1+i=92 00522 1 isin 27 |
20 20
M306pa3mm nonyveHHble 3HaYeHns Ha KOMMMEKCHOW NNoCcKOCTH (puc. 3).
y
Wy
8z
420 Wo
W N
? " 20
0 X
Wy
W3
Puc. 3.

CnpaBo4HbIN MaTepuan

Myctb gadbl OBa mMHoxectBa D w E, npuHagnexawmx paclumpeHHoOW KOMMIeKcHoW
MJTOCKOCTM.

Ecnun kaxgomy umcny Z u3 MHoxectBa D nocTasneHo B cootBeTcTBUE OAHO YMcnio W 13
mHoxecTBa E, To roeopar, uto Ha MHoxectBe D onpegeneHa odHosHauHasi oyHKUUS

KOMIieKcHoU nepemeHHol W = f(Z), oToGpaxatoLiast MHoxecTBo D Bo MHoxecTBO E .
MHoxectBo E; Bcex 3HaueHWitW, koTopble f(Z) npuHumaet Ha E, HaseiBaetcs

MHOXecmeom 3HayeHuli dpyHkumm | (Z)

Ecnn KaXXgoMy 3Ha4dyeHuto Z mn3 MHOXeCTBa D craBuTCcA B COOTBETCTBME HECKOMbLKO
3HayeHuin W 13 MHoxecTtBa E , TO (byHKLI,I/Iﬂ W= f(Z) Ha3blBaeTCst MHO203Ha4YHoU.

MpeactaBuUM Kaxzgoe W3 KOMMMEKCHbIX umcen Z v W B Buge Z=X+1y, W=U+IV.
Torpa

w=f(z)=f(x+iy)=u(x,y)+iv(x,y).
Taknm o6pas3om, 3agaHue QYHKUMM KOMMJSIEKCHOW MepemMeHHon W = f(Z) paBHOCUSBHO
3a[laHuio ABYX AeUCTBUTENbHbIX (PYHKLMI U = U(X, y) nvs= V(X, y).
Mepeuncnum ocHoeHbie anemeHmapHbie OyHKUUU KOMIIIEKCHOU nepemMeHHOU.

z
MokasaTenbHasa pyHKUMA W = €° onpegensieTcsi C NOMOLLbIO paBeHCTBa

w=e*e'Y =e*(cosy +isiny).
MokasaTtenbHas QPyHKUMA ABNAETCA NepuoanMyYeckon ¢ nepuogom 21, 1. e. eHZ”I =e’.
TpuroHomeTpuuyeckme pyHKLMUN onpeaensoTcs paBeHCTBaMU

eIZ_‘_e—IZ . 1z -1z
COSZ=T, SnNZ=———m——-,



sin z CoSz
tgz=——, ctgz=——.
COS z Sin z
M'mnepbonunyeckne pyHKLMM 3a4at0TCA Kak

z -7 z

shz=2 "% ¢h=28*¢
2
th :Sh_Z, th :Ch_z_
chz shz

Norapudmuyeckasn dpyHkumns

Yucno W — norapucpm uncna z (Z #0), ecrm eV =1z.
w=Lnz=1Inz|+iArgz=Inz|+i(argz+27k) (k =0,£1£2,...).

BBuay MHoroaHauyHocTv BenuunHbl Arg Z norapudm siBRSIETCS MHOFO3HAYHON PyHKLMEN.

naeHbIM 3Ha4YeHueM Jio2apuchMa Has3blBAeTCA TO 3HaYeHWe, KOTOpoe COOTBETCTBYET
rMmaBHOMY 3HAYEHUIO aprymeHTa ynucna Z

Inz =1In|z|+iargz.

O6wasn creneHHasn dpyHkums W= z%
Ecnn o — noboe koMnnekcHoe 4ncno, To

W= Zoc :eaan.

OTa (*)yHKLI,I/I‘il MHOro3Ha4yHas, Tak Kak MHOroaHa4Ha J'IOFapM(*)MI/ILIeCKaH (byHKLI,Mﬂ.

z
O6wasn nokasartenbHasa pyHKUMa W=
Ecnn a — noboe KOMNAEKCHOE YNCIo, OTNIMYHOE OT Hyns, TO

W:az =eana.

3Ta (PyHKUMA TakKe ABNAETCA MHOMO3HaYHOMN.
O6paTHble TPUroHoMeTpu4veckue pyHKLUN

Arcsinz = —i Ln(iz +4/1- 22),
Arccosz = —i Ln(z+\/z2 —1),

Arctgz:—LLn!_—Z (z#=1),
2 1+z

Arcctgz:an!_—Z (z#=i).
2 i+z

3apaya 6
HanTn Bce 3HadyeHns yHKUNNA:

a)sh(2+3i), 6)Arcsin+/3 , 8)(=3i)**.

PelweHue 3apgaum
YA -7

(5] (5] .
a) Mogacrasnsas B opmyny Sh z = - 3Havenne Z =2+ 3l, nonyyaem



2+43i  —(2+431)) 2,31 ,-2,-3i

sh(2+3i)="1 ¢ _fe e e .
2 2
2 .. -2 . 2 -2
_e (cosS+|sm3)—2e (cos3—|sm3):C0539 —e
e? ye?

+isin3 =cos3sh2+isin3ch2.

6) Monaras B hopmyne Arcsinz = —i Ln[i Z+V1- sz sHauenne Z = /3, sannwem

Arcsin\/_:—iLnKi 3+\/1—(\/§)2j:—iLn(i(\/§i\/§)).
TaKKaK‘i(\/gi\/E)‘:\@i\/z argi(ﬁiﬁ):%,m
Ln(i(\/gi\/i)):In(\/gi\/i)+i[%+2ﬂkj, keZ.

CnepoBaTtenbHoO,

Arcsin\/_:—i(ln(@iﬁ)+i(%+2ﬂknz -2 -3 V2] 2mk, Kkez.

Iy 1
3ameuvas, uto \/§ - = —F——F—, 3anvuem

V3442
In(\/gi\/?):iln(\/g \/E)

OKOHYaTenbHo,
Arcsin\/_:%iiln(ﬁ+\/§)+ 27K, keZ.

B) Bocnonb3yemcs npeactaBneHMeM MokasaTerlbHO-CTeNeHHOW YyHKUuMM B Buae
cynepnosmuum obLmx nokasaTenbHON U CTENEHHOW OYHKUMNA, T. €.

(_ 3i)2+i _ eLn(—?;i)eri _ e(2+i)Ln(—3i)

Tak kak

-3i=3,

. T
argl—3i)=——,
9(=3)=—3
TO umeem
Ln(—3i)=|n3+i[—%+27zkj, keZ.
nO,EI,CTaBJ'IFlFl nony4eHHoe BbipaXeHue, 3anmiem
_ 2+i) In3+i —”+2;sz z i(In3—
(_ 3i)2+' _ e( )[ ( 2 _ e2In3+2+2;zk+|(ln3 7+47K) _

Z ok
—9e2 (cos(In3— 7 +4mk)+isin(In3— 7z + 47k)) =

%+27zk
=-9 " (cosIn3+isinIn3).



CnpaBo4HbIN MaTepuan
COBOKyI‘IHOCTb TOYEeK Z, TakKux 4YTo |Z - ZO| =r, 06pa3yeT OKPY>XHOCTb C LEHTPOM B TO4YKe
ZO pagunyca . HepaBeHCTBO |Z—ZO| < I onpegender MHOXECTBO TOYeK, Nnexaliunx BHYTPU

aToMN OKPYXHOCTH (BHYTpeHHOCTb prra), a HepaBeHCTBO |Z—Zo|> I — MHOXEeCTBO TOYeK,

nexatlumx BHe OKPY>XHOCTU (BHELLHOCTb Kpyra).
COBOKYMHOCTb TOYEK Z, YAOBNETBOPSIOWMX YPaBHEHWUIO arg(z - ZO): @ , obpasyeT nyw,

BbIXOD,FILLI,VIVI N3 TOYKU ZO n COCTaBJ'IFIIOLLI,VIVI yron @ C noJIoXuTerbHbIM HanpasrneHnem ocu
Ox.
3apava 7
HapI/ICOBaTb nMHUNM nnn 06J'IaCTI/I, 3ajaHHble paBeHCTBaMu U HepaBeHCTBaMW:
a)z :1+eit,t S [0;7[],
6)Im 22 >2,

B)[z -1+ 3i|< Re(4+5i),—%s argz<0.
PelweHue 3apgaum
a) W3 bopmynbl diinepa e' =cost +isint nonyyaem
z=x+iy=1+(cost +isint)=(1+cost)+isint.
CnepnoBartenkHo,
X =1+ cost X—1=cost
) nnm . )
y =sint y =sint

BosBeasa o6e 4yacTv ypaBHeHW MocrefdHel cUCTeMbl B KBaapaTtbl U CHOXMB, MOMYYUM
ypaBHeHue

(x=1)* +y? =1.
Tak kak napametp t namensietcs ot 0 go 77, To Mckomasi NuMHWS NpeacTasnseT cobo
BEPXHIOH0 MOSOBUHY OKPYXHOCTY ¢ LeHTpoM B Todke (1,0) eamHmuHoro pagmyca (puc. 4).

y
0 1 X
Puc. 4.

6) Myctb ZzZ=X+Iiy. Torga 2% = (X+ iy)2 = (X2 - y2)+ i2Xy. CneposaTtesnbHo,
Imz? = 2Xy .
Tak kak no ycrnosuio Im 22 >2, nonyuaem 2Xy >2 wnu Xy >1. MNocneaHee HepaBeHCTBO

onpeaensieT MHOXECTBO TOYEK B MepBON M TPETbel YeTBEepTsiX, COOTBETCTBEHHO Had W nog
runep6onon Xy =1(puc. 5).



Puc. 5.

B) Tak kak Re(4 + 5i) =4 70 HepaBeHCTBO
|z -1+ 3i| < Re(4 +5i)

3afj@eT MHOXECTBO TOYEK BHYTPU U Ha OKPYXKHOCTU paauyca, paBHoOro 4, ¢ LIeHTPOM B TOuYKe

(L-3).

V4
Cuctema —ESargz <0 onucbiBaeT TOuKM, Mexallue BHYTPUM U Ha rpaHuLax obnactu,

o T
06pa3OBaHHOI/I nyyYyamMiy, BbIXOOAWKMMU M3 Ha4vana kKkoopauHaT noa yrnamu 0w —E K ocun

OX (puc. 6).

1
%

Puc. 6.

CnpaBo4HbIN MaTepuan
MycTb doyHKUMa W = f(Z) onpepeneHa Ha obnactu D. 3adukcvpyem Touky Z=Zg € D
(cooTBETCTBEHHO (PYHKUMSA MPUMET 3Ha4YeHue f(ZO)). MMycTb nepemMeHHas 2z nony4ut

npupaiienne AZ = AX+1Ay, To ecTb Z =27y +AZ (npu aToM AZ [OMKHO GbiTb HACTOINBKO

Maro, 4Tobbl ToYKa Zz ocTaBanack BHyTpy obnacTu D). Toraa 3HayeHne pyHKUMM TOXe MomyunT
npupatieHue

Af(zp)= f(zo +A2)-f(z).
Mpou3seodHol pyHkyuu W = f (Z) 8 MOoyYKe Z; HasblBaeTca npenen
jim 2= FC0) i AWy
-7 Z-1g Az—0 AZ

npw yCroBuK, 4YTO OH CyLLIECTBYET.
®yHKUMA OugbghepeHyupyemMa 8 moyke Zy Toraa M TOMbKO Torga, Korda cyllectsyet

koHeuHas nponssoaHas f'(zg ).

DyHKLMSA, anddepeHumpyemas B Kaxkaoon TOuYKe obnactu, Ha3blBaeTcA
AugbgbepeHyupyemoli 8 amoti obriacmu.
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MycTb yHKUMS f(Z): U(X, y)+iv(x, y) onpefaerneHa B HEKOTOPOIl OKPECTHOCTU TOYKM
Zg =Xg +1Yq, roe U(X, y) Z V(X, y) AnddepeHumpyembl B 3TOM Touke. Toraa Ans Toro,

YyTOObI PYHKUMA W = f(Z) Bbina anddepeHumMpyema B Touke Z(, HeobxoaMMO 1 JOCTaTOuHO,

4YTOObI B 9TOM TOYKE BbINOSHANNCL PABEHCTBA

ou ov
ox oy
ou oV
oy ox

OTn paBeHcTBa HasblBatoTcst ycrosusmu Kowu - PumaHa wnu ycrnosusmu Jlnepa -
Hanambepa.

OpHos3HauHast pyHKumMs W = f(Z), anddepeHumpyemasi B Kakon-nnbo Touke m HEKOTOPOM
€€ OKPECTHOCTW, Ha3blBaeTCA aHa/Iumu4ecKol  3mol mouke.
Ecnu doyHkuma W= f(Z) ABMNAETCA aHanNUTUYECKOW B Kaxaow Touke obnactu D, To oHa

Ha3sblBaeTCsa aHaumu4eckol e amoti obriacmu.
PyHKUNSA ABMNSAETCA aHanUTUYECKon B 0OnacTu Toraa u ToMnbKo Toraa, Korga B KaXaon Touke
aTon obnacTtu BeinonHsATcsa ycnosus Kowun-Pumana.

Ecrm W= f(Z) aHanuTyeckas B HEKOTOpOi obnactu, To e€ BellecTBEeHHas U MHUMas

yacTtu u(x, y) " V(X, y) yaooBneTBopsloT  audpdepeHumnansHoMy ypaBHeHuto Jlannaca

o°T 0%T

—+—5=0,10ecm

ox° oy
2%y a%u o°v 0%y
—2+—2=0, —2+—2=0.
ox° oy ox° oy

PeweHuns YpaBHeHUA Jlannaca Ha3sbiBaloTCH capMoHuU4YecKkumu d)yHKL{UFIMU.

3apava 8

BoccTaHOBUTL aHaNUTMYECKY0 (OYHKLMIO MO ee BeLLeCTBEHHON YacTu
u(x,y)=eY cosx+xy,
ecnu
w(0) =1+ 2i
PeweHue 3apgaum
1) Mposepum, aBnseTcs N1 PYHKUUA rapMOHUYECKON.

ou Vo ou  _y
—=—€’SINX+Yy;,— =€’ COSX+ X,
OX
u o%u
—2=—e COSX;—2=e COSX;
OX
o%u % y
Mockonbky —— +—2 =—-e’cosx+e? cosx=0, TpeboBaHMe  rapMOHUYHOCTM
oX~ oy

BbIMOJTHEHO.
2) [insa oTbickaHUSA OYHKLMM V(X, y) Bocnonb3yemca ycnosuamm Kowwm - Pumana.

ou .
Tak kak 8_ =—eYsinx+ Y, T0 u3 nepsoro ycnoeusa Kowwu - PumaHa nonyvaem
X

ov Y i
—=—€"SINX+ Y, oTkyga
oy

11



2

v(x,y):j(—eysinx+y y:—eysinx+y7+c(x). (1)
ov ou
Mo BTopomy ycnosuto Kowu - PumaHa 8_ =——,TO€eCTb
X
y2
—eysinx+7+c(x) :—<eyCOSX+X),vu'|V|

X

—eY cosx +¢/(x)=—e” cosx - x ,otkyna
¢'(x)=—x.
X2
MHTerVIpyﬂ, Hangem C(X) = I(— X)dX = —? + Cl, 1 nogcrtaBuM nocnegHee BblpaXXeHne B
dopmyny (1):
2 2
: X
v(x,y)=—eYsinx+ -2 ¢
2 2
Taknm obpasom, aHanuTuyeckas QyHKUUS UMeeT BUA
y2 X2
w(x+iy)=eY cosx+xy+i| —e” sin Xt
[Nonaras B aTom paBeHCcTBE X =Z,Y = 0, nony4yaem

(N T
w(z)=cosz+i| —sinz—=—+¢,
2

Taknm 06pa3oM, Mbl BOCCTAHOBUITM aHANUTUYECKY0 PYHKLMIO MO ee BELLECTBEHHOM YacTu
C TOYHOCTbIO A0 NOCTOSIHHOW BENTUYUHBI.

YuntbiBagd 3aaHHble HavallbHble yCnoBuA, Haxoamm Cli
w(0)=1+ic, =1+2i =¢; =2.
Torpa

2
w(z)=cosz +i 2—sinz—z7

3apava 9
HaiiTn o6pas nuHum X + Y = 2 npu crnegyoLmx oTobpaxeHusx:
. 1
ayw=1-2iz,6)w==.
z
PelweHune 3apgaumn
a) O6o3Hauns Z = X+1y n W =U +iv, 3anuwem
. . . . . u=1+2y
w=1-2iz=1-2i(x+iy)=1+2y—-2ix=u+Iiv, Te. 5
V =—-<2X

Bblpa3VIM N3 NocrnegHuUX COOTHOLIEHUN X n y:

Vv
X=—-—=
2
y_u—l
2
. . v u-1
|_|0LI,CTaBVIB MX B ypaBHeHME 3afaHHOU JIMHUW, NOJNTYyYUM ypaBHEHUE NpPpAMOu —E+T= 2,

um U—V=>5 (puc. 7).
12



N
X 0/5u

Puc. 7.

NZ

1 1 . .
6) U3 BblpaxxeHUs W = — umeeM Z =— wnu, oGosHaumB Z = X+1y u W=U+1iv,

VA W
. u-—iv
Xtly=——=—"—-.
U+Iv. uyc+v
Torpa
wo_ U y= —V
u? +v2 u? +v?
. u Vv
MoactaBms X u Y B ypaBHEHME WCXOOHOW MUHWUMK, MOMNYYUM + =2,

u?+v?  u?+v?

oTkyZa 2(u2 +V2)—U—V:0, unu

R

MocnegHee ypaBHeHne onpenendeTr OKPYXHOCTb paguyca 2\/5 C LUEeHTpPOM B TOYKe

Puc. 8.

CnpaBoYHbIA MaTepuan
Psidbi Telinopa u JlopaHa
dyHKUMA f(z), OQHO3Ha4yHas W aHanMTU4Has B TOouYKe Z =Z;, packnagbliBaeTcsi B

OKPECTHOCTW 3TON TOYKMN B cTeneHHon psd Tednopa

f2)= Xenlz-20)",

KO9(hPMLUMEHTBI KOTOPOrO BLIYNCASOTCA MO cprcl);mynam
_ 1t ()

" 27i{(z-z,)™t !

roe L — OKPYXHOCTb C LLEeHTPOM B TO4YKe ZO , eXallaa B yKa3aHHOI2 OKPEeCTHOCTMW.

(n=012,...),

13



MprnBeném pasnokeHNa HEKOTOPbLIX OCHOBHLIX afeMeHTapHbIX (PyHKUMI B pag Tennopa no
creneHsim Z (T.e. B okpecTHocTM Toukn Z =0).

o0 n

7 Z
e = —, |Z| <00,
Pl
0 N Z2n+l
sinz= -1) —, |7| < 0,
EO( ) (2n+1)! g
S (L
cosz= ) (-1) —, |z|<o
n=0 (Zn)! ’
Touka 2y HasbiBaeTca Hyném QyHKUuU f(z) rnopsidka (kpamHocmu) N, ecrnu B
pasnoXeHnu f(z) B psig Teinopa B OKpeCTHOCTU Z KO3dpULmMeHTbl Cy =Cy =...=C,_1 =0,
ac,=0.

DyHKLMA f(Z), OQHO3Ha4Has U aHanuUTU4yHaga B Konbue I < |Z - ZO| <R (0£r<R<w),

packnaablBaeTCcd B 3TOM KOJibLIE B pFIa ﬂopaHa

f(2)= Yealz-20) = Seale-20)"+ 3 —S0
n=-w n=0 n:]_(Z - Zo)
)

27 (&-z0)"

TOYKe ZO , IeXXallaa BHYTpU KorbLa.

roe C, = dé (n=0,£1,%2,...), L— nwobas OKpyXHOCTb C LEHTPOM B

0
Psag ch(z—zo)n Ha3bIBaeTCa rpasusibHoOU 4Yacmbelo psida JlopaHa (OHa cxoguTcs
n=0

o0
C
BHYTPpW Kpyra |Z — ZO| <R), pan Z =i

— 2anasHasi Yacmeb psida JlopaHa (cxoanTcs BHe
2z —2)
Kpyra |Z - ZO| >Tr).
Knaccugukayusi ocobbix moyek

Touka Z;y HasbliBaeTca 0cobol moykol hyHKUUU f(z), ecnm yHKLMSA B 9TON TOUKe He
ABMSIETCA aHaNUTUYECKON.

Touka Z( HasblBaeTcs npasusnbHol moykol ¢yHkyuu | (z) €eCnn (PyHKUUSA B 3TON TOYKE 1
HEKOTOPOW €€ OKPECTHOCTU SABNSAETCHA aHaNMTUYECKON.

Ocobasi Touka Zy yHKUMM f(Z) Ha3blBAETCHA U30/1UPO8aHHOU 0Cob60U MOYKOU, ecnu

o
CYLLLIECTBYET NPOKONOTasi OKPECTHOCTb 3TOM TOYUKU U(ZO), He copepxaliaa ocobbiX Toyek

dyHKUMK.
MN3onupoBaHHass ocobaa Toyka Zy HasblBaeTca ycmpaHumol 0coboli moykol, ecnu

cyliecTByeT KoHeuHbit npegen lim f (Z) =Cp.
L—>1Zg

V3onvpoBaHHas Touka Z, HassiaeTcs nomocom, ecr lim f(z)=oo.
11y

1
Ecnn Touka Zy — Honb pyHKUMK m ( f(Z)iO ), TO OHa SABMAETCs NOMOCOM (PYHKUUU
z

f(z).
1 u
Ecnn z =25 — Horb nopsigka M Ans doyHKLMK m TO Ha30BEM eé& rosIIcom nopsdka
z

m ana gpyHkumm f (Z) Mpy M =1 nontoc Ha3bIBaeTCs MPOCMbIM.

14



V3onvpoBaHHas ocobasi Touka HaswIBAeTCs cywjecmeenHo ocobol, ecrm  lim f(z) w
L—>1Zg

CyLLeCTByeT.
OueBnaHO, 4TO ecnu f(z)— HecokpatuMas Apo6HO-paLMoHanbHas GYHKUMSA, To eé

KOHEYHbIMW N30JTMPOBAHHbIMU 0CobObIMM TOYKaMU SBMSAOTCA KOPHMN 3HaMeHaTenA. OHn MOryT
ObITb TONMLKO MosOcCamMu.

nyCTb beHKLI,VIS'-I f(Z) OQHO3Ha4Ha 1N aHalnnTn4Ha B HeKOTODOIZ OKPECTHOCTUN TOYKU ZO 3a

WCKITIOYEHNEM, MOXET ObiTb, CAMOW TOYKM Zo. Bbiuemom q)yHKLI,VIVI 8 TOYKe Zpn Ha3biBaeTcsd

1
YMCIO, paBHOE 3HAYEHWI0 WHTerpana —§f( )dZ, roe L — nioGoin 3aMKHYTBIA KOHTYP,
Zaun
J'IE)KaLIJ,VIVI B yKa3aHHO|Z OKpPEeCTHOCTHN N Opr)KalOLLI,VIVI TOYKY Zo, I'IpVI‘-IéM O6X0ﬂ, nponcxognT B

TakOM HanpasJieHUN, YTOObI ZO OCTaBanachb crnesBa, T. €.

res f(z =—3§f

=1
Ecnu Touka z; SiBMSIETCA KOHEYHOWM N30MMPOBAHHON 0COBOI TOHKOM (DYHKLMM f (Z) TO
res f(z)=c_;.
Z=ZO
lMpaeuna Haxox0deHus1 8bIYemos
1. Ecnu zy — npasurbHas unm yctpaHmmas ocobast Touka, To

res f(z)=0.

ZZZO
2. Ecnn zy — nontoc nepsoro nopsiaka, 1o

res f(z)= lim f(z)z-z,).

=1y L7

3ameyaHue. Ecrin f(z) MOXeT ObITb NpeacTaBneHa B BuUAe YacTHOro f(z)z%’ roe
174

0(29)#0, w(20)=0, y'(z9)#0, 0
res f(z)= olzo)

2=129 v'(z0)
3. Ecnmn zy —nontoc M - ro nopsiaka yHKUMK f( ),To
l dm -1
res f(z)= [ [f z- ]
z=1 () (m 1)'z—>z dzm1 )(

4. Ecnmn Zy — cyllecTtBeHHO ocobas Todka yHKUuUK f(z), TO AN BblYUCIEHUS BblYeTa
dyHKUMM B 3TOM TOuKe OObLIYHO onpefensT koadduuneHT C_; pada JlopaHa
HenocpeacTBEHHO.

3apava 10
MccnenoBaTh KOHEUHbIE OCOObIE TOUKM (DYHKLMU U HAATW B HUX BbIYETbI
5
z z
e e’ -1 S
a) f(2)=——o——,6) ()=, f(z)=e?3.
3
(z-10(z+2) z
PeweHue 3agaun

z
e
a) KoHeuHble 0cobble TOUYKM PYHKUUMN ————————— — HyNM ee 3HameHaTtens. [pu aTom,

(z-1P(z+2)

Z; =1 - Honb TpeTbero nopsiaka, a Z,= —2 — Honb NepBoro nopsaka. CnegosaTtenbHO, TOUKM

Z; =1wn Z, =—2 — nontocbl TPETLETO 1 NEPBOTO MOPSAKOB COOTBETCTBEHHO. Toraa

15



resL— 1 lim & — | i —
u-1(z-1P%(z+2) 2> (2-1°%(z+2)), ~2.0 (z+2) )

z+1 _i e!z +22+2! 15 5e

2H1 (z+2) 2251 (z+2) 233 54’
res ¢’ = lim (Z+2kz = e
2,=-2(2-1P%(z+2) 2>-2(z-1P(z+2) 27
ef -1
0) KoHeuHast ocobas Touyka yHKUMM f(Z): 23 — Touka Zy =0 - nontoc BTOpOTrO
nopsAaka, Tak Kak
ef-1 z 1
23 z—0 23 22 .
CnepoBaTernbHo,
e? -1 . [z°le? -1 . [ef-1
res = lim = lim =
2o=0 7 70 73 L
. ezz—fez—l? 0
= lim =|—=].
7—0 72 0
,D,J'IFI BblYMCIIEHNA STOIO npenena BoCcnosibayemca npasuiiom ﬂOI‘Il/ITaJ'IH, T. €.

e’ -1 . (eZZ—eZ+1)Z . e’z+e’ ¢’ e’z . el
res =lim———*=lim——==lim—=lim—==
=0 73 150 (22) 20 22 250 22 10 2

z
5

Il
@D
N
|
w
-
Q
=
=
Q
=
I
()

B) Touka Z=3- cywecTBEHHO ocoBas Touka YHKLMM f(z)
5

. -3
cywectsyet lim g ’
z—>3
5
-3
[na onpenenexns BblveTa Hanaem KO3IP@uUneHT C_1 pasnoxeHua @ B psag JlopaHa no
= 5 1( 5
-3
cTeneHsm Z — 3. Tak kak eZ =l+—t= — +.. ,O<|Z —3| <00, T0
z-3 21\z-3
5
resez3=c_, =5
z=3

CnpaBo4HbIN MaTepuan
Teopema Kowun
Ecrm  cyHkums f(z) aHanWTMyeckas B OAHOCBA3HOW obnactu D, orpaHuyeHHow

3aAMKHYTbIM KOHTYPOM L , @ TaKXKe B TOYKaX 3TOro KOHTypa, T0§ f (Z)dz =0.
L

OcHoBHas TeopemMa O BblveTax

Ecnmn cyHkums f(z) ABMAETCA aHaNMTUYecKol B 3aMKHyToi obnact D, orpaHuueHHoit
KOHTYpoM L, 3a MCKMIOYeHNeM KOHEYHOro umcna N M30MMPOBaHHBIX OCOBLIX TOYeK
21,2y,...,2,, Nexalmx BHyTpU L, 10
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§ f(z2)dz = 27i i res f(z).

L k=12=2k
3apava 11

Bbluncnntb VIHTeraJ'I§ 2 , roe L:

, 1
a) [z-i|=1,6)|z|=2,8) |z|:§.

PelweHue 3apgaum

YA
KoHeYHbIMM  0CcOObIMM  TOYKaMM (*)yHKLI,I/II/I ABNAKOTCA Hynm ee

(z-1)(z2 +1
3HameHaTens, T. e. Todkn Z =1, z=+i. Mpu atom, Z=1 — nontoc BTOPOro nopsaka, a
Z=+i n Z =—i — nontockl NepPBoro nopsaaka, T. K. (Z —1)2 (22 +1): (Z —1)2(2 + i)(z - i).
a) KoHTtyp |Z —i| =1 npencraBnseT coboi OKPYKHOCTb €AUHUYHOMO paamyca C LIeHTPOM B

TOYKe (0,1) (pnc. 9). BHyTpM 3TOM OKPY>XHOCTM HaxXOAMUTCS TONbKO MOSOC MEPBOro nopsigka
z=i.

Puc. 9.

Hanpgem BblYET B 3TOW TOYKE:
z : 2(z i) i
res 5= lim o ==
2=i (-1 z° +1) =i (z-1)(z-i)z+i) (i-1)2i
(i+17  -1+2i+1 2

To(—12(i+1? 2(1-17 2-4 4

VA i | T
T =27l—=——"
oruaj3 > 1 >

©) BHyTpn koHTYpa |Z| =2, npeacTaBnsoLLero coboil OKPYKHOCTb paauyca 2 C LEHTPOM B

Ha4yalrie KoopauHaTt, HaxoaATCA TOYKU Zl =1 - nonioc BTOpOro nopsaka, Zp =iu Z3 =i -

(1N
\C

nontockl nepeoro nopsigka (puc. 10).

Puc. 10.

17



: z i
B nyHkte (a) Obin HaiigeH BblyeT B nomoce Z =1 [€S 512 = — .Bblumcnum
=i (1222 1) 4

Bbl4ETbI B OCTal1bHbIX MOJIF0Cax:

z : 2(z +1i) —i
res = lim = =
Z=—i(z—1)2i22+1) 2>-i(z-1)*(z-i)z+i) (~i-1)(-2i)
N (e S e o S B |
2i+172(-17 2(-1-1% 2:4 4
z : 2(z-1) 7241-7.2-7
res = lim =lim————=
2=1(z-1P2(% +1) 21 (21222 +1)) 21 (22 +1)2
2
:Iiml(lz_—z)zzo.
2Hz5 +1
OkoHYaTenbLHO nonyyaem §> =27zi(l—i—+0j=0.
L 4 4

1
B) BHyTpM OKpy>KHOCTU |Z|=§ HeT ocobbix Touvek (puc. 11), n Torga no Teopeme Koium

zdz

=0.
L(z-1(z2 +1
y
i
N
1 X
-1
Puc. 11.
CnpaBo4HbIN MaTepuan
~+00
Heco6cTBeRHbI uHTerpan | poga | f(x)dx

a) [lMyctb yHKUMS f(Z) aHanuTuyeckad B BepxHeW MNOnynnoCKOCTK, BKIIKOYas
[AeACTBUTENBHYIO OCb, 38 UCKMIOYEHMEM KOHEYHOTrO Yncna ocobblX ToYeK Zq,...,Zy, Nexaluunx B

BepXHeN NOonynmnocKoCTu.

MycTb, Kpome Toro, |f(2) < lm npw |Z| >R, m>2.Torga
Z

Tf (x)dx = 27i i res f(z).

k=127«

6) MMycTb dyHKUMSA f(Z) weer sun  f(z)=e'*’F(z), rae a>0, a F(Z)
aHanuTU4Yeckast B BEPXHeN MOmnyniocKoCTy, BKIoYasi eNCTBUTENbHYIO OCb, 3@ UCKIIOYEHUEM

KOHEYHOro 4ucra ocobblX ToYeK Z1,y..., 2, TexXawmux B BEpXHEN MONynriockocTn wu
lim F(z)=0. Torpa

Z—>0

Imz>0

Tof (x)dx = +foei””‘F(x)dx = 27i i res f(z).

—0 k=12=Z

18



ﬂpM HaxoxaeHun nHTerpanos snaa
+00 +00
[F(x)sinaxdx, [F(x)cosaxdx

—00

crnefyeT cHadana nonyYuTb 3HavyeHue WHTerpana jea'XF(X)jX, a 3aTteM BblOenUTb €ero

—00

MHUMYIO U BELWECTBEHHYIO YacCTu.

3apava 12
BbluncnnTb HecobCTBEHHbIE MHTEerpanbl, UCNOJ1b3y4A BblYETbI
dx +°0 c0s 2xdx
a) | | ——
—o0 (x +4)(x +1)2 (x2 —2x+2)

PelweHue 3apgaum

a). Beegem dyHKLMIO f(Z):( ; ” )
2°+4)z2° +1

1
B BepxHen nonynnockoctu f(Z) nveet

OOMH MOMIOC MepBOro nopsigka B Touke Z; =21 W OAMH MOMOC BTOPOro Mopsifka B TOuKe

Z, = I . HailneM BblYeTbl B 3TUX TOYKaX:
z-2i
res f(z)= lim
=2i 22 (z +4)z +1)2
YA 1 i
= lim = lim -
36

2221 (24 2i )z - 2i) (z +1)2 2221 (7.4 2i) (z +1)2

(z—i)?

res f(z)=lim
Z,=i ) i (22+4 /2 +1)2
N2 ' . '
= lim (2-1) = Iim((z2 +4) 1(z +i)‘2j =
2 (z +4Xz+| 2(z-i)? ,
- Iim(— 2(z+ i)_?’(z2 +4)_1 —(z+ i)_z(z2 +4)_222j =
Z—1
2 2i 1 i i i i
=— - =——t—=——t—=——
3(2i)3 9(2i)2 12i 18 12 18 36
+o0
OKOHYaTensLHo, f dx 5 =27ﬂ(—L—Lj:£.
36 36 9

—o0 (x2 + 4)(x2 +1)
C0S2X

6) Tak kak noabIHTerpaneHas MyHKUMS ———————— 4eTHasi, TO
(x2 - 2x+2f

*j’o cos2xdx +j’° C0s 2xdx
2 o, e
0 (x2—2x+2) 2—oo(x2—2x+2)
MoabiHTErpansbHyto YHKLMIO MOXHO npeacraBnuTb
2ix

COS2X e 5
= R , NIO3TOMY UCKOMbIN UHTErpan

f(X): <x2—2x+2)2 ) (x2—2x+2)2

19
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0 cos2xdx 1+ g2iX
e —“"Re j — = dx.
2 2 2 2 2
0 |X“—2X+2 -0 X —2X+ 2
1 y
dyHKUMSA F(Z) =, WMeeT B BepxHeli MONYNJOCKOCT MOMKC BTOPOrO
(z 2 274 2)

nopsaka B TOUKe Zj =1+i.Hanoem BblyeT B Zyp:

- o212 . [62i2(2(1+i))2 } i

Zo=1+i (22 _9274 2) ZL+i (22 274 2)2

:zi@i((z—a—i)f] )

2ie27 (7 — (1— i) - 2627 (2 — (1—1))

z>1+i (z — (]__ i))4
20 (- : : _
_ lim 2 (|(z—1+|)—1):_ﬂe_zez,:
z—>1+i (z_1+i)3 4

— _%e‘z (cos2+isin2)= %e‘z(sin 2-ic0s2).
Tak kak

Re(Z;ri %e‘z (sin2—icos 2)) =

= Re(%ﬁe_z cos?2 +%7rie_2 sin 2) = ;ﬂe_z cos2,

TO OKOH4aTeslIbHO nony4vyaem

0 cos2xdx 3
=" e °cos2.

0 (x2 —2x+2)2
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